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Overview R-simple GNNs

» Matrices A, C € R

ReLU" <A bias vector b € R

' » Truncated ReLU: ReLU*(z) = min(max(0, z), 1)
A new feature vector is computed as follows:

Example: centre-point property

We give the first logical characterization of recurrent graph neural networks
(GNNs) without restriction to a background logic. We cover scenarios with both
real numbers and floating-point numbers, and analyze where they coincide.

A node v has the centre-point property, if every outgoing path starting from v
leads to a dead-end in the same number of steps.

* Expressible in GMSC but not in monadic second-order logic!

Related work: Pioneering characterizations of constant-iteration graph neural
networks were given in [1] and [2], and a characterization of recurrent graph

Program:
neural networks was given in [3] w.r.t. a background logic.

X(0):—0L X :—OXAOX

!t = ReLU*(x! - C + (Zwi) - A+D).

Run of the program:
o X! — O]
=0OX"A QX"
=0OX' A QX' (accepting)

Recurrent GNNs with reals and floats

A recurrent graph neural network (GININ|R|) receives a (directed, labeled)

graph as input and gives a Boolean classification for each node in the graph. A node label symbol p is reachable from a node v If there is a path from v to a
node where p appears.

Example: reachability

* Reachability can be expressed even with an R-simple recurrent GNN but

" not with any constant-iteration GNN! ] ] ]
Logical characterizations
- -0
Problem instance = Computer network Local outputs Solution - :
LOQlCS GMSC and w-GML Same expressive power:
A GNN[R] is a tuple (m, AGG, COM, F), where | Graded modal substitution calculus (GMSC) is a logic consisting of pro- GNN|F]s = R-simple GNN/[F|s = GMSC
» an initialization function = maps each set of node label symbols to R¢, grams. Each program consists of two lists of the below form:
* AGG : multisets(RY) — R is an aggregation function
’ X1 I—p/\Xg/\<>>8X1 - .
«COM: R? x RY — R? is a combination function, L _ Same expressive power:
XQ ) —( A\ _'<>22X1
-« F' C R"is a set of accepting vectors. X3 :— Xo A Os3—Xs GNN[R]s = w-GML
The feature vector x! € R of node v in round ¢ € N is computed as follows: Base rules: pri=p | 0| eNe | Osrp Theorem 3
Induction rules: pi=p| X || oAp| Oskp In restriction to monadic second-order logic:
0 __ : . : :
x, = w(L), where L is the set of node labels of . | A formula O states that ¢ is true in at least £ neighbours. GMSC = GNN[F|s = R-simple GNN|[F|s = GNN[R]s = w-GML
+l — CcOM(zl. AGG L'l wis a neighbour of , We define iteration formulae X* of variables X as follows. . . . .
Lo (T, (e, | v J vi)) ks e bee Ul of X * We also obtain characterizations for models of distributed computing.
e XV i u ,
The classification for a node is “yes” if during the computation a feature vector Yt is the inducti e of X wh Ny aced with v
Y e e e g IS the induction rule of X where eac IS replaced wi .
Each program also includes a set A of accepting variables. A graph node v is E‘]*f:r;"c;s ey Kot M Mot o pérey 1L o P i T o
: _ : : : : : : : : ablo Barcelo, Egor V. Kostylev, Mikael Monet, Jorge Pérez, Juan L. Reutter, and Juan Pablo Silva. The logica
ﬁogﬁsélgglrﬂor:g:ngggléiiﬁ[gj )relzltsfrr]sserrr]se ds a GNN[R]’ but It uses accepted It for any X € Athe iteration formula X : IS true in v for some ¢ € N. expressiveness of graph neural networks. In 8th International Conference on Learning Representations, ICLR 2020,

Addis Ababa, Ethiopia, April 26-30, 2020. OpenReview.net, 2020.
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