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ABSTRACT

Standard approaches to calculate properties of atoms, molecules and models of nano-
structures in quantum chemistry are Hartree–Fock (HF) and density functional
theory (DFT). These methods give numerical solutions of the Schrödinger equation
for the wavefunctions and energies of electrons, i.e., the electronic structure. Majority
of numerical algorithms are based on finding the wavefunctions or orbitals as series
expansion of basis functions, the basis set. In this study we consider different wavelets
as basis functions.

Wavelets are functions constructed as translations and dilatations of the so called
mother scaling function andmother wavelet. Orthonormal wavelets are orthonormal
to each other and interpolating wavelets satisfy biorthogonality relations involving
dual wavelets.

In order to calculate the electronic structure of atoms the radial Schrödinger and
Hartree–Fock equations are solved using a Galerkin method with a Deslauriers–
Dubuc wavelet basis. Several light atoms are considered as examples.

We introduce new approach called the Exact Pseudopotential (EPP), which is
one method to remove the Coulomb singularity of atomic nuclei. This is tested
with hydrogen and helium atom orbitals.

A three-dimensional Deslauriers–Dubuc wavelet basis is used to compute the
energetics of the hydrogen and helium atoms, hydrogen molecule ion, hydrogen
molecule, and lithium hydride molecule. The internuclear equilibrium distance is
determined for the molecules, too.

Wavelets are applied to the path integral formulation and this method is used to
calculate one- and three-dimensional harmonic oscillator and hydrogen atom in one
and three dimensions.

As a conclusion, we found the Deslauriers–Dubuc wavelets a practical basis set
for solving wavefunctions of electronic systems. Furthermore, Daubechies wavelets
were found appropriate with the numerical path integral approach.
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TIIVISTELMÄ

Standardimenetelmiä atomien, molekyylien ja nanorakenteiden laskemiseen kvantti-
kemiassa ovat Hartree–Fock (HF) ja tiheysfunktionaaliteoria (DFT). Nämä mene-
telmät antavat Schrödingerin yhtälön numeerisia ratkaisuja elektronien aaltofunktioille
ja energioille, eli elektronirakenteelle. Useimmat numeerisista algoritmeista perustu-
vat aaltofunktioiden tai orbitaalien löytämiseen sarjakehitelmänä kantafunktioista,
eli kantajoukosta. Tässä työssä tutkimme erilaisia aallokkeita kantafunktioina.

Aallokkeet ovat funktioita, jotka muodostetaan ns. äitiskaalausfunktion ja äitiaal-
lokkeen translaatioina ja dilataatioina. Ortonormaalit aallokkeet ovat ortonormaa-
leja keskenään ja interpoloivat aallokkeet toteuttavat ns. biortogonaalisuusrelaatiot,
joissa käytetään duaaliaallokkeita.

Atomeille tehdään laskuja ratkaisemalla Schrödinger- ja Hartree–Fock-yhtälöt
käyttäen Galerkinin menetelmää Deslauriers–Dubuc-aallokekannalla. Teoriaa sovel-
letaan useisiin keveisiin atomeihin.

Esittelemme uuden menetelmän nimeltä eksakti pseudopotentiaali (EPP), joka
on eräs keino poistaa atomin Coulombin potentiaalin singulariteetti. Tätä testataan
laskemalla vetyatomin ja heliumatomin orbitaaleja.

Vety- ja heliumatomille, vetymolekyyli-ionille, vetymolekyylille ja litiumhydridi-
molekyylille lasketaan energetiikat käyttäen kolmiulotteisista Deslauriers–Dubuc-
aallokkeista koostuvaa kantaa. Molekyyleille lasketaan myös ydinten välinen tasa-
painoetäisyys.

Aallokkeita sovelletaan polkuintegraaliformalismiin ja tätä menetelmää käytetään
yksi- ja kolmiulotteisen harmonisen oskillaattorin laskemiseen ja vetyatomin lasken-
taan yhdessä ja kolmessa ulottuvuudessa.

Tutkimuksen johtopäätös on, että Deslauriers–Dubucin aallokkeet ovat käytän-
nöllinen kantafunktiojoukko elektronisysteemien aaltofunktioiden laskemiseen ja
Daubechiesin aallokkeet ovat sopiva kantafunktiojoukko polkuintegraalilaskuihin.
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1 INTRODUCTION

The purpose of this study is to combine wavelets with the existing calculation meth-
ods of quantum physics. Interpolating wavelet family called Deslauriers–Dubuc
wavelets is used in most of the calculations but Daubechies orthonormal wavelets
are used in some path integral calculations and as reference results from the BigDFT
computer program.

Research questions are “are the Deslauriers–Dubuc wavelets a good basis set for
the calculations of atoms and two-atom molecules using a Galerkin method?” and
“are the Deslauriers–Dubuc and Daubechies wavelets good basis sets for the calcula-
tions of the harmonic oscillator and hydrogen atom using the path integral formu-
lation?”.

Research objectives are:

• Calculation of the wavefunctions and energies of the hydrogen atom ground
state and excited states with Deslauriers–Dubuc wavelets.

• Representation of Hartree–Fock method for atoms in a Deslauriers–Dubuc
wavelet basis set and use it to compute the atom energies and orbital energies
of some atoms.

• Development of mathematical formulation formultivariate Deslauriers–Dubuc
wavelets and check that it satisfies proper convergence properties.

• Calculation of hydrogen and helium atoms and some two-atom molecules in
three dimensions usingHartree–Fock andDFTmethods and three-dimensional
Deslauriers–Dubuc wavelets.

• Combination of the Exact Pseudopotential method with Deslauriers–Dubuc
wavelets and Finite Differences Method.

• Calculation of energies and wavefunctions of the harmonic oscillator and hy-
drogen atom using the path integral formulation and wavelets.
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2 QUANTUM PHYSICAL CALCULATIONS OF

ELECTRONIC SYSTEMS

2.1 General

Detailed electronic structure theory is introduced in references [6, 7, 8, 9]. Quantum
physics explains the behaviour of very small systems. General theory of relativity
explains the dynamics of very large systems. Both of these theories yield Newtonian
mechanics as a special case for medium sized systems. Quantum physics was devel-
oped at the beginning of the 20th century as some physical phenomena could not be
explained by classical physics. These included

• black-body radiation

• photoelectric effect

• structure of the atomic spectra

One key feature of quantum physics is that many physical observables are quan-
tized, i.e. they can only have discrete values. The most fundamental property of
quantum physics is that observables are statistical. This means that we can only com-
pute probabilities to find a system in a given state. However, the laws of the nature
are statistically causal even though they are not deterministically causal: although
we cannot determine the value of an observable exactly we are able to calculate ex-
act probabilities of its possible values. Quantum physics contains also wave-particle
duality. It means that matter particles have wave properties and electromagnetic
waves have particle properties, i.e. they consist of photons. In electron double slit
experiment a beam of electrons generates an interference pattern when it is directed
through a double slit. On the other hand, in photoelectric effect electromagnetic
radiation behaves like a beam of particles.

The state of a quantum physical system is specified by its wavefunction \Phi (\mathbf {r}, t) ,
which is a complex valued function of the coordinate(s) \protect \mathbf  {r} of the particles and time t.

3



Here \protect \mathbf  {r} = (\mathbf {r}_1,\ldots ,\mathbf {r}_N)        . The probability to find particles in the volume V = V_1 \times \cdots \times V_N      
 , where V_k = [x_k, x_k + \Delta x_k] \times [y_k, y_k + \Delta y_k] \times [z_k, z_k + \Delta z_k]                and N is the number
of coordinates, is [9]

  P = \int _V \vert \Phi (\mathbf {r}, t) \vert ^2 d^{3N} \mathbf {r} . 



    (2.1)

The wavefunction is determined by the time dependent Schrödinger equation

  \label {eq:schrodinger-general} \hat {H} \Phi (\mathbf {r},t) = i \hbar \frac {\partial \Phi }{\partial t} ,    



 (2.2)

where \protect \hat  {H} is the Hamiltonian operator of the system [10]. In case the potential is in-
dependent of time the eigenstates \phi are defined by the time independent Schrödinger
equation

  \label {eq:schr-ti} \hat {H} \wfphi = E \wfphi     (2.3)

and the wavefunction

  \Phi (\mathbf {r}, t) = \sum _{n \in \mathbb {N}} A_n \exp (-i E_n t / \hbar ) \wfphi _n(\mathbf {r})  



  (2.4)

where A_n are complex numbers, \phi _n are the eigenfunctions yielded by equation (2.3),
and E_n the corresponding eigenvalues (energies) [10].

We use atomic units in the rest of this thesis, which means that some natural
constants are set to 1 so that quantum physical formulas take a simpler form. To be
more precise, we have e = m_e = \hbar = 4\pi \varepsilon _0 = 1        , where e is the elementary charge, m_e

the mass of the electron, \hbar the reduced Planck constant, and \varepsilon _0 the permittivity of
free space.

The Hamiltonian operator of a system consisting of N nuclei andM electrons is

Ĥ (R1, . . . ,RN ; r1, . . . , rM) = −
N∑︁
n=1

∇2
n

2Mn
+ 1
2

N∑︁
n,n′=1;n≠n′

ZnZn′
|Rn −Rn′ |

−
M∑︁
i=1

∇2
i
2

−
N∑︁
n=1

M∑︁
i=1

Zn
|Rn − ri |

+ 1
2

M∑︁
i,j=1;i≠j

1
|ri − rj |

(2.5)

where \protect \mathbf  {R}_n are the coordinates of the nth nucleus, \protect \mathbf  {r}_i are the coordinates of the ith
electron, \nabla _n involves differentiation with the coordinates of the nth nucleus, \nabla _i with
the ith electron, Z_n is the atomic number of the nth nucleus, and M_n is the mass
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of the nth nucleus in atomic units [9]. Solutions to Eq. (2.2) are the many-body
wavefunctions \Psi (\mathbf {R}_1,\ldots ,\mathbf {R}_N;\mathbf {r}_1,\ldots ,\mathbf {r}_M)           .

Due to the large relative mass of nuclei compared to electrons, the coordinates of
the nuclei can be fixed. This is called the Born–Oppenheimer approximation and it
allows us to separate the nuclear coordinates from the electronic coordinates. When
we apply this approximation the Hamiltonian of the electrons is given by [9]

  \hat {H}(\mathbf {r}_1, \ldots , \mathbf {r}_M) = - \sum _{i=1}^M \frac {\nabla _i^2}{2} - \sum _{n=1}^N \sum _{i=1}^M \frac {Z_n}{\vert \mathbf {R}_n - \mathbf {r}_i \vert } + \frac {1}{2} \sum _{i,j=1 ; i \not = j}^M \frac {1}{\vert \mathbf {r}_i - \mathbf {r}_j\vert } .        















  








  

 (2.6)

2.2 Orbitals of Hydrogen-like Atoms

Due to spherical symmetry of atoms the three dimensional one-electron Schrödinger
equation \hat {H}\wfphi = \varepsilon \wfphi     of the hydrogen-like atoms is separated to the one dimensional
radial part and the two dimensional angular part. Exact solutions to the latter are
spherical harmonics  Y_{\ell m_\ell }  where  \ell and  m_\ell  are the orbital quantum number (angular
momentum quantum number) and orbital magnetic quantum number, respectively.
Writing  R_{n \ell }  for the radial wavefunction the hydrogen-like orbitals are  \psi _{n \ell m_\ell }(r,\theta ,\varphi ) = R_{n \ell }(r) \, Y_{\ell m_\ell }(\theta , \varphi )    
    , where n is the principal quantum number. The radial Schrödinger
equation for a hydrogen-like atom is [6]  \label {eq:schrodinger-hydrogen} \left [ -\frac {1}{2} \frac {d^2}{dr^2} - \frac {Z}{r} + \frac {\ell (\ell +1)}{2r^2} \right ] P_{n \ell }(r) = \varepsilon _{n \ell } P_{n \ell }(r) , 








   




     (2.7)

where Z is the atomic number,  \varepsilon _{n \ell }  are the orbital energies, and  P_{n \ell }(r) = r R_{n \ell }(r)      are
the radial wavefunctions multiplied by r. Functions P_{n \ell }(r)  are called one-electron
wavefunctions or orbitals. We also define the kinetic energy operator

  \label {eq:kin-op} \qmop {T} = - \frac {1}{2} \frac {d^2}{dr^2} ,   




 (2.8)

the potential energy operator

  \label {eq:pot-op} \qmop {V} = - \frac {Z}{r} ,  

 (2.9)

and the centrifugal potential operator

  \label {eq:centr-op} \qmop {C}_{\ell } = \frac {\ell (\ell +1)}{2r^2} ,  
  


 (2.10)
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where \ell \in \positiveintegers   is the angular momentum quantum number.

2.3 Hartree–Fock Method

Detailed introduction to the Hartree–Fock method can be found in reference [9].
Electrons have the spin coordinate in addition to the positional coordinates. The spin
of an electron can take two values: 1/2 (spin up) or -1/2 (spin down). We define the
coordinates \protect \mathbf  {x}_i = (\mathbf {r}_i, s_i)^T   , where \protect \mathbf  {r}_i is the position of the ith electron and s_i its spin.
We also define the spin vector

  \sigma (s) := \left \{ \begin {array}{ll} \left ( \begin {array}{l} 1 \\ 0 \end {array} \right ) ; & s = 1/2 \\ \left ( \begin {array}{l} 0 \\ 1 \end {array} \right ) ; & s = -1/2 \end {array} \right . 







   





   

(2.11)

We define s_i = 1/2   for odd i and s_i = -1/2   for even i and \chi _i(\mathbf {x}_i) = \wfphi _i(\mathbf {r}_i) \sigma (s_i)      Now
we define the Slater determinant by

  \Phi (\mathbf {x}_1, \ldots , \mathbf {x}_M) = (M\!)^{-1/2} \left \vert \begin {array}{ccc} \chi _1(\mathbf {x}_1) & \cdots & \chi _1(\mathbf {x}_M) \\ \vdots & \ddots & \vdots \\ \chi _M(\mathbf {x}_1) & \cdots & \chi _M(\mathbf {x}_M) \end {array} \right \vert       


   
   

     

 (2.12)

This wavefunction has two following important properties:

• If two electrons occupy the same orbital the value of the determinant is zero,
i.e. the probability to find two electrons in the same orbit is zero so that the
Pauli exclusion principle is fulfilled.

• When two orbital coordinates are interchanged the determinant changes its
sign. Thus one of the basic postulates of quantum physics for the fermions
is fulfilled. Consequently the probability to find two electrons in the same
position is zero.

The Hartree–Fock equations are derived by minimizing the energy \delimiter "426830A \Phi \vert \hat {H} \vert \Phi \rangle   of
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the Slater determinant \Phi by varying the orbitals. The equations are

  \hat {F} \chi _i = \varepsilon _i \chi _i ,      (2.13)

where the Fock operator is

  \hat {F} = \hat {h} + \sum _{j=1}^M (\hat {J}_j - \hat {K}_j) ,   



    (2.14)

the Coulomb operator

  (\hat {J}_j \chi _i)(\mathbf {x}) := \left ( \int \chi _j^*(\mathbf {x}') \frac {1}{\vert \mathbf {r} - \mathbf {r}' \vert } \chi _j(\mathbf {x}') d \mathbf {x}' \right ) \chi _i(\mathbf {x}) ,  





    



  (2.15)

and the exchange operator

  (\hat {K}_j \chi _i)(\mathbf {x}) := \left ( \int \chi _j^*(\mathbf {x}') \frac {1}{\vert \mathbf {r} - \mathbf {r}' \vert } \chi _i(\mathbf {x}') d \mathbf {x}' \right ) \chi _j(\mathbf {x}) .   





    



  (2.16)

The Hartree–Fock energy of the system is

  E_{\textrm {HF}} = \sum _{i=1}^M \varepsilon _i - \frac {1}{2} \sum _{i=1}^M \sum _{j=1}^M \int \chi _i^*(\mathbf {r}) (\hat {J}_j - \hat {K}_j) \chi _i(\mathbf {r}) d \mathbf {r} . 















       (2.17)

The Hartree–Fock energy can also be computed by

  E_{\textrm {HF}} = \sum _{i=1}^M \langle i \vert \hat {h} \vert i \rangle + \frac {1}{2} \sum _{i,j=1}^M \left ( [ii \vert | jj] - [ij \vert ji] \right ) , 




   






    


 (2.18)

where the one-electron integral is

  \langle i \vert \hat {h} \vert j \rangle = \int \chi _i^*(\mathbf {x}) \hat {h}(\mathbf {r}) \chi _j(\mathbf {x}) d \mathbf {x} ,   


    (2.19)

the nuclear potential

  V_{\textrm {nucl}}(\mathbf {r}) = - \sum _{n=1}^N \frac {Z_n}{\vert \mathbf {R}_n - \mathbf {r} \vert } ,  




    (2.20)
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the one-electron Hamiltonian

  \hat {h}(\mathbf {r}) = -\frac {1}{2} \nabla ^2 + V_{\textrm {nucl}} ,    

   (2.21)

and the two-electron integral

  [ij \vert kl] = \int \chi _i^*(\mathbf {x}_1) \chi _j(\mathbf {x}_1) \frac {1}{\vert \mathbf {r}_1 - \mathbf {r}_2\vert } \chi _k^*(\mathbf {x}_2) \chi _l(\mathbf {x}_2) d \mathbf {x}_1 d \mathbf {x}_2 .  


 


  
   (2.22)

The restricted Hartree–Fock method (RHF) uses a single orbital twice with spin
s = \pm 1/2  , i.e. \phi _{2i-1} = \wfphi _{2i}  , s_{2i-1} = 1/2  , and s_{2i} = -1/2   for all i = 1,\ldots ,M/2      . If we do
not apply this condition we have the unrestricted Hartree–Fock method (UHF). We
use RHF in this study.

2.4 Hartree–Fock Calculations of Atoms

The Schrödinger equation\hat {H}\Phi = E \Phi     of a many-electron atom leads to Hartree–Fock
equations in the central field approximation and with Slater determinant wavefunc-
tions [6, 7, 8]. Central field approximation means that we assume the potential seen
by each electron due to the nuclei and other electrons is averaged to be rotationally
symmetric. Consequently, the angular parts of the orbitals are similar to the ones in
hydrogen-like atoms. Slater integrals between the two radial wavefunctions P_{n_i \ell _i} and
P_{n_j \ell _j}  are defined as

  \label {eq:slater-int} \slaterint {\slaterexp }{i}{j}{r} = \int _0^\infty P_{\orbital {i}}(r') \gamma ^\slaterexp (r,r') P_{\orbital {j}}(r') dr' , 
 




     (2.23)

where

γκ (r, r′) =
rκ<
rκ+1>

, (2.24)

r< = min{r, r′}, (2.25)

r> = max{r, r′}. (2.26)

The HF equation of the orbital  P_i  with the principal quantum number n_i and

8



orbital quantum number \ell _i is [6, 7, 8]  \label {eq:hartree-fock} \left [ -\frac {1}{2}\frac {d^2}{dr^2} - \frac {Z}{r} + \frac {\ell _{i}(\ell _{i}+1)}{2r^2} + D_i(r) \right ] P_{\orbital {i}}(r) = \varepsilon _{\orbital {i}} P_{\orbital {i}}(r) + \sum _{j(\neq i)=1}^Q w_j \delta _{\ell _i\ell _j} \varepsilon _{\orbital {i}\orbital {j}} P_{\orbital {j}}(r) + E_i(r) 







   





    




    

(2.27)
where

Di (r) =

Q∑︁
j=1

(wj − δij)Y 0
jj (r) − (wi − 1)Ai (r), (2.28)

Ei (r) =

Q∑︁
j (≠i)=1

wjBij (r)Pi (r), (2.29)

and

Ai (r) =
2ℓi + 1
4ℓi + 1

∑︁
κ>0

⎛⎜⎝
ℓi κ ℓi

0 0 0
⎞⎟⎠
2

Y κ
ii (r), (2.30)

Bij (r) =
1
2

∑︁
κ

⎛⎜⎝
ℓi κ ℓj

0 0 0
⎞⎟⎠
2

Y κ
ji (r), (2.31)

Z = atomic number, (2.32)

Q = number of orbitals, (2.33)

wi = number of electrons in orbital i, (2.34)⎛⎜⎝
j1 j2 j3

m1 m2 m3

⎞⎟⎠ = Wigner 3-j symbol. (2.35)

Wavefunctions P_{\orbital {i}}(r)  are normalized with the condition  \label {eq:wf-normalization-condition} \int _0^\infty \left ( P_{\orbital {i}}(r) \right )^2 dr = 1 . 


     (2.36)

The nondiagonal Lagrange multipliers \varepsilon _{\orbital {i}\orbital {j}},\;i \neq j    , that ensure orthogonality of
the orbitals may be neglected for closed-shell atoms. We neglect the nondiagonal
Lagrange multipliers for open-shell atoms, too, and the exact orthogonality of atomic
orbitals is not preserved for them.
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2.5 Density Functional Theory

The Density Functional Theory has been discussed in references [9, 11, 12]. We
assume that the wavefunction is represented as the Slater determinant here, too.
Then the charge density is

  \rho (\mathbf {r}) = \sum _{i=1}^M \vert \wfphi _i(\mathbf {r}) \vert ^2 . 



   (2.37)

The Hartree potential is given by

  V_{\textrm {H}}(\mathbf {r}) = \int \frac {\rho (\mathbf {r}')}{\vert \mathbf {r}-\mathbf {r}' \vert } d \mathbf {r}' . 


  
 (2.38)

The Kohn–Sham energy functional of an electronic system is

E [ρ] = − 1
2

M∑︁
i=1

∫
ϕ∗i (r)∇2ϕi (r)dr +

∫
ρ(r)Vnucl(r)dr

+ 1
2

∫ ∫ ρ(r)ρ(r′)
r − r′

drdr′ + Exc [ρ(r)] (2.39)

The Kohn–Sham equations are obtained by minimizing the functional (2.39) by
varying the orbitals and they are  \left ( - \frac {1}{2} \nabla ^2 + V_{\textrm {nucl}}(\mathbf {r}) + V_{\textrm {H}}(\mathbf {r}) + V_{\textrm {xc}}[\rho ] \right ) \wfphi _i(\mathbf {r}) = E_i \wfphi _i(\mathbf {r}) 



      


     (2.40)

where V_{\textrm {xc}}[\rho ]  is the exchange-correlation potential. We have

  V_\textrm {xc}[\rho ] = V_\textrm {x}[\rho ] + V_\textrm {c}[\rho ] ,         (2.41)

where V_\textrm {x}[\rho ]  is the exchange potential and V_\textrm {c}[\rho ]  is the correlation potential. In this
thesis we ignore the correlation potential. The exchange-correlation energy is defined
by

  E_\textrm {xc}[\rho ] = E_\textrm {x}[\rho ] + E_\textrm {c}[\rho ]         (2.42)

where E_\textrm {x}[\rho ]  is the exchange energy and E_\textrm {c}[\rho ]  is the correlation energy. In this thesis
we ignore the correlation energy.

10



Within the Local Density Approximation (LDA) we define

  E_{\textrm {x}}[\rho ] = \int \rho (\vecr ) \varepsilon _{\mathrm {x}}[\rho ](\vecr ) d^3 \vecr  


   (2.43)

where \varepsilon _{\mathrm {x}}[\rho ](\vecr )   is the exchange energy per particle of a uniform electron gas at a
density of \rho . It follows from the Kohn–Sham theorem [9, section 3.1] that the
exchange potential is

  V_{\textrm {x}}[\rho ] = \frac {\delta E_{\textrm {x}}[\rho ]}{\delta \rho } .  



 (2.44)

We have

  E_{\textrm {x}}[\rho ] = -\frac {3}{4} \left ( \frac {3}{\pi } \right )^{1/3} \int \left ( \rho (\vecr ) \right )^{4/3} d^3 \vecr   






 


  (2.45)

and

  V_{\textrm {x}}[\rho ](\vecr ) = - \left (\frac {3}{\pi } \rho (\vecr )\right )^{1/3} .    






 (2.46)

The total energy of the system is

  E_{\textrm {KS}} = \sum _{i=1}^n E_i - \frac {1}{2} \int \rho (\vecr ) V_{\textrm {H}}(\vecr ) d^3 \vecr + E_{\textrm {xc}}[\rho ] - \int \rho (\vecr ) V_{\textrm {xc}}[\rho ](\vecr ) d^3 \vecr . 








   


   (2.47)

The Kohn–Sham equations are solved by a similar self-consistent iteration as the HF
equations.

2.6 Path Integral Formulation

The time-evolution operator defines the evolution of quantum mechanical system
[10]:

  \Psi (\mathbf {x},t_b) = \hat {U}(t_b,t_a) \Psi (\mathbf {x},t_a)        (2.48)

where t_a is the initial time and t_b is the final time. For a stationary system it is given
by

  \hat {U}(t_b,t_a) = \exp (-\imag (t_b-t_a) \hat {H})         (2.49)

where \protect \hat  {H} is the Hamiltonian operator of the system. The time evolution of an eigen-
state of a stationary system is given by

  \Psi _a(\mathbf {x},t) = \exp (-\imag E_a t) \psi _a(\mathbf {x})     (2.50)
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where \psi _a is an eigenstate of the time-independent Hamiltonian and E_a is its energy.
The time-evolution operator can be represented as [10]

  \hat {U}(t_b,t_a) \Psi _a = \int _{\mathbb {R}^d} K(\mathbf {x}_b, t_b; \mathbf {x}_a, t_a) \Psi _a(\mathbf {x}_a, t_a) d\mathbf {x}_a   



      (2.51)

where d is the dimensionality of the system (1, 2, or 3) and function K is called the
kernel, and also propagator or Green’s function. In path integral formulation the
kernel is given by

  \label {eq:pi-kernel} K(\mathbf {x}_b, t_b; \mathbf {x}_a, t_a) = \lim _{N \to \infty } \sqrt {\frac {m}{2\pi \imag \epsilonx }}^{Nd} \int _{\mathbb {R}^d} \cdots \int _{\mathbb {R}^d} \exp \left ( \imag S_N \right ) d\mathbf {x}_1 \cdots d\mathbf {x}_{N-1} .     









 



        (2.52)

For a one-particle system the action S_N is given by [13]

  S_N = \epsilonx \sum _{n=1}^N \left ( \frac {m}{2} \left ( \frac {\mathbf {x}_n - \mathbf {x}_{n-1}}{\epsilonx } \right )^2 - V({x}_n,t_n) \right )  







 



  


(2.53)

and
  \epsilonx = \frac {t_b-t_a}{N} . 

 


 (2.54)

We also define \Delta t = t_b - t_a    . The Trotter kernel

K (xb, xa;Δt) =

(︂ m
2πiΔt

)︂d/2
exp

(︃
i
(︃
m
2Δt

|xb − xa |2 −
Δt
2

(V (xb) + V (xa))
)︃)︃
. (2.55)

is an approximation of the path-integral kernel [14].
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3 WAVELETS

3.1 General

Fourier transform of a function is localized well in frequency domain but not so
well in time domain. Wavelets are basis function sets that are localized both in time
and frequency domains. That makes wavelets an interesting basis for solving partial
differential equations. In this study we use Deslauriers–Dubuc wavelets, which are a
special case of interpolating wavelets, and Daubechies wavelets, which are orthonor-
mal wavelets.

3.2 Orthonormal Wavelets

Univariate orthonormal wavelets [15] are defined by the mother scaling function \protect \bar  {\wvphi } \in L^2(\mathbb {R})
 satisfying the refinement equation

  \bar {\wvphi }(x) = \sum _{k=0}^{N-1} \bar {h}_k \bar {\wvphi }(2x-k) .  



    (3.1)

The mother wavelet is defined by

  \bar {\psi }(x) = \sum _{k=0}^{M-1} \bar {g}_k \bar {\wvphi }(2x-k)  



    (3.2)

In caseM = N   we have
  \bar {g}_k = (-1)^k \bar {h}_{N - 1 - k}    (3.3)

where k = 0, \ldots , N-1         . We define the scaling functions by

  \bar {\wvphi }_{j,k}(x) = 2^{-j/2} \bar {\wvphi }(2^j x - k)        (3.4)
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and the wavelets by
  \bar {\psi }_{j,k}(x) = 2^{-j/2} \bar {\psi }(2^j x - k)        (3.5)

where j,k \in \mathbb {Z}   . These functions have to obey the orthogonality relations  \int _{\mathbb {R}} \bar {\wvphi }_{j,k}(x) \bar {\wvphi }_{j,l}(x) dx = \delta _{k,l} \;\;\;\; \textrm {for all} \; j, k, l \in \mathbb {Z} , 

             (3.6)

  \int _{\mathbb {R}} \bar {\wvphi }_{j,k}(x) \bar {\psi }_{j',l}(x) dx = 0 \;\;\;\; \textrm {for all} \; j, j', k, l \in \mathbb {Z} \;\textrm {and}\; j' \geq j , 

                   (3.7)

and   \int _{\mathbb {R}} \bar {\psi }_{j,k}(x) \bar {\psi }_{j',l}(x) dx = \delta _{j,j'} \delta _{k,l} \;\;\;\; \textrm {for all} \; j, j', k, l \in \mathbb {Z} . 

               (3.8)

Now any function f \in L^2(\mathbb {R})   can be represented as

  f = \sum _{k \in \mathbb {Z}} s_{j_0,k} \bar {\wvphi }_{j_0,k} + \sum _{j' \geq j_0} \sum _{k \in \mathbb {Z}} d_{j,k} \bar {\psi }_{j,k} 



 






  (3.9)

where j_0 \in \mathbb {Z}  ,
  s_{j_0,k} = \int _{\mathbb {R}} \bar {\wvphi }_{j_0,k}(x) f(x) dx , 



   (3.10)

and
  d_{j,k} = \int _{\mathbb {R}} \bar {\psi }_{j,k}(x) f(x) dx 



   (3.11)

for all j,k \in \mathbb {Z}, j \geq j_0      .

3.3 Compactly Supported Interpolating Wavelets

Detailed introduction to univariate compactly supported interpolating wavelets can
be found in [16, 17]. These are generalized to the multivariate case in [2].

3.3.1 Mother Scaling Function

Let K = \realnumbers   or K = \complexnumbers   and n \in \positiveintegers  . A compactly supported interpolating mother scaling
function is a function \varphi \in \cscfunc {\rn }{K}    satisfying the following conditions:
(MSF.1)

  \nonumber \forall \firstznvar \in \zn : \myphi (\firstznvar ) = \delta _{\firstznvar ,0}      
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(MSF.2)

  \nonumber \forall \rnx \in \rn : \myphi ( \rnx ) = \sum _{\firstznvar \in \zn } \myphi \left ( \frac {\firstznvar }{2} \right ) \myphi ( 2 \rnx - \firstznvar ) .     









 

The mother scaling function of the 8th order Deslauriers–Dubuc wavelets is plot-
ted in Fig. 3.1.
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Figure 3.1 The 8th order Deslauriers–Dubuc fundamental function

3.3.2 General Definitions for Univariate MRA’s

We shall denote the function space for which theMRA is defined by E in this section.
We have either E = \ucfunc {\realnumbers }{K}    or E = \vanishingfunc {\realnumbers }{K}    where K = \realnumbers   or K = \complexnumbers  . We shall
assume that \varphi \in \cscfunc {\realnumbers }{K}    is a compactly supported interpolating mother scaling
function throughout this subsection.

Definition 3.1. Define function \psi \in \cscfunc {\realnumbers }{K}    by

  \psi (x) := \myphi (2 x - 1)      (3.12)

for all x \in \realnumbers  . Function \psi is called the mother wavelet.
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Definition 3.2. Define

  \genmotherwaveletonedim {s} := \left \{ \begin {array}{ll} \myphi ; \;\; & s = 0 \\ \psi ; \;\; & s = 1 \end {array} \right . 

  

   
(3.13)

where s \in \{ 0, 1 \}   .

Definition 3.3. Define
  \myphi _{j,k} := \myphi (2^j \cdot - k)      (3.14)

and
  \psi _{j,k} := \psi (2^j \cdot - k)       (3.15)

for all j \in \integernumbers   and k \in \integernumbers  .

Definition 3.4. When k \in \integernumbers   define

hk := φ
(︃
k
2

)︃
(3.16)

gk := δk,1 (3.17)

h̃k := δk,0 (3.18)

g̃k := (−1)k−1h1−k. (3.19)

Definition 3.5. Define φ̃ := δ ∈ E∗ and ψ̃ ∈ E∗ by

  \label {eq:onedimmotherdualwavelet} \onedimmotherdualwavelet := 2 \sum _{k \in \integernumbers } \gtfilterelem {k} \onedimmotherdualsf (2 \cdot - k) .  



    (3.20)

Define φ̃j,k := 2jφ̃(2j · −k) and ψ̃ j,k := 2jψ̃ (2j · −k) where j, k \in \integernumbers    .

As \myphi is compactly supported only a finite number of numbers {h_{k}}, k \in \integernumbers  , and the
other three filters defined by Definition 3.4 are nonzero. Consequently the series in
Eq. (3.20) has a finite number of nonzero terms.
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Definition 3.6. Define

  \genmotherdualwaveletonedim {s} := \left \{ \begin {array}{ll} \onedimmotherdualsf ; \;\; & s = 0 \\ \onedimmotherdualwavelet ; \;\; & s = 1 \end {array} \right .  

   

   
(3.21)

where s \in \zerooneset   .

3.3.3 General Definitions for Multivariate MRA’s

We will assume that n \in \positiveintegers   and either K = \realnumbers   or K = \complexnumbers   throughout this subsection.
We will also assume that E \equalns \ucfunc {\realnumbers }{K}    or E \equalns \vanishingfunc {\realnumbers }{K}   . Furthermore, \myphi \in \cscfunc {\realnumbers }{K}
  shall be a compactly supported interpolating mother scaling function
throughout this subsection.

We set

  F \defequalns \left \{ \begin {array}{ll} \ucfunc {\rn }{K} ; & E = \ucfunc {\realnumbers }{K} \\ \vanishingfunc {\rn }{K} ; & E = \vanishingfunc {\realnumbers }{K} \\ \end {array} \right . 


    

    
(3.22)

Definition 3.7. Define function {\myphi ^{[{n}]}} \in \cscfunc {\rn }{K}    by

  \mdimmothersf {n} := \indexedtensorproduct {k=1}{n} \onedimmothersf . 



 (3.23)

Function {\myphi ^{[{n}]}} is called an n-dimensional tensor product mother scaling function gener-
ated by \myphi . Define also φ[n]

j,k := φ[n] (2j · −k) where j \in \integernumbers   and {\znstyle {\firstznvarsymbol }}\in \zn  .

Function φ[n] is a compactly supported interpolating mother scaling function on
Rn.

Definition 3.8. When s ∈ {0, 1}n define function ψ [n]
s ∈ Ccom(Rn, K) by

  \mdimmotherwavelet {n}{\zos } := \indexedtensorproduct {k=1}{n} \genmotherwaveletonedim {\cartprodelem {\zos }{k}} 





 (3.24)

and ψ [n]
s,j,k := ψ [n]

s (2j · −k).
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Definition 3.9. Define \tilde {\myphi }^{[{n}]} \in \topdual {F}     by

  \mdimmotherdualsf {n} := \indexedtensorproduct {l=1}{n} \onedimmotherdualsf  



 (3.25)

and \phidual ^{[{n}]}_{{j},{\firstznvar }} \in \topdual {F}     by φ̃[n]
j,k := 2jφ̃[n] (2j · −k) where j \in \integernumbers   and {\znstyle {\firstznvarsymbol }}\in \zn  . Define also

\tilde {\psi }^{[{n}]}_{\zos } \in \topdual {F}     by

  \mdimmotherdualwavelet {n}{\zos } := \indexedtensorproduct {l=1}{n} \genmotherdualwaveletonedim {\cartprodelem {\zos }{l}}  



  (3.26)

where {\znstyle {s}}\in \zeroonesetn    and \tilde {\psi }^{[{n}]}_{{\zos },{j},{\firstznvar }} \in \topdual {F}     by ψ̃ [n]
s,j,k := 2jψ̃ [n]

s (2j · −k) where {\znstyle {s}}\in \zeroonesetn   , j \in \integernumbers  ,
and {\znstyle {\firstznvarsymbol }}\in \zn  .

3.4 Compactly Supported Interpolating MRA of {\ucfuncsymbol ({\rn },{K})}

We will assume that n \in \positiveintegers   and K = \realnumbers   or K = \complexnumbers   throughout this section. We
will also assume that {\myphi ^{[{n}]}} \in \cscfunc {\rn }{K}    is an n-dimensional tensor product mother
scaling function in this section. Unless otherwise stated, we shall assume that the
same values of n, K , and {\myphi ^{[{n}]}} are used throughout this section. Chui and Li [16]
have developed a MRA in the univariate case {\ucfuncsymbol ({\realnumbers })}.

Definition 3.10. Define

V (u)
n,j :=

{︄
x ∈ Rn ↦→

∑︁
k∈Zn

a[k]φ[n] (2jx − k) : a ∈ l∞(Zn, K)
}︄

(3.27)∥︁∥︁∥︁f |V (u)
n,j

∥︁∥︁∥︁ := ∥︁∥︁f ∥︁∥︁∞, f ∈ V (u)
n,j

for all j \in \integernumbers  .

Definition 3.11. Let spaces {V^{(\mathrm {u})}_{{n},{j}}}
 , j \in \integernumbers  , be defined by (3.27). We call \ifmmode \lbrace \else \textbraceleft \fi \mdimuvspace {n}{j} \setsep j \in \integernumbers \}


   

an interpolating tensor product MRA of {\ucfuncsymbol ({\rn },{K})}  generated by {\myphi ^{[{n}]}} provided that the
following conditions are satisfied:
(MRA1.1) ∀j ∈ Z : V (u)

n,j ⊂ V (u)
n,j+1

(MRA1.2)
⋃︁

j∈Z V
(u)
n,j = Cu(Rn, K)
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(MRA1.3)
⋂︁

j∈Z V
(u)
n,j = K

(MRA1.4) ∀j ∈ Z, f ∈ KRn : f ∈ V (u)
n,j ⇐⇒ f (2·) ∈ V (u)

n,j+1

(MRA1.5) ∀j ∈ Z, k ∈ Zn, f ∈ KRn : f ∈ V (u)
n,j ⇐⇒ f (· − 2−jk) ∈ V (u)

n,j
(MRA1.6) ∀k ∈ Zn : φ[n] (k) = δk,0

Our requirements for the definition of interpolating multiresolution analysis are
stricter and simpler than those in [16]. Condition (MRA1.6) is replaced by a weaker
condition for \varphi in [16] but it is possible to construct function \varphi _L that satisfies con-
dition (MRA1.6) and generates the same subspaces {V^{(\mathrm {u})}_{{1},{j}}}

 as function \varphi .
Under the conditions given at the start of this section ({\myphi ^{[{n}]}} is an n-dimensional

tensor product mother scaling function) all the conditions (MRA1.1), (MRA1.2),
(MRA1.3), (MRA1.4), (MRA1.5), and (MRA1.6) are true.

Spaces {V^{(\mathrm {u})}_{{n},{j}}}
 , j \in \integernumbers  , are topologically isomorphic to l^{\infty }({\zn },{K}) . It has been proved

in [18] that   \sum _{\firstznvar \in \zn } \mdimmothersf {n}(\rny - \firstznvar ) = \widehat {\mdimmothersf {n}}(0) 


       (3.28)

for all {\vectorstyle {y}}\in \rn  . It follows from the cardinal interpolation property (MSF.1) that  \label {eq:sf-sum} \sum _{\firstznvar \in \zn } \mdimmothersf {n}(\rny - \firstznvar ) = 1 


      (3.29)

for all {\vectorstyle {y}}\in \rn  .
The series in Eq. (3.27) converges (pointwise) for all a ∈ l∞(Zn, K) but the series∑︁

k∈Zn a[k]φ[n] (2j · −k) need not converge in the norm topology of Cu(Rn, K). For
example, consider sequence {{\seqstyle {a}}[{\firstznvar }]} = 1  , {\znstyle {\firstznvarsymbol }}\in \zn  . Now ∑︁

k∈Zn a[k]φ[n] (2jx − k) = 1
for all {\vectorstyle {x}}\in \rn   but the series ∑︁k∈Zn a[k]φ[n] (2j · −k) does not converge in the norm
topology of Cu(Rn, K).

Definition 3.12. When j \in \integernumbers   and {\znstyle {s}}\in \zeroonesetn    define

W (u)
n,s,j :=

{︄
x ∈ Rn ↦→

∑︁
k∈Zn

a[k]ψ [n]
s,j,k (x) : a ∈ l∞(Zn, K)

}︄
(3.30)∥︁∥︁∥︁f |W (u)

n,s,j

∥︁∥︁∥︁ := ∥︁∥︁f ∥︁∥︁∞, f ∈ W (u)
n,s,j . (3.31)

19



Spaces{W^{(\mathrm {u})}_{{n},{\zos },{j}}}
 , {\znstyle {s}}\in \zeroonesetn   , j \in \integernumbers  , are topologically isomorphic to l^{\infty }({\zn },{K}) .

Definition 3.13. When {\znstyle {s}}\in \zeroonesetn    and j \in \integernumbers   define  \left (\mdimupartialdeltaop {n}{\zos }{j} f\right ) \left ( \rnx \right ) := \sum _{\firstznvar \in \zn } \szdualappl {\mdimgendualwavelet {n}{\zos }{j}{\firstznvar }}{f} \mdimgenwavelet {n}{\zos }{j}{\firstznvar } \left ( \rnx \right ) 










 



  (3.32)

for all {\vectorstyle {x}}\in \rn   and f \in \ucfunc {\rn }{K}   . When j \in \integernumbers   define P (u)
n,j := Q(u)

n,0n,j.

Operator Q^{(\mathrm {u})}_{{n},{\zos },{j}}
 is a continuous projection of {\ucfuncsymbol ({\rn },{K})}  onto {W^{(\mathrm {u})}_{{n},{\zos },{j}}}

 for each {\znstyle {s}}\in \zeroonesetn 
  and j \in \integernumbers  .

When j \in \integernumbers   we have

  \label {eq:v-w-sum} \mdimuvspace {n}{j+1} \equalns \mdimuvspace {n}{j} \dsum \directsumoneindex {\zos \in \zeroonesetnnozero {n}} \mdimupartialwspace {n}{\zos }{j} \equalns \directsumoneindex {\zos \in \zeroonesetn } \mdimupartialwspace {n}{\zos }{j} . 
  













  (3.33)

Theorem 3.1. There exist c_1 \in \positiverealnumbers    and c_2 \in \positiverealnumbers    so that  \norminfty {f - \mdimuprojop {n}{j} f} \leq c_1 \modcont {f}{2^{-j} c_2}   




    (3.34)

for all f \in \ucfunccv {\rn }   and j \in \integernumbers  .

Proof. Let f \in \ucfunccv {\rn }   and j \in \integernumbers  . Define r_1 := \supportradius {\mdimmothersf {n}}  . Let {\vectorstyle {x}}\in \rn  . Define
I := Itrans(φ[n] , 2jx). Now by Eq. (3.29) we have(︂

f − P (u)
n,j f

)︂
(x) =

∑︁
k∈Zn

(︃
f (x) − f

(︃
k
2j

)︃)︃
φ[n] (︁

2jx − k
)︁

(3.35)

=
∑︁
k∈I

(︃
f (x) − f

(︃
k
2j

)︃)︃
φ[n] (︁

2jx − k
)︁

(3.36)

Let {\znstyle {\secondznvarsymbol }}\in I   . Now 2jx−ℓ ∈ BRn (0; r1) fromwhich it follows that x−2−jℓ ∈ BRn (0; 2−jr1).
Hence   \label {eq:upj-compl-ineq} \abs {f\left (\rnx \right ) - f\left (\frac {\secondznvar }{2^j}\right )} \leq \modcont {f}{2^{-j} r_1} .   





     (3.37)

Let c1 := Ncover(φ[n])
∥︁∥︁φ[n]∥︁∥︁

∞ and c2 := r1 = rsupp(φ[n]). By Eq. (3.37) we have  \abs {\left ( f - \mdimuprojop {n}{j} f \right ) \left (\rnx \right )} \leq c_1 \modcont {f}{2^{-j} c_2}.   





     (3.38)
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□
It follows that

  \label {eq:upj-conv} \lim _{j \to \infty } \norminfty {f - \mdimuprojop {n}{j} f} = 0 


  




  (3.39)

for all f \in \ucfunccv {\rn }  .
Define 0n := (0)k∈Z (n) and {J_{+}({n})} := \zeroonesetn \setminus \{ \finitezeroseq {n} \}     . We have

  \label {eq:uc-wavelet-expansion} f(\rnx ) = \sum _{\firstznvar \in \zn } s_{j_0,\firstznvar } \mdimsf {n}{j_0}{\firstznvar }(\rnx ) + \sum _{j=j_0}^\infty \sum _{\zos \in \zeroonesetnnozero {n}} \sum _{\firstznvar \in \zn } d_{\zos ,j,\firstznvar } \mdimgenwavelet {n}{\zos }{j}{\firstznvar }(\rnx ) , \;\;\;\; \rnx \in \rn , 


















     (3.40)

where sj0,k = ⟨φ̃[n]
j0,k

, f ⟩ and ds,j,k = ⟨ψ̃ [n]
s,j,k, f ⟩. This can be simplified in one-dimensional

case as

  \label {eq:uc-wavelet-expansion-one-dim} f(x) = \sum _{k \in \integernumbers } s_{j_0,k} \wvphi _{j_0,k}(x) + \sum _{j=j_0}^\infty \sum _{k \in \integernumbers } d_{j,k} \psi _{j,k}(x) , \;\;\;\; x \in \realnumbers , 










    (3.41)

where sj0,k = ⟨φ̃j0,k, f ⟩ and dj,k = ⟨ψ̃ j,k, f ⟩. Note that expansions Eqs. (3.40) and (3.41)
are not true for all f \in \ucfunc {\realnumbers ^n}{K}    if we replace the pointwise convergence with the
convergence in the supremum norm.

It follows from Eq. (3.39) that

  \indexedcitp {j=1}{n} \ucfunc {\realnumbers }{K} \equalns \ucfunc {\realnumbers ^n}{K} 



     (3.42)

for all n \in \positiveintegers  .

3.5 Compactly Supported Interpolating MRA of {\vanishingfuncsymbol ({\realnumbers ^n},{K})}

A MRA of space {\vanishingfuncsymbol ({\rn },{K})}  can be developed in the same way as the MRA of space
{\ucfuncsymbol ({\rn },{K})} . Donoho [17] has developed a MRA for the one-dimensional case {\vanishingfuncsymbol ({\realnumbers })}.
We will assume that n \in \positiveintegers   and K = \realnumbers   or K = \complexnumbers   throughout this section. We
will also assume that {\myphi ^{[{n}]}} \in \cscfunc {\rn }{K}    is an n-dimensional tensor product mother
scaling function in this section. Unless otherwise stated, we shall assume that the
same values of n, K , and {\myphi ^{[{n}]}} are used throughout this section. Note that many
of the series that are pointwise convergent with {\ucfuncsymbol ({\rn },{K})}  converge in the norm in
{\vanishingfuncsymbol ({\rn },{K})} . We are also able to represent many subspaces and operators related to the
MRA of {\vanishingfuncsymbol ({\rn },{K})}  as tensor products of the corresponding one-dimensional cases.
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Definition 3.14. Define

V (0)
n,j :=

{︄ ∑︁
k∈Zn

a[k]φ[n] (2j · −k) : a ∈ c0(Zn, K)
}︄

(3.43)∥︁∥︁∥︁f |V (0)
n,j

∥︁∥︁∥︁ := ∥︁∥︁f ∥︁∥︁∞, f ∈ V (0)
n,j (3.44)

for each j \in \integernumbers  .

Definition 3.15. Let spaces {V^{(0)}_{{n},{j}}}
 , j \in \integernumbers  , be defined by Definition 3.14. We call

\ifmmode \lbrace \else \textbraceleft \fi \mdimvanvspace {n}{j} \setsep j \in \integernumbers \}
     an interpolating tensor product MRA of {\vanishingfuncsymbol ({\rn },{K})}  generated by {\myphi ^{[{n}]}}

provided that the following conditions are satisfied:
(MRA2.1) ∀j ∈ Z : V (0)

n,j ⊂ V (0)
n,j+1

(MRA2.2)
⋃︁

j∈Z V
(0)
n,j = C0(Rn, K)

(MRA2.3)
⋂︁

j∈Z V
(0)
n,j = {0}

(MRA2.4) ∀j ∈ Z, f ∈ KRn : f ∈ V (0)
n,j ⇐⇒ f (2·) ∈ V (0)

n,j+1

(MRA2.5) ∀j ∈ Z, k ∈ Zn, f ∈ KRn : f ∈ V (0)
n,j ⇐⇒ f (· − 2−jk) ∈ V (0)

n,j
(MRA2.6) ∀k ∈ Zn : φ[n] (k) = δk,0

Note that in this definition the intersection of spaces {V^{(0)}_{{n},{j}}}
 is \ifmmode \lbrace \else \textbraceleft \fi  0 \} instead of \mathbb {C}

(all complex valued constant functions on {\realnumbers ^n}) as in [16] since here the MRA is
constructed for functions vanishing at infinity. Donoho [17] does not require the
mother scaling function \varphi to be compactly supported but \varphi has to be of rapid decay
in his construction. He also includes requirements for the regularity and polynomial
span of \varphi , which are needed for the norm equivalences to Besov and Triebel-Lizorkin
spaces, into the definition of the MRA. Under the conditions given at the start of this
section ({\myphi ^{[{n}]}} is an n-dimensional tensor product mother scaling function) the con-
ditions (MRA2.1), (MRA2.2), (MRA2.3), (MRA2.4), (MRA2.5), and (MRA2.6)
are true.
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Definition 3.16. Let j \in \integernumbers   and {\znstyle {s}}\in \zeroonesetn   . Define

W (0)
n,s,j :=

{︄ ∑︁
k∈Zn

a[k]ψ [n]
s,j,k : a ∈ c0(Zn, K)

}︄
(3.45)∥︁∥︁∥︁f |W (0)

n,s,j

∥︁∥︁∥︁ :=
∥︁∥︁f ∥︁∥︁∞, f ∈ W (0)

n,s,j . (3.46)

Definition 3.17. Let j \in \integernumbers  . Define operator  \mdimvanprojop {n}{j} : \vanishingfunc {\realnumbers ^n}{K} \to \mdimvanvspace {n}{j} 
     

 by

  \mdimvanprojop {n}{j} f = \sum _{\firstznvar \in \integernumbers ^n} \dualappl {\mdimdualsf {n}{j}{\firstznvar }}{f} \mdimsf {n}{j}{\firstznvar } 
 




   

 (3.47)

for all f \in \vanishingfunc {\realnumbers ^n}{K}   . Define operator  \mdimvanpartialprojop {n}{\zos }{j} : \vanishingfunc {\realnumbers ^n}{K} \to \mdimvanpartialwspace {n}{\zos }{j} 
     

 by

  \mdimvanpartialprojop {n}{\zos }{j} f = \sum _{\firstznvar \in \integernumbers ^n} \dualappl {\mdimgendualwavelet {n}{\zos }{j}{\firstznvar }}{f} \mdimgenwavelet {n}{\zos }{j}{\firstznvar } 





  

 (3.48)

for all f \in \vanishingfunc {\realnumbers ^n}{K}    and {\znstyle {s}}\in \zeroonesetn   .

We get the following equation as a direct consequence of Eq. (3.39):

  \label {eq:vanpj-conv} \lim _{j \to \infty } \norminfty {f - \mdimvanprojop {n}{j} f} = 0 


  




  (3.49)

for all f \in \vanishingfunccv {\rn }  . We also have the wavelet expansions

  \label {eq:van-wavelet-expansion} f = \sum _{\firstznvar \in \zn } s_{j_0,\firstznvar } \mdimsf {n}{j_0}{\firstznvar } + \sum _{j=j_0}^\infty \sum _{\zos \in \zeroonesetnnozero {n}} \sum _{\firstznvar \in \zn } d_{\zos ,j,\firstznvar } \mdimgenwavelet {n}{\zos }{j}{\firstznvar } 


















 (3.50)

where sj0,k = ⟨φ̃[n]
j0,k

, f ⟩ and ds,j,k = ⟨ψ̃ [n]
s,j,k, f ⟩. This can be simplified in one-dimensional

case as

  \label {eq:van-wavelet-expansion-one-dim} f = \sum _{k \in \integernumbers } s_{j_0,k} \wvphi _{j_0,k} + \sum _{j=j_0}^\infty \sum _{k \in \integernumbers } d_{j,k} \psi _{j,k} 










 (3.51)

where sj0,k = ⟨φ̃j0,k, f ⟩ and dj,k = ⟨ψ̃ j,k, f ⟩.
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It follows from Eq. (3.49) that

  \indexedcitp {j=1}{n} \vanishingfunc {\realnumbers }{K} \equalns \vanishingfunc {\realnumbers ^n}{K} . 



     (3.52)

3.6 Polynomial Span and Regularity

The polynomial span and regularity of interpolating wavelets has been discussed in
[17].

Definition 3.18. Let f \in \complexnumbers ^\rn   , r_1 \in \positiverealnumbers   , and {\tilde {f}}\in \topdual {\contfunccv {\closedball {\rn }{0}{r_1}}}    

. Let D \in \naturalnumbers  . We say

that pair (\dualf , f)    spans all the polynomials of degree at most D iff  \sum _{\firstznvar \in \zn } \szdualappl {\dualf } {\restrictfunc {p(\cdot + \firstznvar )}{\closedball {\rn }{0}{r_1}}} f(\rnx - \firstznvar ) = p(\rnx ) 



      


      (3.53)

for all {\vectorstyle {x}}\in \rn   and for all polynomials p of n variables that are of degree at most D.

The polynomial spanD of the interpolating wavelet family generated by the com-
pactly supported mother scaling function \varphi is the largest integer D so that pair (\delta , \wvphi )
spans all the polynomials of degree at most D. Here \delta is the Dirac delta. When \varphi is
the mth order Deslauriers–Dubuc fundamental function we have D = m - 1    .

The regularity R of the interpolating wavelet family is define so that \varphi is Hölder
continuous of orderR. LetR(D) be the regularity of theDeslauriers–Dubuc wavelets
of order D + 1  . We have [17]

  R(D) \geq \mathrm {const} \cdot D, \;\;\;\; D = 3, 5, 7, \ldots .               (3.54)

3.7 Deslauriers–Dubuc Wavelets on a Half-Infinite Interval

This derivation is based on section 3 in [17]. We construct a basis set on half-infinite
interval \protect \mathbb  {R}_0 = \{ r \geq 0 \vert r \in \mathbb {R} \}      . We define \varphi to be a Deslauriers–Dubuc scaling function
of some orderD (the polynomial span of the wavelet family) and \varphi _{j,k}(x) := \myphi (2^j x - k) 
for j, k \in \mathbb {Z}   .

Suppose that we are given samples \beta _{j,k} = f(2^{-j} k)    for k \in \mathbb {N}   and f is some function
from [0,\infty ] into \protect \mathbb  {R}. We define \pi ^\mysharp _j to be the polynomial of degree D for which
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\pi ^\mysharp _j(2^{-j}k) = f(2^{-j}k)     for all k = 0,\ldots ,D       . We define

  \tilde {\beta }_{j,k} := \pi ^{\mysharp }_j(2^{-j} k)    
 (3.55)

for k < 0   and
  \tilde {\beta }_{j,k} := \beta _{j,k}     (3.56)

for k \geq 0  . Now, f can be extrapolated onto the whole real line by

  \tilde {f} = \sum _{k=-\infty }^\infty \tilde {\beta }_{j,k} \myphi _{j,k} . 



  (3.57)

As each coefficient \protect \tilde  {\beta }_{j,k}  is a linear functional of coefficients \beta _{j,k'} , we may define
extrapolation weights e^{\mysharp }_{k,k'} so that

  \tilde {\beta }_{j,k} = \sum _{k'=0}^D e^{\mysharp }_{k,k'} \beta _{j,k'}  



 (3.58)

for k < 0  . When f := \myphi _{j,l}  , we have

  \tilde {\beta }_{j,k} = e^{\mysharp }_{k,l}     (3.59)

where l \in \{ 0, \ldots , D \}       . Consequently, the quantities e^{\mysharp }_{k,l} can be computed by polyno-
mial interpolation of functions \varphi _{j,l}. As

  \supp \myphi _{j,k} \subset 2^{-j} [ k - D, k + D ]        (3.60)

we need only values k \in \{ -D, \ldots , -1 \}      . We define

  \myphi ^{\mysharp }_{j,k} := \myphi _{j,k} + \sum _{l<0} e^{\mysharp }_{l,k} \myphi _{j,l}   



 (3.61)

for k = 0,\ldots ,D       . Note that   \left \langle \tilde {\myphi }_{j,k} , \myphi ^{\mysharp }_{j,l} \right \rangle = \delta _{k,l} 
 





  (3.62)

for k \geq 0   and 0 \leq l \leq D    .
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We define a wavelet expansion of function f by

  \label {eq:expansion-1} \tilde {f} := \sum _{k = 0}^D \beta _{j,k} \myphi ^{\mysharp }_{j,k} + \sum _{k=D+1}^{\infty } \beta _{j,k} \myphi _{j,k} . 







 (3.63)

When we use a finite basis of sizeW , we have

  \label {eq:expansion-2} \tilde {f} := \sum _{k = 0}^D \beta _{j,k} \myphi ^{\mysharp }_{j,k} + \sum _{k=D+1}^{\basissize -1} \beta _{j,k} \myphi _{j,k} 







 (3.64)

Wemust haveW> 2D   so that functions \varphi ^{\mysharp }_{j,k}(x), 0 \leq k \leq D    , vanish for x \geq 2^{-j} \basissize   .
This kind of truncation of the basis requires that the function f approximately van-
ishes for x > 2^{-j} W   .

Let A be a linear operator from C_0(\mathbb {R}) to C_0(\mathbb {R}). The matrix elements A_{k,l}, l=0,\ldots ,D
      are given by  \left \langle \tilde {\myphi }_{j,k}, A \myphi ^{\mysharp }_{j,l} \right \rangle = \left \langle \tilde {\myphi }_{j,k}, A \myphi _{j,l} \right \rangle + \sum _{\alpha < 0} e^{\mysharp }_{\alpha ,l} \left \langle \tilde {\myphi }_{j,k}, A \myphi _{j,\alpha } \right \rangle . 

 







 









 


 (3.65)
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4 CALCULATIONS OF RADIAL WAVEFUNCTIONS OF

ATOMS USING DESLAURIERS–DUBUC

WAVELETS

4.1 General

We solve the Schrödinger equations of hydrogen-like atoms and the Hartree–Fock
equations of somemany-electron atoms, see section 2.4. TheHF equations are solved
for helium, beryllium, neon, magnesium, argon, lithium, and sodium. The lithium
and sodium atoms are open shell and the rest of the atoms are closed shell. See
Ref. [1] for more.

4.2 Construction of the Basis Function Set

To preserve orthogonality relations of basis functions the scaling functions andwavelets
in the basis cannot be chosen arbitrarily. The basis set  B = \{\zeta _1, \ldots , \zeta _N \}         consists of
scaling functions \varphi ^k_i of resolution level k=k_{\smin }   and wavelets \psi ^k_i of resolution levels
k=k_{\smin },\ldots ,k_{\smax }       . The dual basis functions are defined by

  \label {eq:dual-basis-fn} \dualzeta _j = \left \{ \begin {array}{rr} \phidual ^k_i & \;\textrm {if}\; \zeta _j = \varphi ^k_i \\ \psidual ^k_i & \;\textrm {if}\; \zeta _j = \psi ^k_i \end {array} \right . .  


    
    

 (4.1)

Different resolution levels of the basis are denoted as  S_{k_{\smin }}, D_{k_{\smin }}, \ldots , D_{k_{\smax }}          , where S
means a set consisting of scaling functions and D a set consisting of wavelets. This
kind of basis is used directly for standard operator form. For nonstandard operator
form,  S_k  parts with indices  k = k_{\smin }+1,\ldots ,k_{\smax }        are inserted in the basis. We defineN_{k}

to be the number of basis functions in S_k andM_{k} to be the number of basis functions
in D_k. For S_k=\{\varphi ^k_{i_1},\ldots ,\varphi ^k_{i_{\nrs {k}}}\}       




 we define \mu _{k,\alpha }=i_\alpha    and for D_k=\{\psi ^k_{i_1},\ldots ,\psi ^k_{i_{\nrd {k}}}\}       
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we define \nu _{k,\alpha }=i_\alpha   . The NSOF basis function set  B_{\mathrm {NSOF}}=\{\zeta _1, \ldots , \zeta _{N_{\mathrm {NSOF}}}\}         consists
of parts S_{k_{\smin }}, D_{k_{\smin }}, \ldots , S_{k_{\smax }}, D_{k_{\smax }}            . Basis functions in parts  S_{k_{\smin }}, D_{k_{\smin }}, \ldots , D_{k_{\smax }}          are
the same as in the corresponding parts of the basis set B. Basis functions in parts
S_{k_{\smin }+1},\ldots ,S_{k_{\smax }}       are chosen so that  L(S_k, D_k) \subset L(S_{k+1})    . The radial wavefunction we
want to expand should be zero at the nucleus.

Scaling function  \varphi ^{k_{\smin }}_0 
 is excluded from B due to the boundary conditions of wave-

functions at zero and singularities of potential, centrifugal potential, and functions
{1}/{r^{\kappa + 1}} (occurring in Slater integrals) at r=0  . This also makes the matrix of operator
 \qmop {R}  , defined by

  \label {eq:op-rb} (\qmop {R}f)(r) = \abs {r}f(r),         (4.2)

nonsingular (an empirical observation).
However, since the Slater integrals do not generally vanish at r=0   we include

 \varphi ^{k_{\smin }}_0 
 in the basis set B_0 = B \cup \{ \varphi ^{k_{\smin }}_0 \}   

  =  \{\zeta _1^{(0)},\ldots ,\zeta _{N'}^{(0)}\}           . Basis change matrix from B
to B_0 is denoted by {L}_\btobz  and basis change matrix from B_0 to B by {L}_\bztob . We do not
need to compute the matrix of operator \hat {\mathrm {R}}_{-1}  (corresponding division by r) in basis
B_0.

4.3 Forward and Backward Wavelet Transforms

Forward wavelet transform is defined by equations [19]

sk−1i =

m∑︁
j=−m

h̃jskj+2i , (4.3)

dk−1i =

m∑︁
j=−m

g̃js
k
j+2i . (4.4)

where s^k_i is the coefficient for basis function \varphi ^k_i and d^k_i is the coefficient for basis
function \psi ^k_i . Backward wavelet transform is defined by equations [19]:

sk+12i =

m/2∑︁
j=−m/2

(︂
h2jski−j + g2jdki−j

)︂
, (4.5)

sk+12i+1 =

m/2∑︁
j=−m/2

(︂
h2j+1ski−j + g2j+1dki−j

)︂
. (4.6)
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The forward wavelet transform defined by (4.3) and (4.4) can be written inmatrix
form as

v(k−1) = Z̃Sk−1
Sk v(k) , (4.7)

w(k−1) = Z̃Dk−1
Sk v(k) , (4.8)

where

Z̃Sk−1
Sk =

(︂
h̃µk,β−2µk−1,α

)︂Nk−1,Nk

α=1,β=1
, (4.9)

Z̃Dk−1
Sk =

(︂
g̃µk,β−2νk−1,α

)︂Mk−1,Nk

α=1,β=1
. (4.10)

The backward wavelet transform defined by (4.5) and (4.6) can be similarly writ-
ten in matrix form as

  \label {eq:bwftm} \mx {v}^{(k+1)} = \mx {B}^{S_{k+1}}_{S_k}\mx {v}^{(k)} + \mx {B}^{S_{k+1}}_{D_k} \mx {w}^{(k)} ,  
 

  (4.11)

where [19]

BSk+1Sk
=

(︂
ZSk
Sk+1

)︂T
, (4.12)

BSk+1Dk
=

(︂
ZDk
Sk+1

)︂T
, (4.13)

and

ZSk
Sk+1

=

(︂
hµk+1,β−2µk,α

)︂Nk,Nk+1

α=1,β=1
, (4.14)

ZDk
Sk+1

=

(︂
gµk+1,β−2νk,α

)︂Mk,Nk+1

α=1,β=1
. (4.15)

We use symbols \tilde {\mx {Z}} and \mx {Z} for forward wavelet transform instead of {\tilde {F}} and {F} (as in
Ref. [19]) to avoid confusion with the Fock operator {F} .

4.4 Standard Operator Form and Nonstandard Operator Form

The eigenvalue equations are solved using the standard operator form, which rep-
resents the operator in the chosen basis. Elements of matrix {A} of an operator \hat {\mathrm {A}} in
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SOF are defined by

  \label {eq:sof-elements} A_{ij} = \int _{-\infty }^{\infty } \dualzeta _i(x)\;\qmop {A}\;\zeta _j(x) dx , 




      (4.16)

where \zeta _j, \; j = 1,\ldots ,N           are the basis functions and \tilde {\zeta }_i, \; i = 1,\ldots ,N            are the dual basis
functions defined by Eq. (4.1).

The standard operator form of an operator can be obtained from the matrix ele-
ments in nonstandard operator form. Nonstandard operator form decouples differ-
ent resolution levels in the basis set and makes derivation of explicit formulas for the
matrix elements easier [19, 20, 21]. The nonzero blocks of nonstandard operator
form {A} of the operator \hat {\mathrm {A}} are defined by

  \label {eq:nsof-skminskmin} A^{S_{k_{\smin }}S_{k_{\smin }}}_{\alpha \beta } = \int _{-\infty }^{\infty } \phidual ^{k_{\smin }}_{\trinds {k_{\smin }}{\alpha }}(x) \; \qmop {A} \; \varphi ^{k_{\smin }}_{\trinds {k_{\smin }}{\beta }}(x) dx, \;\; \alpha = 1,\ldots ,\nrs {k_{\smin }}, \beta = 1,\ldots ,\nrs {k_{\smin }} , 








 


                   (4.17)

and

ASkDk
αβ =

∫ ∞

−∞
φ̃kµk,α (x) Â ψkνk,β (x)dx, α = 1, . . . , Nk, β = 1, . . . ,Mk, (4.18)

ADkSk
αβ =

∫ ∞

−∞
ψ̃kνk,α (x) Â φkµk,β (x)dx, α = 1, . . . ,Mk, β = 1, . . . , Nk, (4.19)

ADkDk
αβ =

∫ ∞

−∞
ψ̃kνk,α (x) Â ψkνk,β (x)dx, α = 1, . . . ,Mk, β = 1, . . . ,Mk, (4.20)

where  k = k_{\smin } + 1,\ldots ,k_{\smax }         .
We introduce an algorithm for converting a matrix from NSOF to SOF. The

NSOF blocks (S_kS_k, S_kD_k, D_kS_k and D_kD_k) are computed on the fly. The algorithm
is:

Input:

• NSOF basis B = (S_{k_{\smin }},D_{k_{\smin }},\ldots ,S_{k_{\smax }},D_{k_{\smax }})            .

• FunctionM that calculates the NSOF matrix elements according to formulas
(4.17) – (4.20).

Output: Matrix in standard operator form.
Algorithm:
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1. If the basis contains only parts  S_{k_{\smin }}  and  D_{k_{\smin }}  the SOF matrix is

A =
⎛⎜⎝
ASkminSkmin ASkminDkmin

ADkminSkmin ADkminDkmin

⎞⎟⎠ , (4.21)

where the blocks are computed with formulas (4.17) – (4.20).

else

2. Compute matrix  \mx {A}_{\mathrm {prev}}  by calling algorithm recursively with basis
B_{\mathrm {prev}} = (S_{k_{\smin }},D_{k_{\smin }},\ldots ,S_{k_{\smax }-1},D_{k_{\smax }-1})           .

3. Compute  \mx {A}^{S_{k_{\smax }}D_{k_{\smax }}}  with function M according to formula (4.18).

4. Compute  \mx {A}^{D_{k_{\smax }}S_{k_{\smax }}}  with function M according to formula (4.19).

5. Compute  \mx {A}^{D_{k_{\smax }}D_{k_{\smax }}}  with function M according to formula (4.20).

6. Calculate matrices {A}^{S_{k_{\smin }}D_{k_{\smax }}}  and {A}^{D_qD_{k_{\smax }}} where  q = k_{\smin },\ldots ,k_{\smax }-1          by
applying forward wavelet transforms to matrix  \mx {A}^{S_{k_{\smax }}D_{k_{\smax }}}  using formulas

ASkminDkmax = Z̃Skmin
Skmin+1

Z̃Skmin+1
Skmin+2

· · · Z̃Skmax−2
Skmax−1

Z̃Skmax−1
Dkmax

ASkmaxDkmax , (4.22)

ADqDkmax = Z̃Dq
Sq+1Z̃

Sq+1
Sq+2 · · · Z̃

Skmax−2
Skmax−1

Z̃Skmax−1
Dkmax

ASkmaxDkmax . (4.23)

7. Calculate matrices {A}^{D_{k_{\smax }}S_{k_{\smin }}}  and {A}^{D_{k_{\smax }}D_q} where q = k_{\smin },\ldots ,k_{\smax }-1          by
applying backward wavelet transforms to matrix  \mx {A}^{D_{k_{\smax }}S_{k_{\smax }}}  using formulas

ADkmaxSkmin = ADkmaxSkmaxBDkmax
Skmax−1

BSkmax−1
Skmax−2

· · · BSkmin+2
Skmin+1

BSkmin+1
Skmin

, (4.24)

ADkmaxDq = ADkmaxSkmaxBDkmax
Skmax−1

BSkmax−1
Skmax−2

· · · BSq+2Sq+1B
Sq+1
Dq

. (4.25)

8. Construct the result  \mx {A} from matrices calculated in steps 2, 5, 6, and 7 using
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formulas

Avert =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

ASkminDkmax

ADkminDkmax

...

ADkmax−1Dkmax

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.26)

Ahoriz =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

ADkmaxSkmin

ADkmaxDkmin

· · ·

ADkmaxDkmax−1

⎞⎟⎟⎟⎟⎟⎟⎟⎠

T

, (4.27)

A =
⎛⎜⎝
Aprev Avert

Ahoriz ADkmaxDkmax

⎞⎟⎠ . (4.28)

4.5 Evaluation of Matrix Elements

We use the following notation for matrix elements of an operator \hat {\mathrm {A}} in nonstandard
operator form [20]

αkij =

∫ ∞

−∞
ψ̃ki (x) Â ψkj (x)dx, (4.29)

βkij =

∫ ∞

−∞
ψ̃ki (x) Â φkj (x)dx, (4.30)

γkij =

∫ ∞

−∞
φ̃ki (x) Â ψkj (x)dx, (4.31)

skij =

∫ ∞

−∞
φ̃ki (x) Â φkj (x)dx. (4.32)

In this chapter we denote the matrix of an operator \hat {\mathrm {A}} in an arbitrary wavelet basis
B (with or without function \varphi ^{k_{\smin }}_0

 ) by {A}.
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4.6 Solving the Hartree–Fock Equations

We use a standard (damped) self-consistent field method [6] to solve the HF equa-
tions. For an arbitrary operator \hat {\mathrm {A}} , we denote matrix of \hat {\mathrm {A}} in basis B by {A} and matrix
in basis B_0 by {A}^{(0)} . We define some operators to be used:

(R̂f ) (r) = |r |f (r), (4.33)

(R̂−1f ) (r) = f (r)/|r |, (4.34)

(Û0f ) (r) =

∫ |r |

0
f (r′)dr′, (4.35)

(Û∞f ) (r) =

∫ ∞

|r |
f (r′)dr′, (4.36)

Ŝκ = R̂κ+1
−1 Û0R̂

κ + R̂κÛ∞R̂
κ+1
−1 , (4.37)

where \kappa \in \integernumbers  , \kappa \geq 0   and \hat {\mathrm {A}}^n f = \qmop {A} \cdots \qmop {A} f
       where \hat {\mathrm {A}} is applied n times. We define

multiplication operator \hat {\mathrm {M}}(f)=\qmop {A}     by setting

  \label {eq:op-mult} (\qmop {A} g)(r) = f(r)g(r)       (4.38)

for an arbitrary function g(r). If f is a vector (function) in a wavelet basis B' we
define matrix {M}(f)   to be the matrix of operator \hat {\mathrm {M}}(f)   in the basis B' (f is kept
constant). Let f and g be arbitrary vectors (functions) in wavelet basis B'. We define
{f \star g}   to be the projection of function h(r)=f(r)g(r)    to L(B').

We omit the nondiagonal Lagrange multipliers and equations (2.27) can be writ-
ten as matrix eigenvalue equations [22]

  \label {eq:hartree-fock-op} \mx {F}_{\orbital {i}} \mx {c}_{\orbital {i}} = \varepsilon _{\orbital {i}} \mx {c}_{\orbital {i}} ,     (4.39)

where the Fock operator {F}_{\orbital {i}} for orbital i is defined by

  \label {eq:fock-operator} \mx {F}_{\orbital {i}} = \hamiltonian ^0_{\orbital {i}} + \mx {J}_{\orbital {i}} - \mx {K}_{\orbital {i}} .  
      (4.40)

Wavefunctions P_{\orbital {i}} are given by

  \label {eq:hf-wavefunction-expansion} P_{\orbital {i}} = \sum _{p=1}^N \mx {c}_{\orbital {i}}^{(p)} \zeta _p . 



   (4.41)
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The single-electron Hamiltonian operator is defined as

  \label {eq:single-electron-hamiltonian} \hamiltonian ^0_{\orbital {i}} = \mx {T} + \mx {V} + \mx {C}_{\ell _i} , 
        (4.42)

where the components are defined as in the case of hydrogen-like atoms, Eqs. (2.8),
(2.9), and (2.10).

The Slater direct integral operator is defined by

  \label {eq:slater-direct-integral-op} \qmop {J}_{\orbital {i}} = \sum _{j=1}^q(w_j - \delta _{ij})\qmop {J}_{\orbital {j}}^0 - (w_i-1) \frac {2\ell _i+1}{4\ell _i+1}\sum _{\slaterexp >0} \left ( \begin {array}{ccc} \ell _i & \slaterexp & \ell _i \\ 0 & 0 & 0 \end {array} \right )^2 \qmop {J}_{\orbital {i}}^\slaterexp 



 

      

 





 

 



 (4.43)

where
  \\ \label {eq:slater-direct-integral-partial-op} (\qmop {J}_{\orbital {i}}^\slaterexp P_{\orbital {j}})(r) = \slaterint {\slaterexp }{i}{i}{r} P_{\orbital {j}}(r)     

   (4.44)

and the Slater exchange integral operator by

K̂i =
1
2

q∑︁
j (≠i)=1

wj
∑︁
κ

⎛⎜⎝
ℓi κ ℓj

0 0 0
⎞⎟⎠
2

K̂κ
j (4.45)

where
  \label {eq:slater-exchange-integral-partial-op} (\qmop {K}_{\orbital {j}}^\slaterexp P_{\orbital {i}})(r) = \slaterint {\slaterexp }{i}{j}{r} P_{\orbital {j}}(r) .      

   (4.46)

Note that in the definition of operator \hat {\mathrm {K}}_{\orbital {j}}^\slaterexp   the argument of the operator occurs only
in the Slater integral Y^{\slaterexp }_{{i}{j}}({r})

 . This operator is linear, though. For matrices of direct
Slater integral operators we have

  \label {eq:mx-direct-integral} \mx {J}^\slaterexp _{\orbital {i}} = \mx {L}_{\bztob } \mx {M}^{(0)}\left (\mx {S}^{(0)}_\slaterexp \left (\fnproduct {P_{\orbital {i}}}{P_{\orbital {i}}}\right )\right ) \mx {L}_\btobz   

   


 (4.47)

and for matrices of exchange integral operators

  \label {eq:mx-exchange-integral} \mx {K}^\slaterexp _{\orbital {j}} = \mx {L}_{\bztob } \mx {M}^{(0)}(P_{\orbital {j}}) \mx {S}^{(0)}_\slaterexp \mx {M}^{(0)}(P_{\orbital {j}}) \mx {L}_{\btobz } , 
         (4.48)

where
  \label {eq:mx-slater-integral-zero} \mx {S}^{(0)}_0 = \mx {L}_\btobz \mx {R}^{-1} \mx {U}_0 \mx {L}_\bztob + \mx {U}_\infty ^{(0)} \mx {L}_\btobz \mx {R}^{-1} \mx {L}_\bztob     

  (4.49)

and
  \nonumber \mx {S}^{(0)}_\slaterexp = \mx {L}_\btobz (\mx {R}^{-1})^{\slaterexp +1} \mx {U}_0 \mx {R}^\slaterexp \mx {L}_\bztob + \label {eq:mx-slater-integral} (\mx {R}^{(0)})^\slaterexp \mx {U}_\infty ^{(0)} \mx {L}_\btobz (\mx {R}^{-1})^{\slaterexp +1} \mx {L}_\bztob      
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for \kappa > 0  .

4.7 Results

We use 8th order interpolating wavelets for numerical results. The unit of length is
the atomic unit unless otherwise stated. We examine the convergence of the essential
physical quantities towards the known exact or accurate values when the number
of resolution levels in increased. We also examine the effect of the number of basis
functions in each resolution level. Various parameters affecting the computations are
also reported.

The basis sets were formed so that there are S type basis functions \varphi ^{k_{\smin }}_{-2B},\ldots ,\varphi ^{k_{\smin }}_{2B}
    


 in

resolution level k_{\smin } and andD type basis functions \psi ^k_{-B},\ldots ,\psi ^k_{B-1}    

 for k=k_{\smin },\ldots ,k_{\smin }+L-2      

  . Here L is the number of resolution levels and B is a parameter describing the
number of basis functions in each resolution level. We count S_{k_{\smin }} and D_{k_{\smin }} as two
separate resolution levels. The total number of basis functions is

  \label {eq:nrbasis} N = 4B + 2(L-1)B = 2B(L+1).           (4.50)

In principle, the number of resolution levels L determines the maximum possible
accuracy of the computations with fixed k_{\smin } and unit of length u.

The most accurate energy for the hydrogen 1s orbital is E = -0.499996 \; \mathrm {Ha}   ,
which has been computed with L = 9  . The results for the calculated closed-shell
atoms are presented in Table 4.1. The results for the open-shell atoms are presented
in Table 4.2.
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Table 4.1 Results from Hartree–Fock calculations for helium, beryllium, neon, magnesium, and argon.
Deviation from the accurate value [23] is given in parentheses so that negative deviation
means that the computed value is less than the accurate value.

He Be Ne Mg Ar

E -2.86157(11) -14.571(3) -128.45(10) -198.8(9) -525.8(11)
n_{\mathrm {iter}} 21 23 31 27 25
\varepsilon _{\elconfm {1s}} -0.91793(3) -4.7318(9) -32.73(5) -48.7(4) -118.2(5)
\varepsilon _{\elconfm {2s}} -0.30925(2) -1.928(3) -3.75(2) -12.29(4)
\varepsilon _{\elconfm {2p}} -0.8508(-4) -2.287(-5) -9.577(-6)
\varepsilon _{\elconfm {3s}} -0.2525(6) -1.274(4)
\varepsilon _{\elconfm {3p}} -0.5916(-6)
\delimiter "426830A \elconfm {1s} \vert \elconfm {2s} \rangle  −2.6 × 10−7 −4.2 × 10−6 −5.6 × 10−8 −1.8 × 10−8

\delimiter "426830A \elconfm {1s} \vert \elconfm {3s} \rangle  −1.6 × 10−8 −7.8 × 10−9

\delimiter "426830A \elconfm {2s} \vert \elconfm {3s} \rangle  −8.9 × 10−8 −2.5 × 10−8

\delimiter "426830A \elconfm {2p} \vert \elconfm {3p} \rangle  −1.4 × 10−8

Table 4.2 Results from Hartree-Fock calculations for lithium and sodium. Deviation from the accurate
value [23] is given in parentheses so that negative deviation means that the computed value
is less than the accurate value.

Li Na

E -7.4321(7) -161.3(6)
n_{\mathrm {iter}} 17 27
\varepsilon _{\elconfm {1s}} -2.4775(3) -40.2(3)
\varepsilon _{\elconfm {2s}} -0.196309(14) -2.78(2)
\varepsilon _{\elconfm {2p}} -1.521(-3)
\varepsilon _{\elconfm {3s}} -0.1817(5)
\delimiter "426830A \elconfm {1s} \vert \elconfm {2s} \rangle  −5.7 × 10−4 −5.9 × 10−8

\delimiter "426830A \elconfm {1s} \vert \elconfm {3s} \rangle  −1.4 × 10−6

\delimiter "426830A \elconfm {2s} \vert \elconfm {3s} \rangle  −2.8 × 10−4
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5 EXACT PSEUDOPOTENTIAL

5.1 General

Suppose that we have a system consisting of a positively charged nucleus at the origin
and N electrons. In the exact pseudopotential method, we choose a small radius r_0
so that inside the sphere with radius r_0, the wavefunctions of the system are approx-
imated by hydrogenic wavefunctions, and the actual computations are performed
only for values r \geq r_0  . Actually, we define a basis set for the half-infinite interval
\left [0, \infty \right ] and make a change of the variables s = r - r_0    . For Hartree–Fock calculations,
the Slater integrals are computed by

ȳ0ab(s) =
Qab

s + r0
+ 1
s + r0

∫ s

0
P̄a(s′)P̄b(s′)ds′

+
∫ ∞

s

1
s′ + r0

P̄a(s′)P̄b(s′)ds′ (5.1)

where s \geq 0   and Q_{\mathrm {ab}} is a system-dependent quantity that approximates the contribu-
tion of the EPP core region to the Slater integral.

Let v(f)  denote the coefficient vector (\beta _{j,k})_{k=0}^{W-1}
 defined by Equation (3.64) and

define
  M(f) := \left (f(2^{-j} k) \delta _{k,k'}\right )_{k,k'=0}^{W-1,W-1}  





 (5.2)

for some function f : \mathbb {R} \to \mathbb {R}   .

5.2 Hydrogen-like Atoms

The Schrödinger equation of the hydrogen atom and Hartree–Fock equations of
atoms [6] and their representation in the interpolating wavelet basis [1] denote our
starting point. With a change in variables s := r - r_0    , the Schrödinger equation of a
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hydrogen-like atom in interval r \geq r_0   takes the form  \label {eq:schrodinger} \left ( - \frac {1}{2} \frac {d^2}{ds^2} - \frac {Z}{s + r_0} + \frac {l(l+1)}{2^(s + r_0)^2} \right ) \eppwfb (s) = E \eppwfb (s), \;\;\;\; s \geq 0 






 

  
 


        (5.3)

where Z is the charge of the nucleus, l is the angular momentum quantum number,
and P̄ (s) = P (r0 + s) for s \geq 0  .

We define the second derivative filter by

  a_k := \left \langle \tilde {\myphi } , D^2 \myphi (\cdot - k) \right \rangle 

   


(5.4)

Matrix elements of the Laplacian operator L are computed by

  L_{k,l} := \left \langle \tilde {\myphi }_{j,k} , L \myphi ^{\mysharp }_{j,l} \right \rangle = 2^{2j} \left ( a_{l-k} + \sum _{\alpha =-D}^{-1} e^{\mysharp }_{\alpha ,l} a_{\alpha - k} \right ) 

 
















(5.5)

for 0 \leq l \leq D     and
  L_{k,l} := \left \langle \tilde {\myphi }_{j,k} , L \myphi _{j,l} \right \rangle = 2^{2j} a_{l-k} 


 


  (5.6)

for D < l < W     . Note that matrix L is generally not hermitian. The potential energy
operator is computed as a diagonal matrix

  \qmop {V}_{k,k} = V(2^{-j}k)      (5.7)

where
  V(y) = - \frac {Z}{y + a}   

   (5.8)

for y \geq 0  . The centrifugal potential is computed in the same way.

5.3 Hartree–Fock Equations for Helium Atom

Define the Slater integrals as

  \eppslaterint ^0_{\mathrm {ab}}(r) = \int _{r'=0}^\infty P_{\mathrm {a}}(r') \gamma (r,r') P_{\mathrm {b}}(r') dr' 



  (5.9)
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where a and b denote the atomic orbitals and

  \gamma (r,r') = \frac {1}{\max \{r,r'\}} .   
   (5.10)

We use symbol y instead of Y to avoid confusion with spherical harmonics. By
carrying out a similar change in variables s := r - r_0    , the Hartree–Fock equation of
the ground state of the helium atom in interval r \geq r_0   takes the form  \label {eq:he-ground-state} \left ( - \frac {1}{2} \frac {d^2}{ds^2} - \frac {2}{s + r_0} + \eppslaterint ^0_{\elconfm {1s1s}}(s+r_0) \right ) \eppwfb _{\elconfm {1s}}(s) = \varepsilon _{\elconfm {1s}} \eppwfb _{\elconfm {1s}}(s), \;\;\;\; s \geq 0 . 







 

  

        (5.11)

The Hartree–Fock equations for the helium 1s2s 1S configuration are(︃
− 1
2
d2

ds2
− 2
s + r0

+ y02s2s(s + r0)
)︃
P̄1s(s) = ε1sP̄1s(s) (5.12)(︃

− 1
2
d2

ds2
− 2
s + r0

+ y01s1s(s + r0)
)︃
P̄2s(s) = ε2sP̄2s(s) (5.13)

and for helium 1s2s 3S configuration(︃
− 1
2
d2

ds2
− 2
s + r0

+ y02s2s(s + r0)
)︃
P̄1s(s) = ε1sP̄1s(s) +

y01s2s(s + r0)P̄2s(s) (5.14)(︃
− 1
2
d2

ds2
− 2
s + r0

+ y01s1s(s + r0)
)︃
P̄2s(s) = ε2sP̄2s(s) +

y02s1s(s + r0)P̄1s(s) (5.15)

5.4 EPP of Helium Atom

We define P_{\mathrm {a}}(r) to be the exact Hartree–Fock wavefunction of the orbital a of the
atom. We define the operators \qmop {U}_0  and \qmop {U}_{\infty }  [1] by

  (\zerointop f)(s) = \int _0^s f(s') ds'    



  (5.16)

and
  (\infintop f)(s) = \int _s^{\infty } f(s') ds'    




  (5.17)
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Define P_{\mathrm {1s,H}}(r') and P_{\mathrm {2s,H}}(r') to be the hydrogenic orbitals of the helium atom.
Then, we have

  \langle \tilde {\myphi }_{j,k} \zerointop \myphi _{j,l} \rangle = 2^{-j} (\Phi (\vert k \vert -l)-\Phi {-l})           (5.18)

and
  \langle \tilde {\myphi }_{j,k} \infintop \myphi _{j,l} \rangle = 2^{-j} (1 - \Phi (\vert k \vert -l))           (5.19)

where
  \Phi (x) = \int _{-\infty }^x \myphi (y) dy . 




 (5.20)

The Slater integrals in the shifted variables are obtained from Equation (5.1)
where we set

  Q_{\mathrm {ab}} := \frac {\bar {P}_{\mathrm {a}}(0)}{P_{\mathrm {a,H}}(r_0)} \frac {\bar {P}_{\mathrm {b}}(0)}{P_{\mathrm {b,H}}(r_0)} \int _0^{r_0} P_{\mathrm {a,H}}(r') P_{\mathrm {b,H}}(r') dr' . 









 (5.21)

for the helium ground state, and

  Q_{\mathrm {ab}} := \int _0^{r_0} P_{\mathrm {a,H}}(r') P_{\mathrm {b,H}}(r') dr' . 



 (5.22)

for the excited states of helium. Define

  q(s) := \frac {1}{s+r_0}  
 

(5.23)

and
  S_0 := M(q) U_0 + U_\infty M(q) .        (5.24)

Now,
  v(\bar {\eppslaterint }^0_{\mathrm {ab}}) = Q_{\mathrm {ab}} v(q) + S_0 \left (v(\bar {P}_{\mathrm {a}} \star \bar {P}_{\mathrm {b}})\right )    


   


(5.25)

whereU_0 andU_\infty  are the matrices of operators\qmop {U}_0  and\qmop {U}_{\infty }  in the basis set constructed
in Section 3.7. We define \protect \mathbf  {v}_{\mathrm {a}} = v(\bar {P}_{\mathrm {a}})    and \protect \mathbf  {v}_{\mathrm {b}} = v(\bar {P}_{\mathrm {b}})   . The matrix of the exchange
integral operator

  (\qmop {K}_{\mathrm {a}} \bar {P}_{\mathrm {a}})(s) := \bar {\eppslaterint }^0_{\mathrm {ab}}(s) \bar {P}_{\mathrm {b}}(s)        (5.26)

is computed by
  K_{\mathrm {a}} := W_{\mathrm {a}} + M(\mathbf {v}_b) S_0 M(\mathbf {v}_b)       (5.27)
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The termWava approximates the first term in Equation (5.1) as a linear function
of va. For this, we approximate the wavefunction P_{\mathrm {a}}(r) in region r \in [0,r_0]    by a
linear function that is zero at the origin and P̄a(0) at r0. We have

  \frac {Q_{\mathrm {ab}}}{s + r_0} \bar {P}_\mathrm {b}(s) \approx \frac {1}{s + r_0} \bar {P}_{\mathrm {a}}(0) \left ( \int _{s'=-r_0}^0 \left (1 + \frac {s'}{r_0}\right ) P_{\mathrm {b,H}}(s'+r_0) ds' \right ) \bar {P}_{\mathrm {b}}(s) 

 
 


 







 




 


  (5.28)

The wavefunction P̄b(s) is taken from the previous step of the Hartree–Fock
iteration. By approximating the wavefunctions by hydrogenic ones, we find the
hydrogenic Slater integrals

y01s1s,H(r) =
1
r
− e−2Zr

(︃
1
r
+ Z

)︃
(5.29)

y02s2s,H(r) =
1
r
+ e−Zr

(︃
−Z

3

8
r2 − 1

4
Z2r − 3Z

4
− 1
r

)︃
(5.30)

y01s2s,H(r) =
1

27
√
2

(︁
12Z2r + 8Z

)︁
e−3Zr/2 (5.31)

for r \geq 0  . The scalar products involving the Slater integrals are approximated as

⟨︁
Pa |y0ab |Pb

⟩︁
≈

(︃
P̄a(0)
Pa,H(r0)

)︃2 (︃
P̄b(0)
Pb,H(r0)

)︃2
·
∫ r0

r′=0
Pa,H(r′)y0ab,H(r

′)Pb,H(r′)dr′

+
∫ ∞

s=0
P̄a(s)ȳ0ab(s)P̄b(s)ds (5.32)

for the helium ground state and⟨︁
Pa |y0ab |Pb

⟩︁
≈

∫ r0

r′=0
Pa,H(r′)y0ab,H(r

′)Pb,H(r′)dr′

+
∫ ∞

s=0
P̄a(s)ȳ0ab(s)P̄b(s)ds. (5.33)

for the excited states of helium.
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5.5 Total Energy of Helium Atom

The total energy of the ground state of the helium atom is

  E(\mathrm {He\;1s^2}) = 2 \varepsilon _{\elconfm {1s}} - \left \langle P_{\elconfm {1s}} \vert \eppslaterint ^0_{\elconfm {1s1s}} \vert P_{\elconfm {1s}} \right \rangle    

 


(5.34)

The total energy of the 1s2s 1S configuration of the helium atom is

E(He 1s2s 1S) = ε1s + ε2s
− 1
2

⟨︁
P1s |y02s2s |P1s

⟩︁
− 1
2

⟨︁
P2s |y01s1s |P2s

⟩︁
(5.35)

and for the 1s2s 3S configuration

E(He 1s2s 3S) = ε1s + ε2s
− 1
2

⟨︁
P1s |y02s2s |P1s

⟩︁
− 1
2

⟨︁
P2s |y01s1s |P2s

⟩︁
+

⟨︁
P1s |y01s2s |P2s

⟩︁
. (5.36)

5.6 Combination of EPP with Finite Difference Method

The Schrödinger and Hartree–Fock equations are converted to matrix equations
using the biorthogonality relations of interpolating wavelets [1]. We compare these
calculations with the Finite Difference Method, which is a straightforward method
for solving differential equations. The spatial and time domains are discretized, and
the derivative at a point is computed with a stencil applied to the nearby points.
This way the differential equation is converted to a matrix equation. The Laplacian
operator is approximated by

  u''(x) \approx \frac {u(x-h) - 2 u(x) + u(x+h)}{h^2}          


(5.37)

where h is the discretization step size.
We discretize the Schrödinger Equation (5.3) at points pj = jh, j = 0, . . . , J + 1,

where J is the number of actual numerical calculation points and h \in \mathbb {R}_+   is the grid
spacing. We define the discretized potential by v_j = \bar {V}(s_j)   . The boundary condition
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at the end of the interval is set by p_{J+1} = 0  . We have

  - \frac {p_{j+1} + (-2 - 2 h^2 v_j) p_j + p_{j-1}}{2h^2} = E p_j 
     


  (5.38)

for j = 2, \ldots , J        . We handle case j = 1   by extrapolating p_0 linearly from p_1 and p_2. We
obtain p_0 = 2 p_1 - p_2     from which it follows that p2 + (−2 − 2h2vj)p1 + p0 = −2h2v1p1.
Hence, the difference equation for j = 1   is

  v_1 p_1 = E p_1 .    (5.39)

In order to discretize the exchange operator K̂a we need to discretize the integral
operators

  (\qmop {I}_g(f))(s) = \int _0^s g(s') f(s') ds'    



  (5.40)

and
  (\qmop {I}_g^{\textrm {compl}}(f))(s) = \int _s^\infty g(s') f(s') ds' .    




  (5.41)

We define

  (I(g))_{j,k} := \left \{ \begin {array}{ll} h g_k ; \;\;\;\; & k < j \\ 0 ; \;\;\;\; & k \geq j \end {array} \right .  

  

  
(5.42)

and

  (I^{\textrm {compl}}(g))_{j,k} := \left \{ \begin {array}{ll} h g_k ; \;\;\;\; & k \geq j \\ 0 ; \;\;\;\; & k < j \end {array} \right . 

  

  
(5.43)

where g_k = g(s_k)  . When f is a real function, we define w(f) := \left (f(s_k)\right )_{k=1}^J 




. Now, the

matrix of the exchange integral operator is computed by

  K_a := W_a + K_a^0    
 (5.44)

whereW_a is computed as in the case of wavelets,

  K_a^0 := \diag (w(f_1)) I(\bar {P}_b) + I^{\textrm {compl}}(f_1 \star \bar {P}_b) , 
          (5.45)

and
  f_1(s) := \frac {1}{s + r_0} , \;\;\;\; s \geq 0 . 


 

    (5.46)
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5.7 Results

We demonstrate the EPP method by performing calculations where the EPP radius
r_0 and the basis size W are varied. We actually select a length scale u = R / W   and
conduct a change of variables s = us'   in Equations (5.3) and (5.11)–(5.15). The
length scale u specifies how many atomic units of length a length unit in our own
coordinate system is. Here, R is the size of the computation domain. For hydrogen
1s, we have R = 15 \;\mathrm {a.u.}   , for hydrogen 2s and 2p R = 25 \;\mathrm {a.u.}   , for He \mathrm {1s}^2 R = 15 \;\mathrm {a.u.}   ,
and for He \mathrm {1s2s\;{}^1S}  and \mathrm {{}^3S} R = 20 \;\mathrm {a.u.}   . We also set j = 0   for the basis set (see Section
3.7), and hence u is equal to the grid spacing h_{\mathrm {EPP}}.

The best of the calculated energies are presented in table 5.1. OIW means the
interpolating wavelet Galerkin method that uses a pseudopotential to handle the sin-
gularity of the Coulomb potential. Using 200 basis functions for the helium ground
state and computing the atom energies for r_0 = 10^k  , k=-10,...,-1    shows that atom
energies are equal up to seven decimal places for r_0 \leq 10^{-6}  . Similar computation for
the hydrogen 1s orbital shows that the H 1s energy is equal to -0.5 \; \mathrm {Ha}  up to seven
decimal places for r_0 \leq 0.01  . For hydrogen 2s and 2p, the corresponding limit is
r_0 \leq 0.01  , too.

We also found that when the number of basis functions is sufficiently large for a
given system, there is an approximate threshold value so that reducing r_0 below it
does not make the accuracy of the computed energy better. When the number of
basis functions is sufficiently large and r_0 is sufficiently small, the hydrogenic orbitals
are approximately continuous at r_0.
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Table 5.1 Hartree–Fock total energies of H and He occupation configurations. E_{\mathrm {ref}} are chosen refer-
ence values. E_{\mathrm {EPP}} is the energy given by the EPP–Galerkin-method, h_{\mathrm {EPP}} is the grid spac-
ing in the EPP–Galerkin method, E_{\mathrm {OIW}} is the energy given by the OIW–Galerkin method,
and E_{\mathrm {FDM}} is the energy given by the Finite Difference Method. For EPP, the most accu-
rate results are given. For OIW approach, the number of basis functions is 201 and the
finest grid spacing is 0.00625\;\mathrm {a.u.} . The number of FDM computation points is 2001 for the
second and third systems and 1001 for the other ones.

System E_{\mathrm {ref}} / \mathrm {Ha} E_{\mathrm {EPP}} / \mathrm {Ha} h_{\mathrm {EPP}} / \mathrm {a.u.} E_{\mathrm {OIW}} / \mathrm {Ha} E_{\mathrm {FDM}} / \mathrm {Ha}
H 1s -0.5~*^{ \dagger \normalcolor }  −0.500000 0.075 −0.50 −0.49803
H 2s -0.125~*^{ \dagger \normalcolor }  −0.125000 0.125 −0.125 −0.124741
H 2p -0.125~*^{ \dagger \normalcolor }  −0.125000 0.125 −0.124998 −0.124995
He 1s2 -2.8616800~^{ \dagger \normalcolor }  [23] −2.862 0.075 −2.834868 −2.839

-2.903724~ *  [24]
He 1s2s 1S -2.147~^{ \circ \normalcolor }  [25] −2.1531 0.1 −2.133579 −2.132

-2.145974~ *  [24]
He 1s2s 3S -2.171~^{ \circ \normalcolor }  [25] −2.174 0.1 −2.154536 −2.155

-2.175229~ *  [24]
* : exact energy; ^\dagger : HF limit; ^\circ : HF result.
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6 CALCULATIONS OF ATOMS AND MOLECULES

USING THREE-DIMENSIONAL

DESLAURIERS–DUBUC WAVELETS

6.1 Interpolating Wavelet Basis Set

Let n \in \positiveintegers   be the dimensionality of the basis set. We use here n = 3   but this
formulation works for other values of n, too. Let  j_\submin  and  j_\submax  be the minimum and
maximum resolution levels of the point grid. Let

  \label {eq:eqaaa} Z_j = \left \{ \frac {k}{2^j} \bigg \vert k \in \integernumbers \right \} 




   (6.1)

and
  \label {eq:eqaab} V_j = Z_j^n  

 (6.2)

where  j \in \integernumbers  . Define sets Q_j by

Qjmin = Vjmin (6.3)

Qj = Vj \ Vj−1 for j > jmin (6.4)

The point grid G shall be some finite subset of V_{j_\submax } . We define

  \label {eq:gj} G_j := G \setintersection Q_j      (6.5)

for j \geq \jmin  . The functions \varphi _{j,k} and \psi _{j,k} are scaling functions and wavelets belonging
to an interpolating wavelet family. Functions \tilde {\varphi }_{j,k}  and \tilde {\psi }_{j,k}  are dual basis functions of
interpolating wavelets.
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Define

ψs,j,k :=

φj,k; if s = 0

ψj,k; if s = 1
(6.6)

ψ̃ s,j,k :=

φ̃j,k; if s = 0

ψ̃ j,k; if s = 1
(6.7)

and

ηj,k :=


φjmin,k; if j = jmin

φj−1,k/2; if j > jmin and k even

ψj−1,(k−1)/2; if j > jmin and k odd

(6.8)

η̃j,k :=


φ̃jmin,k; if j = jmin

φ̃j−1,k/2; if j > jmin and k even

ψ̃ j−1,(k−1)/2; if j > jmin and k odd

(6.9)

When \alpha \in Q_j   and j \geq \jmin   define

  \label {eq:mdimgridbasisfn} \mdimgridbasisfn {\alpha } := \eta _{j,\veck [1]} \otimes \cdots \otimes \eta _{j,\veck [n]}          (6.10)

and
  \mdimgriddualbasisfn {\alpha } := \dualeta _{j,\veck [1]} \otimes \cdots \otimes \dualeta _{j,\veck [n]}            (6.11)

where \mathbf {k}= 2^j \alpha  . We also define

  \varphi _{j,\veck } := \varphi _{j,\veck [1]} \otimes \cdots \otimes \varphi _{j,\veck [n]}          (6.12)

where j \in \integernumbers   and \mathbf {k}\in \integernumbers ^n  .
We use notation

  \label {eq:3d-z} \zpm {n} := \{ k \in \integernumbers : \left \vert k \right \vert \leq n \}          (6.13)

in the definitions of basis functions sets.
Laplacian operator

  \label {eq:laplacian} \nabla ^2 = \frac {\partial ^2}{\partial x^2} + \frac {\partial ^2}{\partial y^2} + \frac {\partial ^2}{\partial z^2} 









(6.14)
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is approximated by linear operator L = L^{(x)} + L^{(y)} + L^{(z)}       where

L(x)
α,α′ =

∫
R3
ζ̃ α(x)

𝜕2

𝜕x2
ζα′ (x)dτ (6.15)

L(y)
α,α′ =

∫
R3
ζ̃ α(x)

𝜕2

𝜕y2
ζα′ (x)dτ (6.16)

L(z)
α,α′ =

∫
R3
ζ̃ α(x)

𝜕2

𝜕z2
ζα′ (x)dτ (6.17)

for \alpha , \alpha ' \in G   .

6.2 Interpolating Wavelet Transforms

Let
  \label {eq:aai} f = \sum _{\alpha \in G} c_\alpha \zeta _\alpha 




 (6.18)

where  c_\alpha \in \realnumbers    for all  \alpha \in G  . Let  c = ( c_\alpha )_{\alpha \in G}  . Define  v = ( v_\alpha )_{\alpha \in G}   by setting

  \label {eq:aaj} v_\alpha = f( \alpha ).     (6.19)

We define forward wavelet transform U and backward wavelet transform W by
setting  U(v) = c    and  W(c) = v   . Mappings U and W are linear. We compute the
forward wavelet transform U using an algorithm somewhat similar to [26]. Define
matrix {P^{(j)}}  by

  \label {eq:aaka} \opwithind {P}{(j)}{\alpha ,\beta } = \delta _{\alpha ,\beta } 
   (6.20)

where \alpha \in G_j   and \beta \in G   and matrix {E^{(j)}}  by

  \label {eq:aakb} \opwithind {E}{(j)}{\alpha ,\beta } = \delta _{\alpha ,\beta } 
   (6.21)

where \alpha \in G   and \beta \in G_j  . Define

  \oppartwind {j}{j'}{\alpha ,\beta } = \mdimgridbasisfn {\beta }(\alpha ) 
   (6.22)
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where \alpha \in G_j   and \beta \in G_{j'}   . See equation (6.5) for definition of G_j and equation (6.10)
for definition of {\zeta _{\beta }}. We have

  \label {eq:aala} W = \sum _{j=\jmin }^{\jmax } \sum _{j'=\jmin }^{j} \embeddingop {j} \oppartw {j}{j'} \projop {j'} . 







       (6.23)

For forward wavelet transform we have

U =

jmax∑︁
j=jmin

E (j)U (j) (6.24)

U (j) = J (j) ⎛⎜⎝P (j) −
j−1∑︁

j′=jmin

W (j,j′ )U (j′ )⎞⎟⎠ , (6.25)

for j > jmin
U (jmin ) = P (jmin ) (6.26)

J (j) =

(︂
W (j,j)

)︂−1
(6.27)

When
  f = \sum _{\beta \in G_j} c_\beta \zeta _\beta 




 (6.28)

we have

  c_\alpha = \szdualappl {\dualzeta _\alpha }{f} = \szdualappl {\dualzeta _\alpha }{\sum _{\beta \in G_j} f(\beta ) \varphi _{j,2^j\beta }} = \sum _{\beta \in G_j} \szdualappl {\dualzeta _\alpha }{\varphi _{j,2^j\beta }} f(\beta ) . 
























  (6.29)

Consequently
  \opjwithind {j}{\alpha }{\beta } = \szdualappl {\dualzeta _\alpha }{\varphi _{j,2^j\beta }} 





(6.30)

and we do not have to invert matrix{W^{(j,j)}}  .
An operator representing pointwise multiplication of a function f by another in

the given computation grid is
  M = UDW   (6.31)

where D is a diagonal matrix with values of the function f at the grid points in the
diagonal.
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6.3 Constant and Interpolated Pseudopotentials

The Coulomb potential arising from a single nucleus is

  \label {eq:pot-func} V(r) = -\frac {Z}{r}  


(6.32)

where Z is the charge of the nucleus.
We avoid the singularity by using a pseudopotential. We define c to be the cutoff

point of the pseudopotential and D to be the degree of the interpolating polynomial
used in the pseudopotential. Actually we use c=2^{-\jmax }   where {j_\submax } is the highest
resolution level in the wavelet basis. Parameter D has to be an odd integer and we
define n = (D+1)/2    . We define

  V_1(r) := -\frac {1}{r}, \;\;\;\; r \geq 0,   

    (6.33)

  \mathbf {s} := (-nc, -(n-1)c, \ldots , -2c, -c, c, 2c, \ldots , (n-1)c, nc) ,                   (6.34)

and
  \mathbf {t}[i] := V_1(\mathbf {s}[i])    (6.35)

where i=1,\ldots ,2n       . Let P be the interpolating polynomial of degree at most D
having value \protect \mathbf  {t}[i] at point \protect \mathbf  {s}[i] for i=1,\ldots ,2n       . Now we define the interpolated
pseudopotential with

  V_{\textrm {interp}}(r) := \left \{ \begin {array}{ll} V_1(r), & r \geq c \\ P(r), & r < c \end {array} \right . 

  

   
(6.36)

The actual pseudopotential of a nucleus with charge Z and location \protect \mathbf  {R} is then

  V(\mathbf {r}) = Z V_{\textrm {interp}}(\abs {\mathbf {r}-\mathbf {R}}) .      (6.37)

Function V_{\textrm {interp}} with different values of c is plotted in Fig. 6.1. We may also use the
cut pseudopotential defined by

  V_{\textrm {cut}}(r) := \left \{ \begin {array}{ll} V_1(r), & r \geq c \\ -\frac {1}{c}, & r < c \end {array} \right . 

  


   

(6.38)
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Figure 6.1 Pseudopotentials Vinterp with D = 7. Parameter c is the cutoff value, see section 6.3.

where c = 2^{-\jmax -1}  .

6.4 HGH Pseudopotential

By using pseudopotentials the number of computed orbitals can be reduced and since
the pseudo wavefunctions are smoother than all-electron wavefunctions the basis
function set can also be reduced. In a pseudopotential computation only the va-
lence electrons are actually computed and the effect of the core electrons is handled
by replacing the nuclear potential with a pseudopotential. We use the Hartwigsen-
Goedecker-Hutter (HGH) pseudopotential [27, 28] in these computations.

The HGH pseudopotential consists of a local and nonlocal part. The local part
is a function of the position as the nuclear potential. The nonlocal part is a linear
operator and it is not a function of position. The local pseudopotential is given by

Vloc(r) = −Zion
r erf

(︂
r√
2rloc

)︂
+ exp

(︃
− 1

2

(︂
r
rloc

)︂2)︃
×

(︃
C1 + C2

(︂
r
rloc

)︂2
+ C3

(︂
r
rloc

)︂4
+ C4

(︂
r
rloc

)︂6)︃
(6.39)
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where r is the distance from the nucleus. Note that

  \lim _{r \to 0} \frac {-Z_{\mathrm {ion}}}{r} \erf \left ( \frac {r}{\sqrt {2} r_{\mathrm {loc}}}\right ) = \frac {-Z_{\mathrm {ion}}}{r_{\mathrm {loc}}} \sqrt {\frac {2}{\pi }} 























(6.40)

and the local pseudopotential is defined at the origin (nucleus), too.
The nonlocal pseudopotential is defined by

  V_{\mathrm {nonlocal}}[\wfphi ] = \vecr \in \realnumbers ^3 \mapsto \sum _l \int V_l(\vecr , \vecrp ) \wfphi (\vecrp ) d^3 \vecrp      




   (6.41)

where

  \label {eq:nlbasis} V_l(\vecr , \vecrp ) = \sum _{i=1}^3 \sum _{j=1}^3 \sum _{m = -l}^l Y_{l,m}(\hat {\mathbf {r}}) p^l_i(r) h^l_{i,j} p^l_j(r') Y_{l,m}^*(\hat {\mathbf {r}}')   









  


 (6.42)

for each nucleus. The origin of the coordinate system in (6.42) is located at the
nucleus. The functions p^l_i are defined by

  p^l_i(r) = \frac {\sqrt {2}r^{l+2(i-1)} \exp \left ( -\frac {r^2}{2r_l^2}\right )} {r_l^{l+(4i-1)/2}\sqrt {\Gamma \left (l + \frac {4i-1}{2}\right )}}  
















 


 (6.43)

where parameter r_l is given in Bohrs. The range of values l is determined by the actual
pseudopotential. The spherical harmonics Y_{l,m} in equation (6.42) can be replaced by
orthonormal linear combinations of Y_{l,m}, m = -l, \ldots , l       . This allows us to avoid
computation with complex valued functions.

6.5 Atomic and Molecular Orbitals

The grid spacing for a wavelet basis is defined to be g = 2^{-j_{\mathrm {max}}} a   where j_{\mathrm {max}} is the
maximum resolution level in the basis and a is the size of one unit in resolution level
0 in the wavelet basis in atomic units.

The data presented in the tables in this article was obtained from our own software
(denoted by TH), our own computations with BigDFT [28, 29], and CCCBDB
[30]. BigDFT is a quantum mechanical computation package using Daubechies
wavelets. CCCBDB is large database containing atomic and molecular data. The
CCCBDB energies and internuclear distances in this article use the STO-3G basis
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set. Quantity g is the distance between grid points in the highest resolution level
and quantity d is the distance between the nuclei in the result tables. E_{\mathrm {system}} is the
total energy of the system and E_{\mathrm {binding}} is the binding energy. Note that the total en-
ergy does not include the energies of the core electrons in the lithium hydride HGH
computations.

When binding energies of molecules were computed the energies of atoms were
usually computed with the same basis set as the molecule. When the basis was un-
symmetric it was modified. For example, grid Z_{\pm }(4) \times \zpm {4} \times \zpm {10}     becomes
Z_{\pm }(4) \times \zpm {4} \times \zpm {4}     for the atoms.

The results for hydrogen atom ground state are presented in Table 6.1. The
calculation of hydrogen excited states uses HGH pseudopotential and grid spacing
g = 0.25 \; \bohr   . Results are presented in Table 6.2. The names of the excited states were
obtained by computing inner products between the computed states and analytical
states. The resulting orbitals are approximately orthonormal and the computed 2p
states are approximately linear combinations of the analytical 2p states.

Helium atom has been computed using the HGH pseudopotential. Results are
presented in Table 6.3. Grid spacing g= 0.5 \; \bohr    does not give sensible results with the
HGH pseudopotential. We suppose that Froese Fischer’s results [23] can be regarded
as the Hartree–Fock limit for helium. The computed total energies of the helium
atom are quite good.

We calculated the hydrogen molecule with the interpolated and HGH pseudopo-
tentials. The computation results for the hydrogen molecule are presented in Ta-
ble 6.4. The resulting dissociation curve with the HF method, HGH pseudopoten-
tial, and grid spacing g = 0.25 \; \bohr    is plotted in Fig. 6.2. When the HGH pseudopo-
tential was used the computation worked for grid spacing g = 0.25 \; \bohr    but did not
work for spacing g = 0.5 \; \bohr   . The minimum energy of the curve is E_0 = -1.188 \;\mathrm {Ha}  
and it is located at internuclear distance d_0 = 1.398 \;\bohr    . The corresponding values for
the BigDFT reference curve are E_0 = -1.132 \;\mathrm {Ha}    and d_0 = 1.385 \;\bohr    . The results for
the hydrogen molecule ion are presented in Table 6.5.

The calculations for lithium hydride molecule are presented in Table 6.6. Grid
spacing g= 0.5\;\bohr    did not yield a physical dissociation curve for the HGH pseudopo-
tential. Neither g= 0.5\;\bohr    nor g= 0.25\;\bohr    yielded a physical dissociation curve for the
interpolated pseudopotential. The dissociation curve of lithium hydride computed
with the Hartree–Fock method and grid spacing g = 0.25 \; \bohr    is plotted in Fig. 6.3.
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Table 6.1 Total energy of the hydrogen atom. Quantity g is the distance between grid points in the
highest resolution level. “TH” means this work.

source g\; (\bohr )  pseudopot. E\; (\mathrm {Ha})
TH 0.125 const. -0.496380
TH 0.125 interp. -0.493471
TH 0.125 HGH -0.499899
CCCBDB [30] -0.466582
BigDFT [28, 29] HGH -0.499969
exact none -0.5

Table 6.2 Hydrogen atom orbital energies with the HGH pseudopotential. We labelled the resulting
2p orbitals with a, b, and c. All the orbitals presented are approximately orthogonal.

Orbital Computed energy (Ha) Exact energy (Ha)

\mathrm {1s} -0.499295 -0.5
\mathrm {2s} -0.120957 -0.125

\mathrm {2p}_{\mathrm {a}} -0.123045 -0.125
\mathrm {2p}_{\mathrm {b}} -0.123045 -0.125
\mathrm {2p}_{\mathrm {c}} -0.123045 -0.125

The minimum energy of the curve is E_0 = -0.817 \;\mathrm {Ha}    and it is located at internuclear
distance d_0 = 2.880 \;\bohr    . The corresponding values for the BigDFT reference curve
are E_0 = -0.760 \;\mathrm {Ha}    and d_0 = 2.921 \;\bohr    .

Note that having no more than two resolution levels in the basis makes the com-
putation of the Laplacian operator simpler and faster, because in that case the s(\ldots ) 
terms in the Laplacian operator, formulas (60) – (62) in publication IV, are either
Kronecker deltas or zero.
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Table 6.3 Energetics of the helium atom. All our and BigDFT computations use HGH pseudopotential.
“TH” means this work.

source g\; (\bohr )  exchange potential E \; (\mathrm {Ha})  E_{\mathrm {orb}} \; (\mathrm {Ha})
TH 0.25 HF -2.901180 -0.970247
TH 0.25 LDA -2.819951 -0.628152
TH 0.125 HF -2.916129 -0.974768
CCCBDB [30] HF -2.807584
CCCBDB [30] LSDA -2.809599
BigDFT [28, 29] HF -2.862303
BigDFT [28, 29] LDA -2.833895
HF limit [23] HF -2.862 -0.918
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Table 6.5 Hydrogen molecule ion. The analytical results are equal to the experimental results. “TH”
means this work.

source g\; (\bohr )  pseudopot. E_{\mathrm {system}} \; (\mathrm {Ha})  E_{\mathrm {binding}} \; (\mathrm {Ha})  d \; (\mathrm {B})
TH 0.125 interp. -0.589135 0.101242 2.015143
TH 0.125 HGH -0.602448 0.102549 1.999338
CCCBDB [30] -0.582697 0.116115 2.005
BigDFT [28, 29] HGH -0.602489 0.102520 1.995677
exp. [31] 0.103 2.00
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Figure 6.2 Energy of \protect \mathrm  {H}_2 as a function of internuclear distance calculated with Hartree–Fock method
and HGH pseudopotential. The solid line is our computation with interpolating wavelets
and grid spacing g = 0.25 \; \bohr    and the dashed line is computed with BigDFT and (fine) grid
spacing g = 0.225 \; \bohr   .
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Table 6.6 Lithium hydride molecule. All our and BigDFT computations were done with the HGH pseu-
dopotential. The CCCBDB all-electron total energies are not presented in the table. “TH”
means this work.

source a \; (\bohr )  g\; (\bohr )  exch. E_{\mathrm {system}} \; (\mathrm {Ha})  E_{\mathrm {binding}} \; (\mathrm {Ha})  d \; (\mathrm {B})
TH 1.0 0.25 HF -0.817030 0.116686 2.880018
TH 1.0 0.25 LDA -0.809904 0.109560 3.013474
TH 0.4 0.2 HF -0.817007 0.116370 2.863496
CCCBDB [30] HF 0.081274 2.855
CCCBDB [30] LSDA 0.135698 2.899
BigDFT [28, 29] HF -0.760938 0.059911 2.866004
BigDFT [28, 29] LDA -0.776416 0.075389 2.930745
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Figure 6.3 Total energy of the lithium hydride molecule as a function of the internuclear distance
calculated with the Hartree–Fock method and HGH pseudopotential. The solid line has
been computed with interpolating wavelets and grid spacing g = 0.25 \; \bohr    and the dashed
line with BigDFT and (fine) grid spacing g = 0.225 \; \bohr   .
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7 FOURIER TRANSFORM AND WAVELET

APPROACHES TO THE PATH INTEGRAL

FORMULATION

7.1 Stationary State Energies and Wavefunctions

Fourier transform has been used to determine the energy spectrum of a quantum
mechanical system with path integral formulation e.g. by Gholizadehkalkhoran et
al. [32].

A stationary state \psi of a quantum mechanical system can be represented by

  \psi (\mathbf {x}) = \sum _{k=0}^\infty c_k f_k(\mathbf {x}) 



 (7.1)

where functions f_k are the eigenstates of the Hamiltonian operator of the system and
c_k are complex numbers. The time evolution of the stationary states is given by

  \label {eq:psi} \Psi (\mathbf {x},t) = \sum _{k=0}^\infty c_k \exp (- \imag E_k t) f_k(\mathbf {x})  



  (7.2)

where E_k are the energies of the eigenstates. Suppose that we have a fixed point
\protect \mathbf  {x}_0 \in \mathbb {R}^d   and define g(t) := \Psi (\mathbf {x}_0, t)   . By making a Fourier transform of eq. (7.2) we
obtain

  \hat {g}(\omega ) = \sqrt {2 \pi } \sum _{k=0}^\infty c_k f_k(\mathbf {x}_0) \delta (\omega + E_k) .  






   (7.3)

Thus, we may compute the eigenenergies of the system from the Fourier spectrum
of function g.

The initial function of the time evolution should be chosen so that it has a broad
Fourier spectrum and it should also contain both even and odd terms. So we chose to
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approximate the sum of delta function and its derivative at the origin with a scaling
function centred at the origin and its derivative in the one-dimensional case. In
some calculations we use function -\myphi _{j_{\mathrm {min}},-1}+\myphi _{j_\mathrm {min},1}  instead of the derivative. In three
dimensions we use the tensor products of functions (−1 − i)φjmin,−1 + (1 + i)φjmin,0 +
(1 + i)φjmin,1.

Let \protect \mathbf  {x}_j, j = 1, \ldots , N        be the points where we calculate the wavefunction of state k.
Let g_j(t) := \Psi (\mathbf {x}_j, t)      and \Delta E be the spacing between points in the Fourier spectrum
ĝj (E). Let d_{k,j} = \left \vert c_k f_k(\mathbf {x}_j) \right \vert ^2

 be the undefined variables. Define
  p_{k,j} = \vert \hat {g}_j(-E_k)\vert ^2     

 (7.4)

and
  p'_{k,j} = \frac {1}{2} \left ( \vert \hat {g}_j(-E_k + \Delta E)\vert ^2 + \vert \hat {g}_j(-E_k - \Delta E)\vert ^2 \right ) . 





           


 (7.5)

Now, we fit peak k to the Lorentzian distribution

  L_{k,j}(E) = \frac {1}{\pi } \frac {\gamma _{k,j}}{(E + E_k)^2+\gamma _{k,j}^2}  




   

(7.6)

by setting

  p_{k,j} = d_{k,j} L_{k,j}(-E_k) = d_{k,j} \frac {1}{\pi } \frac {1}{\gamma _{k,j}}     






(7.7)

and
  p'_{k,j} = d_{k,j} L_{k,j}(-E_k + \Delta E) = d_{k,j} \frac {1}{\pi } \frac {\gamma _{k,j}}{\Delta E^2 + \gamma _{k,j}^2} .       





 

 (7.8)

It follows that
  d_{k,j} = \pi \gamma _{k,j} p_{k,j}    (7.9)

where

  \gamma _{k,j} = \sqrt {\frac {q_{k,j}}{1 - q_{k,j}}} \left \vert \Delta E \right \vert 




 
  (7.10)

and

  q_{k,j} = \frac {p'_{k,j}}{p_{k,j}} . 



 (7.11)

Note that \delimiter "026A30C \hat {g}_j(E)\vert ^2    is the Fourier transform of the autocorrelation function of g_j(t)
multiplied by a constant.

We assume that the potential V does not depend on time in the sequel. We ap-
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proximate the kernel (2.52) by setting N=2   and we have

  \label {eq:kernel2} K_2(\mathbf {x}_b, \mathbf {x}_a ; \epsilonx ) := \left ( \frac {m}{2\pi \imag \epsilonx } \right )^d \int _{\mathbb {R}^d} \exp \left ( \imag S_2 \right ) d\mathbf {x}_1 .   






   (7.12)

We get

  \label {eq:kernel4} K_2(\mathbf {x}_b, \mathbf {x}_a ; \epsilonx ) = \left ( \frac {m}{2\pi \imag \epsilonx } \sqrt {2 \pi } \right )^d \exp \left ( \imag \left ( \frac {m}{2\epsilonx } \left ( \mathbf {x}_b^2 + \mathbf {x}_a^2 \right ) - \epsilonx V(\mathbf {x}_b) \right ) \right ) \hat {h}\left ( \frac {m}{\epsilonx } (\mathbf {x}_b + \mathbf {x}_a) \right )   















 


 





 


(7.13)

where
  \label {eq:h} h(\mathbf {x}_1) := \exp \left ( \imag \left ( \frac {m}{\epsilonx } \mathbf {x}_1^2 - \epsilonx V(\mathbf {x}_1) \right ) \right ) .  





  


 (7.14)

We call kernel (7.13) the midpoint kernel.
If function h is radially symmetric (i.e. the potential is radially symmetric) we

have
  \label {eq:radial-h} \hat {h}(\mathbf {k}) = \frac {\imag }{2k} \left ( \hat {f}(k) - \hat {f}(-k) \right ) ,   




   


 (7.15)

where f(r) = r h_{\mathrm {rad}}(\vert r \vert )      and h(\mathbf {r}) = h_{\mathrm {rad}}(\vert \mathbf {r} \vert )   . Note that the Fourier transform of f in
equation (7.15) is one-dimensional.

7.2 Quantum Harmonic Oscillator and Hydrogen-like Atom

The potential of the one-dimensional harmonic oscillator is

  V(x) = \frac {m \omega _0^2}{2} x^2 



 (7.16)

where m is the mass of the particle and \omega _0 is the angular frequency. The potential of
the isotropic three-dimensional harmonic oscillator is

  V(\mathbf {x}) = \frac {m \omega _0^2}{2} \vert \mathbf {x} \vert ^2 . 



 (7.17)

The kernel for the one-dimensional harmonic oscillator can be computed exactly
[10]. We have

  K(x_b, x_a ; t ) = \left ( \frac {m \omega _0}{2\pi \imag \sin (\omega _0 t)} \right )^{1/2} \exp (\imag S_{\mathrm {cl}}) ,   






 (7.18)
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where S_{\mathrm {cl}} is the classical action given by

  S_{\mathrm {cl}} = \frac {m \omega _0}{2 \sin (\omega _0 t)} \left ( (x_b^2 + x_a^2) \cos (\omega _0 t) - 2 x_b x_a \right ) . 




 


  


 (7.19)

By substituting the potential of the one-dimensional harmonic oscillator to equa-
tion (7.14) we obtain

  h(x_1) = \exp \left ( \imag \frac {m}{\myepsilon } \left ( 1 - \frac {\epsilon ^2 \omega _0^2}{2} \right ) x_1^2\right ) .  
















 (7.20)

Define

  a := \frac {m}{\myepsilon } \left ( 1 - \frac {\epsilon ^2 \omega _0^2}{2} \right ) 










(7.21)

and assume that a > 0. Now

  \hat {h}(k) = \frac {1}{2} (1+\imag ) \frac {1}{\sqrt {a}} \exp \left ( - \imag \frac {k^2}{4a}\right ) .   

  












 (7.22)

Similarly, in the three-dimensional case we have

  \hat {h}(\mathbf {k}) = \frac {1}{4}(-1+\imag ) a^{-3/2} \exp \left ( - \imag \frac {k^2}{4a}\right )   

  








(7.23)

using equation (7.15).
The potential of a hydrogen-like atom is

  V(x) = - \frac {Z}{\vert x \vert }   
  (7.24)

in one dimension and
  V(\mathbf {x}) = - \frac {Z}{\vert \mathbf {x} \vert }   

 (7.25)

in three dimensions. Here Z is the atomic number.
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7.3 Wavelet Bases

7.3.1 Interpolating Wavelets

We construct the basis set as in section 6.1. The interpolating mother scaling function
can be represented as [16, 2]

  \label {eq:scf-formula} \myphi (x) = \sum _{\alpha \in \mathbb {Z}} s[\alpha ] \myphi (2^J x - \alpha ) 



   (7.26)

where J is some nonnegative integer and s[\alpha ], \alpha \in \mathbb {Z}  , are constants that depend on
the mother scaling function and J . We define s_0[\alpha ]  to be the coefficients for J and
s_1[\alpha ]  for J - 1  .

The matrix of the time evolution operator in the interpolating wavelet basis is
Note that the dual wavelets \protect \tilde  {\zeta }_{\mathbf {r}}  are finite sums of delta distributions and consequently
the integration over \protect \mathbf  {y} is actually a weighted sum of values of the function  \int _{\mathbb {R}^d} K(\mathbf {y}, \mathbf {x}) \zeta _{\mathbf {q}}(\mathbf {x}) d \mathbf {x} 


 

in finite number of points \protect \mathbf  {y}. When \protect \mathbf  {r} = 2^{-\jmin } \mathbf {\myell } \in G_{\jmin }     we have

  K_{\mathbf {r},\mathbf {q}} = \int _{\mathbb {R}^d} K(2^{-\jmin } \mathbf {\myell }, \mathbf {x}) \zeta _{\mathbf {q}}(\mathbf {x}) d \mathbf {x} . 



   (7.27)

In one-dimensional case the integral over x is approximated by  \int _{\mathbb {R}} K(y,x) \zeta _q(x) dx \approx 2^{-\jmin -\scfj } \sum _{p \in \mathbb {Z}} K(y,2^{-\jmin -\scfj } p) s_{t(q)}(p-2^{\scfj -t(q)} k) 

   




        (7.28)

where k \in \mathbb {Z}  , q = 2^{-\jmin }k \in G_{\jmin }     or q = 2^{-\jmin -1} k \in G_{\jmin +1}    , and

  t(q) := \left \{ \begin {array}{ll} 1 & \;\;\;\; \textrm {if} \; q \in G_{\jmin +1} \\ 0 & \;\;\;\; \textrm {if} \; q \in G_{\jmin } . \end {array} \right . 


   

    
(7.29)
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For the three-dimensional case define

  t_i(\mathbf {q}) := \left \{ \begin {array}{ll} 1 & \;\;\;\; \textrm {if} \; \mathbf {q} \in G_{\jmin +1} \;\textrm {and}\; 2^{\jmin +1} \mathbf {q}[i] \;\textrm {odd} \\ 0 & \;\;\;\; \textrm {otherwise} \end {array} \right .  


      


(7.30)

for i = 1,2,3     and \protect \mathbf  {t}(\mathbf {q}) := (t_1(\mathbf {q}), t_2(\mathbf {q}), t_3(\mathbf {q})    . Define also

  s_{\mathbf {t}}(\mathbf {z}) := s_{t[1]}(\mathbf {z}[1]) s_{t[2]}(\mathbf {z}[2]) s_{t[3]}(\mathbf {z}[3]) .       (7.31)

Now we can approximate  \int _{\mathbb {R}^3} K(\mathbf {y}, \mathbf {x}) \zeta _{\mathbf {q}}(\mathbf {x}) d\mathbf {x} \approx 2^{-3(\jmin +\scfj )} \sum _{\mathbf {p} \in \mathbb {Z}^3} K(\mathbf {y}, 2^{-\jmin -\scfj } \mathbf {p}) s_{\mathbf {t}(\mathbf {q})}(\mathbf {p}-\mathbf {w} \cdot \mathbf {k}) 

    




       (7.32)

where \protect \mathbf  {k} \in \mathbb {Z}^3   and \protect \mathbf  {q} = 2^{-\jmin }\mathbf {k} \in G_{\jmin }     or \protect \mathbf  {q} = 2^{-\jmin -1} \mathbf {k} \in G_{\jmin +1}    , and w :=
(2J−t1 (q) , 2J−t2 (q) , 2J−t3 (q) )T . We pick some value J_0 \geq 2   and for \protect \mathbf  {r} \in G_{\jmin +1}   we use
value J = J_0 - 1     in equation (7.26) and J = J_0   otherwise. The lower accuracy is used
because the matrix elements where \protect \mathbf  {q} belongs to the finer grid are significantly more
complex to compute as the ones in the coarser grid.

We use 8th order Deslauriers–Dubuc wavelets for one-dimensional calculations
and 4th order functions for three-dimensional calculations.

7.3.2 Orthonormal Wavelets

See [15] for more information on orthonormal wavelets. We define the basis indices
by I = I_{j_{\mathrm {min}}} \cup I_{j_{\mathrm {min}}+1}   where I_j = \{ (j,k) : k \in K_j\}        and K_j is a finite set of integer numbers
(usually a range of integers). Now the basis functions are defined by

  \zeta _{j,k} = \left \{ \begin {array}{ll} \myphi _{j_{\mathrm {min}},k} = 2^{j/2}\myphi (2^j \cdot - k) & j = j_{\mathrm {min}} \\ \psi _{j-1,k} = 2^{(j-1)/2} \psi (2^{j-1} \cdot - k) & j > j_{\mathrm {min}} \\ \end {array} \right . 

      

       

(7.33)

where (j,k) \in I    , \varphi is the mother scaling function of the wavelet family, and \psi is the
mother wavelet of the wavelet family. The matrix elements of the time-evolution
operator are given by

  K_{j,k,j',k'} = \int _{\mathbb {R}} \int _{\mathbb {R}} \zeta _{j,k}(y) K(y, x) \zeta _{j',k'}(x) dx dy  






     (7.34)
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Figure 7.1 Probability density function
|︁|︁ψ (x)|︁|︁2 of the one-dimensional harmonic oscillator computed

with the exact kernel.

with orthonormal wavelets. We use the 20th order Daubechies wavelets in this study.
We use only one-dimensional orthonormal wavelets.

7.4 Application to the Harmonic Oscillator and Hydrogen Atom

Unless otherwise stated the calculations use Deslauriers–Dubuc wavelets.
We make calculations for the one-dimensional harmonic oscillator with the exact

kernel, Trotter kernel, and midpoint kernel. We compute all these systems with
both one and two resolution levels of the basis functions for \Delta t = 1.0 \; \au     and one
resolution level for \Delta t = 0.5 \; \au     and \Delta t = 0.25 \; \au     The mass of the particle is
1\;\au  and the angular frequency 0.1 radians. All these calculations yield the ground
state energy 0.050265\;\mathrm {Ha}  and first excited state 0.150796\;\mathrm {Ha}  or 0.149226\;\mathrm {Ha} . We
use the basis (1/4) \{-48,\ldots ,48\}      for one-level calculations and (1/4) \{-48,\ldots ,48\} \cup (1/8) \{-5,\ldots ,5\}     
      for two-level calculations. We use scaling function resolution J = 3  .
Both of these calculations use two resolution levels. The wavefunction of the one-
dimensional harmonic oscillator calculated with the method described in section 7.1
is plotted in Fig. 7.1.

When the Deslauriers–Dubuc (interpolating) wavelets are used for the hydrogen
atom the calculations work for parameter \Delta t = 1 \; \au     but not for \Delta t = 0.5 \; \au   
So we calculated this system with Daubechies (orthonormal) wavelets using both
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Figure 7.2 Radial probability density function |P1s (r) |2 of the hydrogen atom computed with the mid-
point kernel in one dimension.

Trotter and midpoint kernels. For one resolution level calculations we use the ba-
sis \ifmmode \lbrace \else \textbraceleft \fi (2,-48),\ldots ,(2,48)\}       and for the two-level calculations \ifmmode \lbrace \else \textbraceleft \fi (1,-24),\ldots ,(1,24)\} \cup \{(2,-6),\ldots ,(2,6)\}      
      We set the mother scaling function resolution to J = 5  . We found
that for the same time parameter the midpoint kernel yields usually better energy
compared to the Trotter kernel but the Trotter kernel accepts smaller time parame-
ters. The best energy for the Trotter kernel is E_0 = -0.502655 \; \mathrm {Ha}    and if the energies
smaller that the exact energy are neglected we get E_0 = -0.494801 \; \mathrm {Ha}   . The best
energy for the midpoint kernel is E_0 = -0.496372 \; \mathrm {Ha}   . The radial probability den-
sity function of the hydrogen atom calculated in one dimension with the the method
described in section 7.1 is plotted in Fig. 7.2.

We make calculations for the three-dimensional harmonic oscillator using the
midpoint kernel and the Trotter kernel. The mass of the particle is 1\;\au  and the
angular frequency 0.1 radians. We use basis \ifmmode \lbrace \else \textbraceleft \fi -10,\ldots ,10\}^3      and mother scaling func-
tion resolution J = 2  . The resulting ground state energy for the midpoint kernel is
E_0 = 0.150796 \; \mathrm {Ha}    and the first excited state E_1 = 0.249757 \; \mathrm {Ha }    for \Delta t = 4.0 \; \mathrm {a.u.}   . For
\Delta t = 2.0 \; \mathrm {a.u.}    the energies are E_0 = 0.150796 \; \mathrm {Ha}    and E_1 = 0.251327 \; \mathrm {Ha}   . The energy
spectrum for \Delta t = 2.0 \; \mathrm {a.u.}    is plotted in Fig. 7.3. For the Trotter kernel the energies
are E_0 = 0.150796 \; \mathrm {Ha}    and E_1 = 0.251327 \; \mathrm {Ha}    for both \Delta t = 4.0 \; \mathrm {a.u.}    and \Delta t = 2.0 \; \mathrm {a.u.}   .

We make three-dimensional calculations of the hydrogen atom using the mid-
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Figure 7.3 Energy spectrum of the three-dimensional harmonic oscillator calculated with the midpoint
kernel.

point kernel and the Trotter kernel. The basis function set is (1/2) \{ -9, \ldots , 9 \} \cup (1/4) \{ -4, \ldots , 4 \}     
     . The function \protect \hat  {h}(\mathbf {k})  for the midpoint kernel is calculated with for-
mula (7.15). We have to invert the sign of the midpoint kernel (7.13) in order to
get the energy computation to work. We get energy E = -0.474380 \; \mathrm {Ha}    for the
midpoint kernel with parameter \Delta t = 2.0 \; \mathrm {a.u.}    and value \Delta t = 1.5 \; \mathrm {a.u.}    does not yield
reasonable results. For the Trotter kernel we get E = -0.477522 \; \mathrm {Ha}    with parameter
\Delta t = 0.2 \; \mathrm {a.u.}    and value \Delta t = 0.125 \; \mathrm {a.u.}    does not give reasonable results.

Note that we get exactly the same energy values for many different calculations
because the energy spectrum \protect \hat  {g}(-E)  is approximated by the Discrete Fourier Trans-
form, for which the energy values are discrete. Ruokosenmäki [13] has discussed
the behavior of the path integral kernel with small values of \Delta t, too. It turned out
that when the time step parameter \Delta t is the same the midpoint kernel gives usually
better energy than the Trotter kernel for the hydrogen atom (one and three dimen-
sions) but the Trotter kernel accepts smaller values for \Delta t. The two kernels yield
approximately the same energy for the harmonic oscillator.
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8 CONCLUSIONS

We have solved numerically the radial Schrödinger equations of hydrogen-like atoms
and HF equations of several many-electron atoms: hydrogen, helium, beryllium,
neon, magnesium, argon, lithium, and sodium. The results were very accurate and
the approach worked for open-shell atoms, too, even though the nondiagonal La-
grange multipliers in the HF equations were neglected. We were able to derive ana-
lytical formulas for all the relevant matrix elements and we developed an algorithm
for converting a matrix in nonstandard operator form to the standard operator form.

Multivariate compactly supported interpolatingmultiresolution analyses of spaces
{\ucfuncsymbol ({\rn },{K})}  and {\vanishingfuncsymbol ({\rn },{K})}  were introduced. Here K = \complexnumbers   or K = \realnumbers  . We also de-
fined compactly supported interpolating wavelets on the half-infinite real interval.
We generalized the Besov-space norm equivalence from Donoho [17] to multiple
dimensions, too.

The Exact Pseudopotential approach was applied to wavelet-Galerkin and Finite
Difference methods. We calculated ground states of hydrogen and helium atoms and
helium excited states He \mathrm {1s2s}\;{}^1\mathrm {S}  and He \mathrm {1s2s}\;{}^3\mathrm {S} . The numerical results were good.
It turned out that the EPP Hartree–Fock energy of configuration He \mathrm {1s2s\;{}^1S}  was
lower than the exact energy including correlations. This has been observed earlier in
Ref. [25], and Cohen and Kelly [33] have shown that the reason is the nonorthogo-
nality of this particular state and the ground state \mathrm {1s^2\;{}^1S} . The EPP wavelet-Galerkin
method gave notably better results than the ordinary wavelet-Galerkin method de-
scribed in chapter 4 and the EPP Finite Differences method. We assume that the
reason for the first case is that we have computation grid points considerably closer
to the origin in the EPP wavelet-Galerkin method compared to the ordinary wavelet-
Galerkin method.

Atoms and diatomicmolecules were calculated using three-dimensional Deslauriers–
Dubuc wavelet basis. We used dual wavelets to evaluate the necessary matrix ele-
ments, which allowed us to neglect the overlap integrals. We computed the energet-
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ics of the hydrogen and helium atoms, hydrogen molecule ion, hydrogen molecule,
and lithium hydride molecule. The internuclear equilibrium distance is determined
for the molecules, too. We obtained good numerical results for all the calculated
systems.

We developed the midpoint kernel and an algorithm to compute the wavefunction
of a system using path integral formulation. The energies of one and three dimen-
sional harmonic oscillator and hydrogen atom in one and three dimensions were
calculated using the path integral formulation. For the one-dimensional systems we
computed the wavefunctions, too.

We conclude that the Deslauriers–Dubuc wavelets form a good basis set for calcu-
lations of wavefunctions of electronic systems using the Galerkin method. In some
cases the Daubechies wavelets give better results but calculation of matrix elements
of the potential energy operator is faster with the Deslauriers–Dubuc wavelets. This
is significant in three-dimensional simulations. We also conclude that Daubechies
wavelets are a good basis set for path-integral calculations. The most important chal-
lenge in this study turned out to be handling the singularities of the nuclear potential
at nuclei. Another issue was the slowness of the three-dimensional computations due
to the large number of basis functions.

Making the self-consistent field iteration with Deslauriers–Dubuc wavelets as
fast as the one implemented by the BigDFT software package using orthonormal
wavelets is one challenge for future research. Another thing to study is computing
three-dimensional systems with more than two valence electrons with HF and DFT
methods and Deslauriers–Dubuc wavelets. Molecules with more than two nuclei and
more than two valence electrons are examples of this kind of system. The remaining
challenge in this topic is the calculation of the exchange operator for the HF method
in three dimensions.
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The Schrödinger equation of hydrogenic atoms and the Hartree-Fock equations of some many-electron
atoms are solved using interpolating wavelets as basis functions. The nonstandard operator form is used to
compute operators in basis sets including multiple resolution levels. We introduce an algorithm for converting
matrices from nonstandard operator form to standard operator form. We also consider the different components
of the Hamiltonian and Fock operators separately and derive analytic formulas for their evaluation. Extension
to many-electron atoms is done within the Hartree-Fock formalism. Convergence of atomic parameters such as
orbital eigenvalues with respect to the number of resolution levels is inspected numerically for hydrogenlike
atoms (ions) and some light many-electron atoms (helium, lithium, beryllium, neon, sodium, magnesium, and
argon).

DOI: 10.1103/PhysRevE.70.066701 PACS number(s): 02.60.2x, 31.15.Ne, 71.15.Ap

I. INTRODUCTION

Use of wavelets for solving differential equations and par-
tial differential equations in physics has recently been inves-
tigated in the literature [1–8]. One particular application is
solving the Schrödinger equation of a quantum mechanical
system using wavelets as basis functions. Fischer and De-
franceschi have used Daubechies wavelets [9,10] to solve the
Schrödinger equation of hydrogenlike atoms [2] and they
have also analyzed the Hartree-Fock method with continuous
wavelet transform [6]. Electronic structure calculations with
the Hartree-Fock (HF) method and wavelets have also been
done by Yamaguchi and Mukoyama [11].

Most authors have used compactly supported orthonormal
wavelets for electronic structure calculations. Daubechies
wavelets have been used by Fischer and Defranceschi [2]
and Wei and Chu [3], Meyer wavelets by Yamaguchi and
Mukoyama [4], and Mexican hat wavelets by Cho et al. [5]
Orthonormal wavelet families provide several useful
properties—they possess recursive refinement relations [10],
and they lead to fast discrete wavelet transform for multi-
resolution analysis.

Interpolating wavelets are a biorthogonal wavelet family.
They are not an orthonormal basis of L2sRd. Interpolating
wavelets enable simple computation of matrix elements and
expansion of functions in a basis function set because of the
special form of the dual scaling functions and dual wavelets
[8,12]. Since the dual scaling functions and dual wavelets are
sums of d functions the integrals involving these functions
usually require evaluating some function in a finite set of
points. Goedecker and Ivanov [7] have used interpolating

wavelets to solve the Coulomb problem. Wavelet methods
are closely connected to point-grid based methods that also
generalize to higher than one dimension [13,14]. Lippert et
al. [12] have used interpolating wavelets in point-grid based
methods. Mann has done Hartree-Fock calculations using
point sets with logarithmic scaling [15]. The basis function
sets that we have used, where the accuracy is increased by
adding basis functions of finer resolution levels near the
nucleus, resemble this kind of point grid. In our treatment of
the HF method matrices of all the necessary operators are
computed and calculations are implemented as matrix and
vector operations. We are able to derive analytic formulas for
the matrix elements. We handle the various singularities in a
similar way as Johnson et al. [16].

Representation of operators in orthonormal wavelet bases
has been studied, for example, by Beylkin et al. [17–19]. We
introduce an algorithm to compute the standard operator
form (SOF) of an arbitrary operator from its nonstandard
operator form (NSOF). The nonstandard operator form de-
couples different resolution levels, which is an important as-
pect for numerical approaches. We chose to use standard
operator form because it enables the direct use of standard
matrix and vector algorithms (e.g., solution of the matrix
eigenproblem). However, for large basis sets and several
resolution levels the SOF computations become slow and
taking advantage of the special structure of NSOF matrices
might make the computations significantly faster.

In the next section we first present the relevant concepts
of hydrogenlike atoms. Then the Hartree-Fock formalism for
many-electron atoms is briefly summarized. We present de-
tails of the basis set in Sec. III and the formulation of HF
equations using interpolating wavelets in Sec. IV. The struc-
ture of matrices in standard and nonstandard operator form is
presented in Sec. V [8,17,19]. Section VI discusses details of
the computation of various operators and some other compu-
tational aspects. We give some numerical results in Sec. VII
and conclusions are presented in the last section.
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We use atomic units [20,21] throughout this article se
=m="=4p«0=1d. We use the symbol A to denote a matrix
of an arbitrary linear operator Â in the given basis. The vec-
tor space spanned by the basis function set S is denoted by
LsSd.

II. SCHRÖDINGER EQUATIONS OF ATOMS

A. Schrödinger equation of a hydrogenlike atom

Due to the spherical symmetry of atoms the three-
dimensional one-electron Schrödinger equation Ĥc=«c of
hydrogenlike atoms is separated into a one-dimensional ra-
dial part and a two-dimensional angular part. The exact so-
lutions to the latter are spherical harmonics Y,m,

where , and
m, are the orbital quantum number (angular momentum
quantum number) and orbital magnetic quantum numbers,
respectively. Writing Rn, for the radial wave function, the
hydrogenlike orbitals are cn,m,

sr ,u ,fd=Rn,srdY,m,
su ,fd,

where n is the principal quantum number. The radial
Schrödinger equation for a hydrogenlike atom is

F− 1
2
d2

dr2
−
Z
r
+

,s, + 1d
2r2 GPn,srd = «n,Pn,srd , s1d

where Z is the atomic number, «n, are the orbital energies,
and Pn,srd=rRn,srd are the radial wave functions multiplied
by r. The functions Pn,srd are called wave functions too. In
general, the radial wave function Pn, has n−,−1 nodes [22].

The Hamiltonian Ĥ consists of three parts as

Ĥ = T̂ + V̂ + Ĉ,, s2d

where

T̂ = −
1
2
d2

dr2
, s3d

V̂ = −
Z
r
, s4d

Ĉ, =
,s, + 1d
2r2

. s5d

With a finite basis function set hzpsrdjp=1
N the approximate

solutions Pi of Eq. (1) can be expanded as

Pi = o
p=1

N

ci
spdzp. s6d

In case a finite biorthogonal wavelet basis set is used Eq. (1)
is represented as a matrix eigenproblem

Hc = «c , s7d

where H is given by

H = sHpqdp,q=1
N = E

R
z̃psrdĤzqsrddr s8d

and

ci = sci
spddp=1

N . s9d

The functions z̃psrd are so called dual basis functions (see
Sec. III). Equations (7) and (8) are consequences of the bior-
thogonality relations (26)–(29). Diagonalization of the eigen-
problem (7) for each orbital i yields N eigenvectors

cj = scj
spddp=1

N s10d

and the corresponding eigenvalues « j as a solution. We
choose the eigenvalue «i of eigenvector ci so that the wave
function corresponding to the eigenvector has ni−,i−1
nodes and satisfies the boundary conditions at zero and in-
finity. Note that all functions Pn,srd vanish at both limits. If
we change the unit system so that the new unit of length is u
atomic units of length and the energy is not changed, the
Schrödinger equation (1) of the hydrogen atom becomes

S− 1
2
1
u2
d2

dr2
−
1
u
Z
r
+
1
u2

,s, + 1d
2r2 DPn,srd = «n,Pn,srd

s11d

and the Hamiltonian Ĥ and its components are changed ac-
cording to Eq. (11).

B. Hartree-Fock equations

The Schrödinger equation ĤC=EC of a many-electron
atom leads to Hartree-Fock equations in the central field ap-
proximation and with Slater determinant wave functions
[20–22]. The Slater integrals between the two radial wave
functions Pi and Pj are defined as

Yij
ksrd = E

0

`

Pisr8dgksr,r8dPjsr8ddr8, s12d

where

gksr,r8d =
r,

k

r.
k+1 , s13d

r, = minhr,r8j , s14d

r. = maxhr,r8j . s15d

The HF equation for the orbital Pi with the principal
quantum number ni and orbital quantum number ,i is

S− 1
2
d2

dr2
−
Z
r
+

,is,i + 1d
2r2

+ DisrdDPisrd
= «iPisrd + o

jsÞid=1

Q

wjd,i,j
«ijPjsrd + Eisrd , s16d

where

Disrd = o
j=1

Q

swj − dijdYjj
0 srd − swi − 1dAisrd , s17d
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Eisrd = o
jsÞid=1

Q

wjBijsrdPjsrd , s18d

and

Aisrd =
2,i + 1
4,i + 1

o
k.0

S,i k ,i
0 0 0 D

2

Yii
ksrd , s19d

Bijsrd =
1
2ok

S,i k , j
0 0 0 D

2

Yji
ksrd , s20d

Z is the atomic number, s21d

Q is the number of orbitals, s22d

wi is the number of electrons in orbital i , s23d

S j1 j2 j3
m1 m2 m3

D is the Wigner 3-j symbol. s24d

The wave functions Pisrd are normalized with the condition

E
0

`

fPisrdg2dr = 1. s25d

The nondiagonal Lagrange multipliers «ij, iÞ j, that en-
sure orthogonality of the orbitals may be neglected for
closed-shell atoms. We neglect the nondiagonal Lagrange
multipliers for open-shell atoms, too, and the exact orthogo-
nality of atomic orbitals is not preserved for them.

III. INTERPOLATING WAVELETS AS BASIS SET

A. Biorthogonal wavelet families

For a more detailed description of the biorthogonal wave-
let families and interpolating wavelets, see Ref. [8]. A bior-
thogonal wavelet family of degree m is characterized by four
filters hj, gj, h̃j, and g̃j. The degree m is chosen to be even
and large enough so that all the nonzero elements of the
filters are included by the indices j=−m , . . . ,m. The two-
index basis functions are

wi
ksxd = ws2kx − id , s26d

ci
ksxd = cs2kx − id , s27d

w̃i
ksxd = 2kw̃s2kx − id , s28d

c̃i
ksxd = 2kc̃s2kx − id . s29d

The index k is called the scaling index and the index i the
translation index.

The functions w, c, w̃, and c̃ satisfy the following refine-
ment relations:

wsxd = o
j=−m

m

hjws2x − jd , s30d

csxd = o
j=−m

m

gjws2x − jd , s31d

w̃sxd = o
j=−m

m

h̃jw̃s2x − jd , s32d

c̃sxd = o
j=−m

m

g̃jw̃s2x − jd . s33d

The basis functions defined by Eqs. (26)–(29) satisfy the
biorthogonality relations

E
−`

`

w̃i
ksxdw j

ksxddx = dij , s34d

E
−`

`

c̃i
ksxdw j

qsxddx = 0, kù q , s35d

E
−`

`

ci
ksxdw̃ j

qsxddx = 0, kù q , s36d

E
−`

`

ci
ksxdc̃ j

qsxddx = dkqdij . s37d

B. Construction of the basis function set

To preserve the orthogonality relations of the basis func-
tions the scaling functions and wavelets in the basis cannot
be chosen arbitrarily. The basis set B= hz1 , . . . ,zNj consists of
scaling functions wi

k of resolution level k=kmin and wavelets
ci
k of resolution levels k=kmin, . . . ,kmax. The dual basis func-

tions are defined by

z̃ j = Hw̃i
k if z j = wi

k,

c̃i
k if z j = ci

k.J s38d

Different resolution levels of the basis are denoted as Skmin,
Dkmin , . . . ,Dkmax, where S means a set consisting of scaling
functions and D a set consisting of wavelets. This kind of
basis is used directly for the standard operator form. For the
nonstandard operator form, Sk parts with indices k=kmin
+1, . . . ,kmax are inserted in the basis. We define Nk to be the
number of basis functions in Sk and Mk to be the number of
basis functions in Dk. For Sk= hwi1

k , . . . ,wiNk
k j we define mk,a

= ia and for Dk= hci1
k , . . . ,ciMk

k j we define nk,a= ia. The NSOF
basis function set BNSOF= hz1 , . . . ,zNNSOFj consists of parts
Skmin ,Dkmin , . . . ,Skmax ,Dkmax. The basis functions in the parts
Skmin ,Dkmin , . . . ,Dkmax are the same as in the corresponding
parts of the basis set B. The basis functions in the parts
Skmin+1 , . . . ,Skmax are chosen so that LsSk ,Dkd,LsSk+1d. The
radial wave function we want to expand should be zero at the
nucleus. We exclude the function w0

kmin from the basis in or-
der to force the wave functions Pn, to be zero at r=0. This
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also makes the matrix of operator R̂, defined by

sR̂fdsrd = urufsrd , s39d

nonsingular (an empirical observation). See also Ref. [16]
for the handling of singularities. The projection of an arbi-
trary function f in L2sRd to the space spanned by a finite
number of basis functions is

fsxd = o
i

vi
skmindwi

kminsxd + o
k=kmin

kmax

o
i
wi

skmaxdci
ksxd . s40d

In this article, a vector consisting of coefficients of Sk basis
functions is denoted by vskd and a vector consisting of coef-
ficients of Dk basis functions by wskd.

We use a similar basis set, denoted by B, for Hartree-Fock
calculations. The scaling function w0

kmin is excluded from B
due to the boundary conditions of wave functions at zero and
singularities of the potential, the centrifugal potential, and
the functions 1/rk+1 (occurring in Slater integrals) at r=0.
However, since the Slater integrals do not generally vanish at
r=0 we include w0

kmin in the basis set B0=Bø hw0
kminj

= hz1
s0d , . . . ,zN8

s0dj. The basis change matrix from B to B0 is
denoted by L1→0 and the basis change matrix from B0 to B
by L0→1. We do not need to compute the matrix of operator
R̂−1 (corresponding to division by r) in basis B0. We also use
the basis set

Bs = hwi
kmax+1uiP Isuj s41d

consisting of scaling functions of resolution level kmax+1
where kmax is the maximum resolution level in basis B and
Is,Z is finite. The basis set Bs is constructed so that
LsBd,LsBsd and LsB0d,LsBsd. Expansion of an arbitrary
function f in the scaling function basis Bs is given by

fsrd = o
iPIs

aiwi
kmax+1srd . s42d

C. Forward and backward wavelet transforms

The forward wavelet transform is defined by the equations
[8]

si
k−1 = o

j=−m

m

h̃jsj+2i
k , s43d

di
k−1 = o

j=−m

m

g̃jsj+2i
k , s44d

where si
k is the coefficient for the basis function wi

k and di
k is

the coefficient for the basis function ci
k. The backward wave-

let transform is defined by the equations [8]

s2i
k+1 = o

j=−m/2

m/2

sh2jsi−j
k + g2jdi−j

k d , s45d

s2i+1
k+1 = o

j=−m/2

m/2

sh2j+1si−j
k + g2j+1di−j

k d . s46d

The forward wavelet transform defined by Eqs. (43) and
(44) can be written in matrix form as

vsk−1d = Z̃Sk
Sk−1vskd, s47d

wsk−1d = Z̃Sk
Dk−1vskd, s48d

where

Z̃Sk
Sk−1 = sh̃mk,b−2mk−1,a

da=1,b=1
Nk−1,Nk , s49d

Z̃Sk
Dk−1 = sg̃mk,b−2nk−1,a

da=1,b=1
Mk−1,Nk . s50d

The backward wavelet transform defined by Eqs. (45) and
(46) can be similarly written in matrix form as

vsk+1d = BSk
Sk+1vskd + BDk

Sk+1wskd, s51d

where [8]

BSk
Sk+1 = sZSk+1

Sk dT, s52d

BDk
Sk+1 = sZSk+1

Dk dT, s53d

and

ZSk+1
Sk = shmk+1,b−2mk,a

da=1,b=1
Nk,Nk+1 , s54d

ZSk+1
Dk = sgmk+1,b−2nk,a

da=1,b=1
Mk,Nk+1 . s55d

We use the symbols Z̃ and Z for the forward wavelet
transform instead of F̃ and F (as in Ref. [8]) to avoid confu-
sion with the Fock operator F.

D. Interpolating wavelets

Interpolating wavelets are one biorthogonal wavelet fam-
ily [8,12]. For an interpolating wavelet family of degree m,
the mother scaling function w is constructed by recursively
applying polynomial interpolation of degree m−1 to data si
=di,0 and the mother dual scaling function is

w̃sxd = dsxd , s56d

where d is the Dirac delta function. For interpolating wave-
lets the coefficients hj satisfy

hj = wsj/2d, j = − m, . . . ,m . s57d

The following symmetry equations hold for interpolating
scaling functions and wavelets:

wi
ksxd = w−i

k s− xd , s58d

ci
ksxd = c−i−1

k s− xd . s59d

IV. SOLVING HARTREE-FOCK EQUATIONS

For an arbitrary operator Â, we denote the matrix of Â in
basis B by A and the matrix in basis B0 by As0d. We define
some operators to be used:
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sR̂fdsrd = urufsrd , s60d

sR̂−1fdsrd = fsrd/uru , s61d

sÛ0fdsrd = E
0

uru
fsr8ddr8, s62d

sÛ`fdsrd = E
uru

`

fsr8ddr8, s63d

Ŝk = R̂−1
k+1Û0R̂k + R̂kÛ`R̂−1

k+1, s64d

where kPZ, kù0, and Ânf = Â¯ Âf where Â is applied n
times. Let fPL2sRd. We define the multiplication operator
M̂sfd= Â by setting

sÂgdsrd = fsrdgsrd s65d

for an arbitrary function gPL2sRd. If f is a vector (function)
in a wavelet basis B8 we define the matrix Msfd to be the
matrix of operator M̂sfd in the basis B8 (f is kept constant).
Let f and g be arbitrary vectors (functions) in the wavelet
basis B8. We define f !g to be the projection of the function
hsrd= fsrdgsrd to LsB8d.

We omit the nondiagonal Lagrange multipliers and Eqs.
(16) can be written as matrix eigenvalue equations [23]

Fici = «ici, s66d

where the Fock operator Fi for orbital i is defined by

Fi = Hi
0 + Ji − Ki. s67d

The wave functions Pi are given by

Pi = o
p=1

N

ci
spdzp. s68d

The single-electron Hamiltonian operator is defined as

Hi
0 = T + V + C,i

, s69d

where the components are defined as in the case of hydro-
genlike atoms, Eqs. (3)–(5).

The Slater direct integral operator is defined by

Ĵi = o
j=1

q

swj − dijdĴj
0 − swi − 1d

2,i + 1
4,i + 1

o
k.0

S,i k ,i
0 0 0 D

2

Ĵi
k,

s70d

where

sĴi
kPjdsrd = Yii

ksrdPjsrd s71d

and the Slater exchange integral operator by

K̂i =
1
2 o
jsÞid=1

q

wjo
k
S,i k , j
0 0 0 D

2

K̂j
k, s72d

where

sK̂j
kPidsrd = Yij

ksrdPjsrd . s73d

Note that in the definition of operator K̂j
k the argument of the

operator occurs only in the Slater integral Yij
ksrd. This opera-

tor is linear, though. For matrices of direct Slater integral
operators we have

Ji
k = L0→1Ms0d

„Sk
s0dsPi ! Pid…L1→0 s74d

and for matrices of exchange integral operators

Kj
k = L0→1Ms0dsPjdSk

s0dMs0dsPjdL1→0, s75d

where

S0
s0d = L1→0R−1U0L0→1 + U`

s0dL1→0R−1L0→1 s76d

and

Sk
s0d = L1→0sR−1dk+1U0RkL0→1 + sRs0ddkU`

s0dL1→0sR−1dk+1L0→1

s77d

for k.0.
The HF equations are solved by an iterative procedure.

We use the standard procedure given in [22] modified for the
matrix form of the HF equations presented in this section.
The following input parameters are needed for the HF itera-
tion algorithm: the weight coefficients ai, i=1, . . . ,Q [see
formula (78)]; the precision parameter z0 characterizing the
desired accuracy of the solution [see formulas (79) and (80)];
and the type of matrix norm i ·ip used to test the convergence
of the iteration [see formula (79)].

The algorithm for HF iteration is as follows.
(1) Compute the Fock matrices Fi for each orbital i with

formula (67). We set Ji=0 and Ki=0 in the first step, i.e.,
hydrogenic wave functions are used as the first trial wave
functions.

(2) Solve the matrix eigenvalue equations (66) for each
orbital i. Each eigenvalue equation yields N solutions, where
N is the number of basis functions. We choose the solution
satisfying the following conditions: the wave function is odd
with respect to inversion: Pisrd=−Pis−rd; the wave function
has ni−,i−1 nodes, where ni and ,i are the principal quan-
tum number and orbital quantum number of the orbital i;
and, we choose the solution with lowest possible eigenvalue
«i among the solutions satisfying the other two conditions.

Normalize the wavefunctions with Eq. (25). Let «i be the
eigenvalue and Pi

new the normalized wavefunction for each
orbital i. We need not explicitly test the boundary conditions
of wave functions at zero and infinity in the method de-
scribed in this article.

(3) Let Pi
prev be the old output wave functions from the

previous iteration. Compute the new output wave functions
as normalized linear combinations of the new wave functions
and the old output wave functions as

Pi = CifaiPi
new + s1 − aidPi

prevg, i = 1, . . . ,Q . s78d

The normalization coefficients Ci are determined by Eq.
(25). According to Ref. [22] the values of ai are usually
about 0.5 but they may be anywhere from 0.05 to 1.1.

(4) Compute the matrices Ji
k and Ki

k for all the necessary
combinations of i, j, and k. Use the wave functions com-
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puted in step 3. Compute the matrices Ji and Ki with Eqs.
(70) and (72), substituting matrices in the place of operators.

(5) Compute the quantity

z = max
i=1,. . .,Q

iFi − Fi
previp, s79d

where Fi
prev are the Fock operators from the previous itera-

tion. If

z, z0 s80d

we have obtained self-consistent solutions for the HF equa-
tions and the iteration is stopped.

(6) Return to step 1.
Finally, we evaluate the total energy of the atom with the

self-consistent solutions for the wave functions Pi and ener-
gies «i from the formula

E = o
i=1

Q

wi«i −
1
2oi=1
Q

wikPiuJi − KiuPil , s81d

where wi are the occupation numbers.

V. STANDARD OPERATOR FORM AND NONSTANDARD
OPERATOR FORM

The eigenvalue equations are solved using the standard
operator form, which represents the operator in the chosen
basis. The elements of matrix A of an operator Â in the SOF
are defined by

Aij = E
−`

`

z̃isxdÂz jsxddx , s82d

where z j, j=1, . . . ,N, are the basis functions and z̃i, i
=1, . . . ,N, are the dual basis functions defined by Eq. (38).

The standard operator form of an operator can be obtained
from the matrix elements in nonstandard operator form. The
nonstandard operator form decouples different resolution
levels in the basis set and makes derivation of explicit for-
mulas for the matrix elements easier [8,17,19]. The nonzero
blocks of nonstandard operator form A of the operator Â are
defined by

A
ab

SkminSkmin = E
−`

`

w̃mkmin,a
kmin sxdÂwmkmin,b

kmin sxddx,

a = 1, . . . ,Nkmin, b = 1, . . . ,Nkmin, s83d

and

Aab
SkDk = E

−`

`

w̃mk,a
k sxdÂcnk,b

k sxddx, a = 1, . . . ,Nk,

b = 1, . . . ,Mk, s84d

Aab
DkSk = E

−`

`

c̃nk,a
k sxdÂwmk,b

k sxddx, a = 1, . . . ,Mk,

b = 1, . . . ,Nk, s85d

Aab
DkDk = E

−`

`

c̃nk,a
k sxdÂcnk,b

k sxddx, a = 1, . . . ,Mk,

b = 1, . . . ,Mk, s86d

where k=kmin+1, . . . ,kmax.
We introduce an algorithm for converting a matrix from

NSOF to SOF. The NSOF blocks (SkSk, SkDk, DkSk, and
DkDk) are computed on the fly. The algorithm is as follows.
Input
The NSOF basis B= sSkmin ,Dkmin , . . . ,Skmax ,Dkmaxd.
The function M that calculates the NSOF matrix elements

according to formulas (83)–(86).
Output. Matrix in standard operator form.
Algorithm
(1) If the basis contains only parts Skmin and Dkmin the SOF

matrix is

A = SASkminSkmin ASkminDkmin
ADkminSkmin ADkminDkmin

D , s87d

where the blocks are computed with formulas (83)–(86).
Else
(2) Compute matrix Aprev by calling the algorithm recur-

sively with basis Bprev= sSkmin ,Dkmin , . . . ,Skmax−1 ,Dkmax−1d.
(3) Compute ASkmaxDkmax with function M according to for-

mula (84).
(4) Compute ADkmaxSkmax with function M according to for-

mula (85).
(5) Compute ADkmaxDkmax with function M according to for-

mula (86).
(6) Calculate matrices ASkminDkmax and ADqDkmax where q

=kmin, . . . ,kmax−1 by applying forward wavelet transforms to
matrix ASkmaxDkmax using the formulas

ASkminDkmax = Z̃Skmin+1
Skmin Z̃Skmin+2

Skmin+1
¯ Z̃Skmax−1

Skmax−2Z̃Dkmax
Skmax−1ASkmaxDkmax,

s88d

ADqDkmax = Z̃Sq+1
Dq Z̃Sq+2

Sq+1
¯ Z̃Skmax−1

Skmax−2Z̃Dkmax
Skmax−1ASkmaxDkmax. s89d

(7) Calculate matrices ADkmaxSkmin and ADkmaxDq where q
=kmin, . . . ,kmax−1 by applying backward wavelet transforms
to matrix ADkmaxSkmax using the formulas

ADkmaxSkmin = ADkmaxSkmaxBSkmax−1
Dkmax BSkmax−2

Skmax−1
¯ BSkmin+1

Skmin+2BSkmin
Skmin+1,

s90d

ADkmaxDq = ADkmaxSkmaxBSkmax−1
Dkmax BSkmax−2

Skmax−1
¯ BSq+1

Sq+2BDq
Sq+1. s91d

(8) Construct the result A from matrices calculated in
steps 2, 5, 6, and 7 using the formulas

Avert =1
ASkminDkmax
ADkminDkmax

A
ADkmax−1Dkmax

2 , s92d
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Ahoriz =1
ADkmaxSkmin
ADkmaxDkmin

¯

ADkmaxDkmax−1
2
T

, s93d

A = SAprev Avert
Ahoriz ADkmaxDkmax

D . s94d

VI. EVALUATION OFMATRIX ELEMENTS AND OTHER
COMPUTATIONAL ASPECTS

A. Notation

We use the following notation for matrix elements of an
operator Â in nonstandard operator form [17]:

aij
k = E

−`

`

c̃i
ksxdÂc j

ksxddx , s95d

bij
k = E

−`

`

c̃i
ksxdÂw j

ksxddx , s96d

gij
k = E

−`

`

w̃i
ksxdÂc j

ksxddx , s97d

sij
k = E

−`

`

w̃i
ksxdÂw j

ksxddx . s98d

In this section we denote the matrix of an operator Â in an
arbitrary wavelet basis B (with or without the function w0

kmin)
by A.

B. Differentiation operator

The basic integral for a differentiation operator dp /dxp is
defined as

ai = E
−`

`

w̃sxd
dp

dxp
wsx − iddx . s99d

The matrix elements of operator dp /dxp in nonstandard op-
erator form in an interpolating wavelet family are

aij
k = − 2sk+1dp o

n=−m

m

g̃na2j−2i+1−n, s100d

bij
k = 2sk+1dp o

n=−m

m

o
m=−m

m

g̃nhma2j−2i+m−n, s101d

gij
k = − 2sk+1dpa2j−2i+1, s102d

sij
k = 2kpaj−i. s103d

See Ref. [8].

C. Function operator

By a function operator we mean multiplication by a given
function f as defined by Eq. (65). The NSOF matrix elements
of a function operator in the interpolating wavelet basis are

aij
k = fS2i + 12k+1 Ddij , s104d

bij
k = h2i−2j+1F fS j2kD − fS2i + 12k+1 DG , s105d

gij
k = 0, s106d

sij
k = fS i2kDdij . s107d

D. Operator R̂

The operator R̂ is a function operator with

sR̂gdsrd = urugsrd . s108d

Its NSOF matrix elements are obtained from formulas
(104)–(107) where we set fsrd= uru. If the basis does not con-
tain the function w0

kmin the matrix R does not become singular
and we can compute R−1 as an inverse matrix.

We obtain the potential energy operator as

V = − R−1 s109d

and the centrifugal potential operator as

C, =
,s, + 1d

2
sR−1d2. s110d

E. Operator Û0

The matrix elements of operator Û0 in the nonstandard
operator form are

aij
k = − 2−k−1 o

n=−m

m

g̃nfFsu2i + nu − 2j − 1d − Fs− 2j − 1dg ,

s111d

bij
k = 2−k o

n=−m

m

g̃nFFSU2i + n

2 U − jD − Fs− jdG , s112d

gij
k = − 2−k−1fFs2uiu − 2j − 1d − Fs− 2j − 1dg , s113d

sij
k = 2−kfFsuiu − jd − Fs− jdg , s114d

where Fsxd is the integral function of the mother scaling
function wsxd. We evaluated the function F with numerical
integration using the fourth-order Runge-Kutta method. The
function F can also be calculated analytically using the re-
finement equation (30). When the distance between adjacent
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points in numerical integration is 2−8 the maximum deviation
of the numerical result from the analytical one is of the order
of magnitude 10−11.

F. Operator Û`

The matrix elements of Û` in the nonstandard operator
form are

aij
k = − 2−k−1 o

n=−m

m

g̃nfFs`d − Fsu2i + nu − 2j − 1dg ,

s115d

bij
k = 2−k o

n=−m

m

g̃nFFs`d − FSU2i + n

2 U − jDG , s116d

gij
k = − 2−k−1fFs`d − Fs2uiu − 2j − 1dg , s117d

sij
k = 2−kfFs`d − Fsuiu − jdg . s118d

G. Multiplication operator

The multiplication operator M̂sfd is defined in Sec. IV. Let
f be a vector (function) in an arbitrary wavelet basis B. We
first convert the vector f in basis B to a scaling function basis
Bs using formula (42). Here Bs is defined according to Eq.
(41) so that LsBd,LsBsd. Conversion is done with backward
wavelet transforms. The matrix Msfd is computed using the
formulas for matrix elements of a function, Eqs. (104)–(107),
where we set

fS i2kD = as2kmax+1−kdi s119d

and

fS i
2k+1D = as2kmax−kdi. s120d

H. Product function f!g

The product function f !g is defined in Sec. IV. The vec-
tors f and g in the arbitrary wavelet basis B are converted to
the scaling function basis Bs, where LsBd,LsBsd, so that we
have

fsrd = o
i
aiwi

kmax+1srd s121d

and

gsrd = o
i
biwi

kmax+1srd . s122d

The expansion of the product function hsrd= fsrdgsrd in the
scaling function basis Bs is given by

hsrd = o
i
ciwi

kmax+1srd , s123d

where ci=aibi for all i. To compute f !g, the vector represen-
tation for the function hsrd given by Eq. (123) is converted to
the basis B using forward wavelet transforms.

TABLE I. Effects of operators on the parities of functions (“o”
means odd and “e” means even).

Pni,i Pnk,k
prev TPni,i VPni,i C,Pni,i Jni,iPni,i Kni,iPni,i

o o o o o o o
o e o o o o e
e o e e e e o
e e e e e e e

TABLE II. Parameters used for 1s orbitals of hydrogenlike
atoms.

Z u kmin B

1 1.0 0 10
2 1.0 1 8
10 0.25 2 12
50 0.031 25 1 10
100 0.031 25 2 20

FIG. 1. Computed 1s radial wave functions P1ssrd and R1ssrd of
the hydrogen atom with L=8. There is no visible deviation from the
exact wave functions.

FIG. 2. Radial 1s wave functions P1ssrd of hydrogenlike atoms
computed with L=8. Note the logarithmic scale for r.
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I. Basis change matrices L1\0 and L0\1

The matrices L1→0 and L0→1 occur only in products with
other matrices. This kind of matrix products is computed by
removing the row or the column corresponding to basis func-
tion w0

kmin or inserting a zero row or a zero column corre-
sponding to that basis function.

J. Evaluation of scalar products

When normalizing wave functions or evaluating the ex-
pectation values of operators we encounter integrals of the
type

I = E
0

`

fsrdgsrddr s124d

or

I = E
0

`

fsrdsÂgdsrddr . s125d

We first compute the expansion scid of the product function
hsrd= fsrdsÂgdsrd in the scaling function basis Bs (as in the
case of a product function). The integral is then given by

I =
1

2kmax+1oiù0
ci. s126d

See also Refs. [24] and [25].

K. Negative values of r

A negative r coordinate has no physical meaning for ra-
dial wave functions. However, interpolating wavelets consti-
tute a basis set for functions space L2sRd and their domain is
the whole real axis. Interpolating wavelets and scaling func-
tions that are located near zero (i.e., nonzero values of the
functions are concentrated near zero) do not generally vanish
on the negative real axis, so we are not able to exclude the
negative real axis by choosing a suitable basis set. We choose
the basis set so that it is symmetrical around zero, so that for
each basis function zsxd the function zs−xd is also in the basis
set; see Eqs. (58) and (59). We actually solve the eigenprob-
lem in both the positive and negative real axies, i.e., if Psrd,
rPR, is a solution of the eigenproblem then both Psrd, r
ù0, and Ps−rd, rù0, are wave functions. We may generally
get either odd or even solutions to the eigenproblem, i.e.,
Psrd=Ps−rd or Psrd=−Ps−rd. For hydrogenic computations
we simply neglect the negative r part of the wave function
but the situation is more complex when HF equations are
solved. The operators used in HF computation yield either

FIG. 3. The 1s eigenvalues of hydrogenlike atoms with Z=1, 2,
10, 50, and 100. Ratio of the computed and exact values is shown.

FIG. 4. Expectation values of the kinetic energy and potential
energy operators for the hydrogen 1s orbital. Ratio of the computed
and exact values is shown.

FIG. 5. Energy eigenvalues of 2s, 2p, 3s, 3p, 3d, and 4f orbitals
of hydrogen with B=15, 20, 30, 30, 30, and 45, respectively. Ratio
of the computed and exact values is shown.

FIG. 6. Relative error of the hydrogen 1s orbital eigenvalue;
unit of length u=0.6.
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odd or even functions. The parity of the function ÂP depends
on the parity of the function P and in the case of the direct
integral and exchange integral operators also the parities of
the wave functions from the previous iteration that are used
to compute these operators themselves. Table I shows how
the operators needed in HF computations affect the parities
of the functions. The functions yielded by the exchange in-
tegral operator and the other operators would have different
parities if we chose a wave function with parity different
from the output wave functions of the previous iteration (sec-
ond and third lines of the table). Consequently, the compu-
tation would be wrong on the negative real axis (the ex-
change integrals would have the wrong sign). We have to use
either odd or even wave functions during the whole HF it-
eration. We have chosen to use odd wave functions, which
have continuous first derivatives at the origin.

VII. NUMERICAL RESULTS

A. General

We use eighth-order interpolating wavelets for numerical
results. The unit of length is the atomic unit unless otherwise
stated. We examine the convergence of the essential physical
quantities toward the known exact or accurate values when
the number of resolution levels in increased. We also exam-
ine the effect of the number of basis functions in each reso-

lution level. Various parameters affecting the computations
are also reported.

The basis sets were formed so that there are S type basis
functions w−2B

kmin , . . . ,w2B
kmin in resolution level kmin and D type

basis functions c−B
k , . . . ,cB−1

k for k=kmin, . . . ,kmin+L−2.
Here L is the number of resolution levels and B is a param-
eter describing the number of basis functions in each resolu-
tion level. We count Skmin and Dkmin as two separate resolution
levels. The total number of basis functions is

N = 4B + 2sL − 1dB = 2BsL + 1d . s127d

In principle, the number of resolution levels L determines the
maximum possible accuracy of the computations with fixed
kmin and unit of length u.

B. Hydrogenlike orbitals

We solved the 1s orbitals for hydrogenlike atoms for
atomic numbers Z=1, 2, 10, 50, and 100 using the basis sets
and length units u given in Table II. The basis sets were
chosen large enough to cover the relevant radial range of the
wave functions. The resulting 1s radial wave functions are
shown in Figs. 1 and 2. There is no visible deviation of these
wave functions (computed with L=8) from the correspond-
ing exact wave functions. Convergence of the eigenvalues
«n, as a function of resolution level is presented in Fig. 3.
The exact values are

FIG. 7. Relative error of the hydrogen 1s orbital eigenvalue;
unit of length u=1.0.

FIG. 8. Relative error of the hydrogen 1s orbital eigenvalue;
unit of length u=1.4.

FIG. 9. Relative error of the hydrogen 2p orbital eigenvalue;
unit of length u=1.0.

FIG. 10. Relative error of the hydrogen 3s orbital eigenvalue;
unit of length u=1.0.

HÖYNÄLÄNMAA, RANTALA, AND RUOTSALAINEN PHYSICAL REVIEW E 70, 066701 (2004)

066701-10



«n, = −
Z2

2n2
. s128d

We see that accuracy within 1% is achieved already at L=4.
Expectation values of the kinetic energy and potential energy
operators T̂ and V̂ for the hydrogen 1s orbital sZ=1d are
shown in Fig. 4. The most accurate sL=9d numerical values
are «1s=−0.499 996, kT̂l1s=0.499 98, and kV̂l1s=−0.999 98,
the exact values for Z=1 being −1/2, 1 /2, and −1, respec-
tively. Other orbitals of the hydrogen atom (2s, 2p, 3s, 3p,
3d, and 4f) were also calculated. We used a unit of length
u=1.0 and minimum resolution level kmin=0. The resulting
orbital eigenvalues are shown in Fig. 5. Accuracy better than
1% is achieved at L=4 for all the computed orbitals. As the
orbital quantum number , increases the results get more ac-
curate.

We also made a set of computations for hydrogen 1s, 2p,
and 3s orbitals where both the number of resolution levels L
and basis width B were varied. The hydrogen 1s orbital was
computed with unit of length u=0.6, 1.0, and 1.4, and the
other orbitals with unit of length u=1.0. We used kmin=0 in
these computations. The relative error of the hydrogen 1s
eigenvalue (compared to the exact analytical result) is plot-
ted as a contour plot in Figs. 6, 7 and 8, where the length
units u are 0.6, 1.0, and 1.4, respectively. Similar plots for 2p

and 3s are presented in Figs. 9 and 10. The relative error is
computed by D= sx−x0d /x0 where x is the computed quantity
and x0 its exact value. For each orbital, the Schrödinger
equation was solved using all combinations with L
=Lmin,Lmin+1, . . . ,Lmax and B=Bmin,Bmin+1, . . . ,Bmax to
cover the ranges of L and B.

Note that for fixed L the limiting value for the orbital
eigenvalue as B tends to infinity is not the (physically) exact
value but one with a L dependent shift. Therefore, the 0%
contour appears in Figs. 7, 8, and 9.

C. Hartree-Fock results for many-electron atoms

We carried out HF calculations for helium, lithium, beryl-
lium, neon, sodium, magnesium, and argon atoms. Lithium
and sodium are open-shell and the others are closed-shell
atoms. The relevant computation parameters are given in
Table III. The basis sets were formed the same way as for the
hydrogen atom. The same value of the weight parameter ai
defined by Eq. (78) is used for all orbitals, ai=a. The unit of
length was u=1 in all HF calculations. A matrix one-norm

TABLE III. Parameters for HF computations.

Atom a kmin B L

He 1.0 1 10 2,…,8
Li 1.0 1 20 2,…,8
Be 1.0 1 15 2,…,8
Ne 0.6 1 10 2,…,8
Na 0.7 1 20 2,…,7
Mg 0.7 1 20 2,…,7
Ar 0.7 2 25 2,…,7

TABLE IV. Results from Hartree-Fock calculations for helium, beryllium, neon, magnesium, and argon.
Deviation from the accurate value [26] is given in parentheses so that negative deviation means that the
computed value is less than the accurate value.

He Be Ne Mg Ar

E −2.861 57s11d −14.571s3d −128.45s10d −198.8s9d −525.8s11d
niter 21 23 31 27 25
«1s 0.917 93s3d −4.7318s9d −32.73s5d −48.7s4d −118.2s5d
«2s −0.309 25s2d −1.928s3d −3.75s2d −12.29s4d
«2p −0.850s−4d −2.287s−5d −9.577s−6d
«3s −0.2525s6d −1.274s4d
«3p −0.5916s−6d

k1s u2sl −2.6310−7 −4.2310−6 −5.6310−8 −1.8310−8

k1s u3sl −1.6310−8 −7.8310−9

k2s u3sl −8.9310−8 −2.5310−8

k2p u3pl −1.4310−8

TABLE V. Results from Hartree-Fock calculations for lithium
and sodium. Deviation from the accurate value [26] is given in
parentheses so that negative deviation means that the computed
value is less than the accurate value.

Li Na

E −7.4321s7d −161.3s6d
niter 17 27
«1s −2.4775s3d −40.2s3d
«2s −0.196 309s14d −2.78s2d
«2p −1.521s−3d
«3s −0.1817s5d

k1s u2sl −5.7310−4 −5.9310−8

k1s u3sl −1.4310−6

k2s u3sl −2.8310−4
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was used to compute the quantities z defined by Eq. (79).
The value of the precision parameter z0 was 10−10 in all HF
computations.

The orbital eigenvalues and total energies from the most
accurate computation for each atom are given in Tables IV
and V. These values are compared with the values from stan-
dard HF calculations obtained from Ref. [26]. Total energies
of atoms are plotted in Figs. 11 and 12. For helium, four
resolution levels are needed to reach an accuracy of 1% with
kmin=1. For argon, six resolution levels are needed for this
with kmin=2. The HF calculations converged in 16 to 31
steps depending on the number of resolution levels L and
weight parameter a.

The effect of neglecting nondiagonal Lagrange multipliers
can be seen from the overlap integrals between orbitals. For
the open-shell atoms (lithium and sodium) the largest overlap
integral is of the order of magnitude 10−4 whereas for the
closed-shell atoms all the overlap integrals are of the order of
magnitude 10−6 or smaller.

VIII. CONCLUSIONS

We have demonstrated that interpolating wavelets can be
successfully used to solve the atomic orbitals and the elec-
tronic structure of atoms. We are able to systematically in-
crease the accuracy of the calculations by choosing the num-
ber of resolution levels and the number of basis functions in
each level.

In this study we have concentrated on the basic formalism
and developed it down to practical computations. Our study

involves both development of algorithms, e.g., for conver-
sion of matrices from nonstandard operator form to standard
operator form, and testing with calculations. We have shown
how to consider the singularity of the nuclear Coulomb po-
tential and the centrifugal potential as well as the Slater in-
tegrals in evaluation of Hamiltonian and Fock matrix ele-
ments (see also Ref. [16]).

We have tested numerically the computation methods for
the ground state of the hydrogen atom and hydrogenlike at-
oms, for excited states of hydrogen, and for some many-
electron atoms. The numerical results converge to the accu-
rate or reference values as the number of resolution levels
increases. In principle, we should be able to make the error
arising from the wavelet approximation arbitrarily small by
enlarging the basis function set. Our numerical HF results
support this. With a large number of resolution levels (about
eight-or more) the computation time grows considerably. De-
pending on the properties of the algorithms we can use basis
sets with fewer resolution levels (possibly only one), higher
minimum resolution, and more basis functions in each level.
However, the possibility of using several resolution levels is
one important benefit of wavelets. It might also be possible
to optimize the computation by using convolutions in the
computation of backward and forward wavelet transforms
and products of operators with vectors instead of simply us-
ing matrix products as done in this study.

A noticeable feature in our development for the Hartree-
Fock formalism is that all relevant operators, including those
representing the two-electron integrals, can be evaluated ana-
lytically.
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(MRA’s) of the function spaces C0(Rn,K) , K = R or K = C, consisting of real or
complex valued functions on Rn vanishing at infinity and the function spaces Cu(Rn, K)
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1. Introduction

Chui and Li6 have constructed a one-dimensional MRA of function space Cu(R)
(bounded and uniformly continuous complex valued functions on R) for interpolat-
ing wavelets. Donoho17 has derived convergence results for interpolating wavelets

on space C0(R). Goedecker’s book20 contains also some material about multidimen-

sional interpolating wavelets. Goedecker20 uses the term interpolating wavelets to

mean Deslauriers–Dubuc wavelets whereas some other authors such as Chui and

Li6 use the term to mean roughly wavelet families whose mother scaling function

has the cardinal interpolation property ϕ(k) = δk,0 for all k ∈ Z (one-dimensional

case). We follow the latter convention in this paper. Chui and Li5 have also con-

structed a general framework for multivariate wavelets. However, the theory in that

paper uses function space L2(Rn) and so it is unsuitable for the approach in this

paper. Dubuc and Deslauriers12,18 have investigated interpolation processes related

to the Deslauriers–Dubuc fundamental functions. Han and Jia23 have discussed
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fundamental functions (see the paper for a definition) satisfying the cardinal inter-

polation property. Numerical values for the wavelet filters of the Deslauriers–Dubuc

wavelets have been given in Refs. 20 and 30.

Theory for orthonormal wavelets has been developed e.g., by Daubechies,9,8

Meyer,38 and Wojtaszczyk.45 Kovačević and Sweldens30 have investigated the use

of digital filters for multidimensional biorthogonal wavelets. Lewis36 has constructed

a MRA of function space L2(R) for interpolating wavelets in one dimension. Lawton

et al.35 have presented conditions for the refinement mask of an orthonormal MRA.

Ji and Shen27 have given a condition for the refinement mask to be interpolatory

and a condition for a dual refinement mask. Krivoshein and Skopina31 have pre-

sented convergence results for frame-like wavelets that are not frames. Karakaz’yan

et al.29 have described symmetric interpolatory masks generating dual compactly

supported wavelet systems and they have also given formulas for dual refinement

masks. Shui et al.43 have shown how to construct M -band wavelets with all the

following properties: compact support, orthogonality, linear-phase, regularity and

interpolation. This kind of scaling functions exist only when M ≥ 4. Dahlke et al.7

have developed a new method to construct higher-dimensional scaling functions.

Their method is based on solutions to specific Lagrange interpolation problems

by polynomials. Han22 has investigated symmetries of refinable functions. DeVore

et al.13 have developed some theory for multidimensional orthonormal MRA of

space Lp(Rd), 0 < p < ∞, d ∈ Z+. He and Lai25 have constructed nonseparable

box spline wavelets on Sobolev spaces Hs(R2). Wavelets have also been discussed

in Ref. 24.

The theory about tensor products of Banach spaces has been presented e.g., in

Ref. 41. We use the notation from Ref. 41 for Banach space tensor products in this

paper. Schaefer’s book42 contains some material about tensor products of topolog-

ical vector spaces. Reference 37 contains also an introduction to tensor products of

Banach spaces. Domański et al.15,16 have done some research on them. Michor39 has

represented tensor products of Banach spaces using category theory. Grothendieck21

gives a classical presentation for tensor products of locally convex spaces. Theory

for tensor products of Banach spaces can also be found in book.11 Kustermans

and Vaes32 have developed some theory for space C0(G) where G is a compact or

a locally compact group and for the tensor products of C0(G). Daws10 has pre-

sented some material on tensor products of Banach algebras. Glöckner19 has shown

that the tensor products of topological vector spaces are not associative. Reinov40

has investigated Banach spaces without the approximation property. Brodzki and

Niblo4 have done some research on the rapid decay property of discrete groups and

the metric approximation property.

An introduction to Besov spaces can be found e.g., in Ref. 3. An introduction

to Besov spaces using the Fourier transform based definition of these spaces can be

found in Ref. 44. DeVore and Popov14 have investigated the connection of Besov

spaces with the dyadic spline approximation and interpolation of Besov spaces.

Kyriazis and Petrushev33 have given a method for the construction of unconditional
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bases for Triebel–Lizorkin and Besov spaces. The relationship between orthonormal

wavelets and Besov spaces has been discussed by Meyer.38 Almeida1 has investi-

gated wavelet bases in (generalized) Besov spaces.

Section 2 introduces some definitions used in the rest of this paper. We give

some general definitions needed by the MRA’s in Sec. 3. A multivariate MRA of

Cu(Rn,K), K = R or K = C, is constructed in Sec. 4. A multivariate MRA of

C0(Rn,K), K = R or K = C, is constructed in Sec. 5. The interpolating dual

MRA is presented in Sec. 6. The Besov space norm equivalence from Donoho17 is

generalized for the n-dimensional interpolating MRA’s in Sec. 7. A longer version

of this paper with more detailed proofs can be found at Ref. 26.

2. Preliminaries

2.1. General

The set of all positive real numbers is denoted by R+ and the extended real line by

R∗. The set of all positive integer numbers is denoted by Z+. We define R0 := {x ∈
R : x ≥ 0} and R0∗ := {x ∈ R∗ : x ≥ 0}. When A and B are arbitrary sets, f is a

function from A into B, and X ⊂ A the image of X under f is denoted by f [X ].

The set-theoretic support of a function f : X → C where X is a set is denoted by

suppset f . The topological support of a function f : T → C where T is a topological

space is denoted by supp f . When E is a metric space, x ∈ E, and r ∈ R+ the

closed ball of radius r centred at x is denoted by BE(x; r).

Definition 2.1. When n ∈ Z+ define

Z(n) := {k ∈ Z+ : k ≤ n}.
We define the differences ∆m

h and ∆h as in Ref. 44 and Definition V.4.1 in

Ref. 2.

Definition 2.2. Define
(
∆1

hf
)
(x) := (∆hf)(x) := f(x+ h)− f(x)

for all x ∈ Rn, h ∈ Rn, and f ∈ CRn

and

∆m
h f := ∆h(∆

m−1
h f)

for all m ∈ N+ 2, h ∈ Rn, and f ∈ CRn

.

Definition 2.3. Let K = R or K = C and n ∈ Z+. Let f be a function from Rn

into K. Define

Ncover(f) := max
x∈Rn

#{k ∈ Zn : f(x− k) �= 0}.

Definition 2.4. Let E and F be normed vector spaces. When f is a compactly

supported function from E into F define

rsupp(f) := inf{r ∈ R0 : suppset f ⊂ BE(0; r)}.
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Definition 2.5. Let n ∈ Z+. Define

Itrans(f,x) := {k ∈ Zn : f(x− k) �= 0}
for all f ∈ CRn

and x ∈ Rn.

2.2. Sequences and Cartesian products

Definition 2.6. When n ∈ Z+ define

0n := (0)k∈Z(n).

Definition 2.7. When n ∈ Z+ define J+(n) := {0, 1}n\{0n}.

Definition 2.8. Define ěk := (δj,k)j∈Z for all k ∈ Z. When n ∈ Z+ define e
[n]
k :=

e
Z(n)
k for all k ∈ Z(n).

2.3. Vector spaces

Suppose that A and B are topological vector spaces. We define L(A,B) to be the

set of all continuous linear functions from A into B.

The term operator shall mean a bounded linear function from a normed vector

space into another one. The term projection shall mean a linear projection of a

vector space onto a vector space. The topological dual of a Banach space A is

denoted by A∗. Unless otherwise stated A∗ is equipped with the norm topology.

When A and B are Banach spaces we use the notation A ⊂1 B to mean that

A is isometrically embedded in B, i.e. A ⊂ B and the inclusion map is distance

preserving. When A and B are topological vector spaces we define A =tvs B to

be true if and only if A and B are equal topological vector spaces. When B is a

Banach space we use the notation A ⊂c.s. B to mean that A is a closed subspace

of B. When E is a Banach space, A ⊂ E, and B ⊂ E∗ we define B⊥A to be true

if and only if 〈b̃, a〉 = 0 for all a ∈ A and b̃ ∈ B.

When E is a normed vector space and x ∈ E we may use the notation ‖x|E‖
to mean the norm of x in E. When B is a normed vector space and we write

A :=n.s. {x ∈ B : P (x)} we assume that ‖x|A‖ := ‖x|B‖ for each x ∈ A.

When E is a Banach space and A and B open or closed subspaces of E the

topological direct sum of A and B is denoted by A�B.

Definition 2.9. Let E be a set and A be a vector space so that A ⊂ E. Suppose

that ‖ · ‖A : E → R0∗ is a norm on A. We say that the norm ‖ · ‖A characterizes A

on E if and only if ‖x‖A <∞ for all x ∈ A and ‖y‖A = ∞ for all y ∈ E\A.

2.4. Function spaces and sequence spaces

When p ∈ [1,∞], B is a Banach space, and I a denumerable set we denote the lp

space consisting of a subset of BI by lp(I, B). As usual, lp(I) :=n.s. l
p(I,C). When
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K = R or K = C, n ∈ Z+, and p ∈ [1,∞] we denote the Lp space consisting of a

subset of the Borel functions from Rn into K by Lp(Rn,K). As usual, Lp(Rn) :=n.s.

Lp(Rn,C). When X and Y are Borel spaces define bor(X,Y ) to be the set of all

Borel functions from X into Y .

Let K = R or K = C. When T is a topological space we denote the space of

K-valued bounded and continuous functions on T by Cb(T,K). When E is a metric

space the space of K-valued bounded and uniformly continuous functions on E is

denoted by Cu(E,K). When T is a locally compact Hausdorff space the space of

K-valued bounded and continuous functions vanishing at infinity34,17 is denoted by

C0(T,K). The space of K-valued compactly supported and continuous functions

on T is denoted by Ccom(T,K).

Definition 2.10. Let K = R or K = C and I be a denumerable set. Define

c0(I,K) :=
{
(aλ)λ∈I :

(
aσ(k)

)∞
k=0

∈ c0(N,K) for some bijection σ : N � I
}

‖a|c0(I,K)‖ := ‖a‖∞, a ∈ c0(I,K).

Banach space c0(I,K) is isometrically isomorphic to c0(N,K).

Definition 2.11. Let K = R or K = C and n ∈ Z+. Let E be a closed subspace

of Cb(Rn,K) for which the following condition is true:

∀f ∈ Cb(Rn,K), c ∈ R+,d ∈ Rn : f ∈ E ⇔ f(c · −d) ∈ E.

Let a ∈ R+, b ∈ Rn, and f̃ ∈ E∗. The a-dilatation and b-translation of f̃ , denoted

by f̃(a · −b), is defined by6

〈f̃(a · −b), f〉 := 1

an

〈
f̃ , f

( ·+ b

a

)〉

for all f ∈ E.

Definition 2.12. Let f ∈ CRn

, r1 ∈ R+, and f̃ ∈ C(BRn(0; r1))
∗
. Let m ∈ N. We

say that pair (f̃ , f) spans all the polynomials of degree at most m if and only if
∑

k∈Zn

〈f̃ , p(·+ k)|BRn (0;r1)
〉f(x− k) = p(x)

for all x ∈ Rn and for all polynomials p of n variables that are of degree at most m.

We define the modulus of continuity in the standard way (see Definition V.4.2

in Ref. 2):

Definition 2.13. When n ∈ Z+, m ∈ Z+, and p ∈ [1,∞] define

ωm
p (f ; t) := sup{‖∆m

h f |Lp(Rn)‖ : h ∈ BRn(0; t)}
and

ω(f ; t) := ω1
∞(f ; t)

for all f ∈ bor(Rn,C) and t ∈ R0.
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The Besov spaces on Rn are denoted by Bs
p,q(Rn). We have Zs(Rn) =tvs

Bs
∞,∞(Rn) for all s ∈ R+ where Zs(Rn) are the Hölder–Zygmund spaces.44 We

also have Cs(Rn) =tvs Zs(Rn) =tvs B
s
∞,∞(Rn) when s ∈ R+\Z+ where Cs(Rn),

s ∈ R+\Z+, are the Hölder spaces on Rn.44 When m ∈ N we denote the Banach

space of functions with bounded and uniformly continuous partial derivatives up

to mth degree equipped with the usual norm by Cm(Rn), see Ref. 44.

Definition 2.14. Let n ∈ R+, s ∈ R+, p ∈ [1,∞], and q ∈ [1,∞]. Let m ∈ Z+ and

m > s. Define

‖f‖(c)Bs
p,q(Rn);m := ‖f‖Lp(Rn) + ‖t∈ ]0, 1[�→ t−s− 1

q ωm
p (f ; t)‖

Lq(]0,1[)

for all f ∈ bor(Rn,C).

Norm ‖ · ‖(c)Bs
p,q(Rn);m is an equivalent norm on Bs

p,q(Rn) for the range of param-

eters given in Definition 2.14. Norm ‖ · ‖(c)Bs
p,q(Rn);m characterizes the Besov space

Bs
p,q(Rn) on bor(Rn,C) for the given range of parameters. Note that Lp(Rn) ⊂

S′(Rn) for all n ∈ Z+ and p ∈ [1,∞]. See Definition V.4.3 in Ref. 2.

2.5. Tensor products

Definition 2.15. When n ∈ Z+ define

ě⊗k :=

n⊗

l=1

ěk[l].

for all k ∈ Zn.

When n ∈ Z+, α is a uniform crossnorm, and A1, . . . , An are Banach spaces then

the completed tensor product of several Banach spaces is defined by the recursive

formula

A1⊗̂α · · · ⊗̂αAn :=n.s. (A1⊗̂α · · · ⊗̂αAn−1)⊗̂αAn.

The indexed completed tensor product is defined by

n⊗̂
α

j=1

Aj :=n.s.




n−1⊗̂
α

j=1

Aj


 ⊗̂αAn,

where n > 1. When n = 1 define

1⊗̂
α

j=1

Aj :=n.s. A1.

Uniform crossnorms do not generally respect subspaces. However, when X is a

closed subspace of a Banach space E, Y is a closed subspace F , and α is a reasonable

crossnorm on E⊗F it is possible to use the norm inherited from E⊗α F on vector
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space X⊗Y (see Chap. 1 in Ref. 37). We give the following definition for this kind

of construction.

Definition 2.16. Let E and F be Banach spaces and α a norm on E ⊗ F . Let

X be a closed subspace of E and Y a closed subspace of F . Define X ⊗α;E⊗̂αF Y

to be the normed vector space formed by using the norm inherited from E⊗̂αF

in the vector space X ⊗ Y , i.e. ‖u‖X⊗α;E⊗̂αFY := αE,F (u) for all u ∈ X ⊗ Y .

Define X⊗̂α;E⊗̂αFY to be the closure of X ⊗α;E⊗̂αF Y in space E⊗̂αF . The

notations X ⊗α;E⊗F Y and X⊗̂α;E⊗ḞY may also be used for the aforementioned

definitions.

Now X⊗α;E⊗̂αF Y is a normed subspace of E⊗̂αF and X⊗̂α;E⊗̂αFY is a closed

subspace of E⊗̂αF .

Definition 2.17. Let n ∈ Z+. Let A1, . . . , An and B1, . . . , Bn be Banach spaces

so that A1 is a closed subspace of B1 and Bk ⊗ Ak+1 is a linear subspace of Bk+1

for k ∈ Z(n− 1). When k ≥ 2 define

k⊗̂
(Bj )

j=1

Aj :=n.s. closBk
Tk,

where

Tk :=n.s.




k−1⊗̂
(Bj)

j=1

Aj


⊗(Bk) Ak.

When k = 1 define

k⊗̂
(Bj)

j=1

Aj :=n.s. A1.

When the assumptions of Definition 2.17 hold

k⊗̂
(Bj )

j=1

Aj

is a closed subspace of Banach space Bk for all k ∈ Z(n).

Definition 2.18. Let n ∈ Z+. Let A1, . . . , An, B1, . . . , Bn, E1, . . . , En, and

F1, . . . , Fn be Banach spaces so that

• A1 is a closed subspace of E1 and Ek ⊗Ak+1 is a linear subspace of Ek+1 for all

k = 1, . . . , n− 1.

• B1 is a closed subspace of F1 and Fk ⊗Bk+1 is a linear subspace of Fk+1 for all

k = 1, . . . , n− 1.
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Suppose that Pk : Ak → Bk, k=1, . . . , n are operators. Let S1 :=P1, T1 :=S1 =P1,

and Sk := Tk−1⊗Pk for k = 2, . . . , n. When k ∈ {2, . . . , n} and Sk is continuous let

Tk :

k⊗̂
(El)

l=1

Al →
k⊗̂

(Fl)

l=1

Bl,

be the unique continuous linear extension of Sk to

k⊗̂
(El)

l=1

Al.

If k ∈ {2, . . . , n} and Sk is not continuous let Tk = 0. When all of the functions Sk,

Tk, k = 1, . . . , n are operators define
n⊗

(Ek,Fk)

k=1

Pk = Tn.

If any of the functions Sk, Tk, k = 1, . . . , n is not an operator then
n⊗

(Ek,Fk)

k=1

Pk

is undefined.

There is an isometric embedding

X∗ ⊗αs Y ∗ ⊂1 (X ⊗α Y )
∗

(2.1)

for tensor norms α and Banach spaces X and Y ,41 see also Ref. 11. When K = R
or K = C, n ∈ N+ 2, and X1, . . . , Xn are closed subspaces of Cb(R,K) the tensor

product X1⊗̂ε · · · ⊗̂εXn is a closed subspace of Cb(Rn,K).

3. General Definitions for a Compactly Supported Interpolating

MRA

3.1. Mother scaling function

Definition 3.1. Let K = R or K = C and n ∈ Z+. A compactly supported

interpolating mother scaling function is a function ϕ ∈ Ccom(Rn,K) satisfying the

following conditions:

(MSF.1)

∀k ∈ Zn : ϕ(k) = δk,0

(MSF.2)

∀x ∈ Rn : ϕ(x) =
∑

k∈Zn

ϕ

(
k

2

)
ϕ(2x− k).

The Deslauriers–Dubuc fundamental functions satisfy these conditions.17
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3.2. General definitions for the univariate MRA’s

We shall denote the function space for which the MRA is defined by E in this

section. We have either E = Cu(R,K) or E = C0(R,K) whereK = R orK = C. We

shall assume that ϕ ∈ Ccom(R,K) is a compactly supported interpolating mother

scaling function throughout this subsection.

Definition 3.2. Define function ψ ∈ Ccom(R,K) by

ψ(x) := ϕ(2x− 1)

for all x ∈ R. Function ψ is called the mother wavelet.

Definition 3.3. Define

ϕj,k := ϕ(2j · −k)
and

ψj,k := ψ(2j · −k)
for all j ∈ Z and k ∈ Z.

Definition 3.4. Define

ζs :=

{
ϕ; s = 0,

ψ; s = 1,

where s ∈ {0, 1}.

Definition 3.5. When k ∈ Z define

hk := ϕ

(
k

2

)
,

gk := δk,1,

h̃k := δk,0,

g̃k := (−1)k−1h1−k.

Definition 3.6. Define ϕ̃ := δ ∈ E∗ and ψ̃ ∈ E∗ by

ψ̃ := 2
∑

k∈Z
g̃kϕ̃(2 · −k). (3.1)

Define ϕ̃j,k := 2jϕ̃(2j · −k) and ψ̃j,k := 2jψ̃(2j · −k) where j, k ∈ Z.

As ϕ is compactly supported only a finite number of numbers hk, k ∈ Z, and the

other three filters defined by Definition 3.5 are nonzero. Consequently the series in

Eq. (3.1) has a finite number of nonzero terms.

Definition 3.7. Define

ζ̃s :=

{
ϕ̃; s = 0,

ψ̃; s = 1,

where s ∈ {0, 1}.
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3.3. General definitions for multivariate MRA’s

We will assume that n ∈ Z+ and eitherK = R orK = C throughout this subsection.

We will also assume that E =n.s. Cu(R,K) or E =n.s. C0(R,K). Furthermore, ϕ ∈
Ccom(R,K) shall be a compactly supported interpolating mother scaling function

throughout this subsection.

We set

F :=n.s.

{
Cu(Rn,K); E = Cu(R,K),

C0(Rn,K); E = C0(R,K).

Definition 3.8. Define function ϕ[n] ∈ Ccom(Rn,K) by

ϕ[n] :=

n⊗

k=1

ϕ.

Function ϕ[n] is called an n-dimensional tensor product mother scaling function

generated by ϕ. Define also ϕ
[n]
j,k := ϕ[n](2j · −k) where j ∈ Z and k ∈ Zn.

Function ϕ[n] is a compactly supported interpolating mother scaling function

on Rn.

Definition 3.9. When s ∈ {0, 1}n define function ψ
[n]
s ∈ Ccom(Rn,K) by

ψ[n]
s :=

n⊗

k=1

ζs[k]

and ψ
[n]
s,j,k := ψ

[n]
s (2j · −k).

The domain of the Dirac δ functional varies in this paper. That is, we may keep

δ as an element of different dual spaces A∗. When z1, . . . , zm ∈ R we will identify

δ(· − z1)⊗ · · · ⊗ δ(· − zm) with δ(· − (z1, . . . , zm)).

Definition 3.10. Define ϕ̃[n] ∈ F ∗ by

ϕ̃[n] :=

n⊗

l=1

ϕ̃

and ϕ̃
[n]
j,k ∈ F ∗ by ϕ̃

[n]
j,k := 2jϕ̃[n](2j · −k) where j ∈ Z and k ∈ Zn. Define also

ψ̃
[n]
s ∈ F ∗ by

ψ̃[n]
s :=

n⊗

l=1

ζ̃s[l],

where s ∈ {0, 1}n and ψ̃
[n]
s,j,k ∈ F ∗ by ψ̃

[n]
s,j,k := 2jψ̃

[n]
s (2j · −k) where s ∈ {0, 1}n,

j ∈ Z, and k ∈ Zn.

Goedecker20 gives formulas for wavelet filters, too.
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Lemma 3.1. Let f ∈ C, m ∈ N, r1 ∈ R+, and f̃ ∈ C(BR(0; r1))
∗
. Let

f [n] :=

n⊗

i=0

f

and

f̃ [n] :=

n⊗

i=0

f̃ .

If (f̃ , f) spans all polynomials of degree at most m then (f̃ [n], f [n]) spans all poly-

nomials of degree at most m.

Proof. Let

p(x) :=

n∏

i=1

pi(x[i]) =

n∏

i=1

(x[i])
a[i]

,

where a[i] ∈ Z0(m), i = 1, . . . , n. Define r2 ∈ R+ so that
(
BR(0; r1)

)n ⊂ BRn(0; r2).

Now
∑

k∈Zn

〈f̃ [n](· − k), p|BRn (k;r2)
〉f [n](x− k)

=
∑

k1∈Z
· · ·
∑

kn∈Z

n∏

i=1

〈f̃(· − k[i]), pi|BR(k[i];r1)〉f(x[i]− k[i])

=

n∏

i=1

∑

k∈Z
〈f̃(· − k), pi|BR(k;r1)〉f(x[i]− k) =

n∏

i=1

pi(x[i]) = p(x)

for all x ∈ Rn.

In particular, if ϕ spans all polynomials of degree at most m then ϕ[n] spans all

polynomials of n variables and of degree at most m.

4. Compactly Supported Interpolating MRA of Cu(Rn,K)

We will assume that n ∈ Z+ and K = R or K = C throughout this section. We will

also assume that ϕ[n] ∈ Ccom(Rn,K) is an n-dimensional tensor product mother

scaling function in this section. Unless otherwise stated, we shall assume that the

same values of n, K, and ϕ[n] are used throughout this section. Chui and Li6 have

developed a MRA in the univariate case Cu(R).

Definition 4.1. Define

V
(u)
n,j :=

{
x ∈ Rn �→

∑

k∈Zn

a[k]ϕ[n](2jx− k) : a ∈ l∞(Zn,K)

}
(4.1)

‖f |V (u)
n,j ‖ := ‖f‖∞, f ∈ V

(u)
n,j

for all j ∈ Z.
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Definition 4.2. Let spaces V
(u)
n,j , j ∈ Z, be defined by Definition 4.1. We call

{V (u)
n,j : j ∈ Z} an interpolating tensor product MRA of Cu(Rn,K) generated by

ϕ[n] provided that the following conditions are satisfied:

(MRA1.1) ∀j ∈ Z : V
(u)
n,j ⊂ V

(u)
n,j+1

(MRA1.2)
⋃

j∈Z V
(u)
n,j = Cu(Rn,K)

(MRA1.3)
⋂

j∈Z V
(u)
n,j = K

(MRA1.4) ∀j ∈ Z, f ∈ KRn

: f ∈ V
(u)
n,j ⇔ f(2·) ∈ V

(u)
n,j+1

(MRA1.5) ∀j ∈ Z,k ∈ Zn, f ∈ KRn

: f ∈ V
(u)
n,j ⇔ f(· − 2−jk) ∈ V

(u)
n,j

(MRA1.6) ∀k ∈ Zn : ϕ[n](k) = δk,0.

Our requirements for the definition of interpolating multiresolution analysis

are stricter and simpler than those in Ref. 6. Condition (MRA1.6) is replaced

by a weaker condition for ϕ in Ref. 6 but it is possible to construct function

ϕL that satisfies condition (MRA1.6) and generates the same subspaces V
(u)
1,j as

function ϕ.

Under the conditions given at the start of this section (ϕ[n] is an n-dimensional

tensor product mother scaling function) the conditions (MRA1.1), (MRA1.4),

(MRA1.5) and (MRA1.6) are true. We will show later that conditions (MRA1.2)

and (MRA1.3) are true, too.

Spaces V
(u)
n,j , j ∈ Z, are topologically isomorphic to l∞(Zn,K). It has been

proved in Ref. 28 that

∑

k∈Zn

ϕ[n](y − k) = ϕ̂[n](0)

for all y ∈ Rn. It follows from the cardinal interpolation property (MSF.1) that

∑

k∈Zn

ϕ[n](y − k) = 1 (4.2)

for all y ∈ Rn.

Remark 4.1. The series in Eq. (4.1) converges (pointwise) for all a ∈ l∞(Zn,K)

but the series
∑

k∈Zn a[k]ϕ[n](2j · −k) need not converge in the norm topol-

ogy of Cu(Rn,K). For example, consider sequence a[k] = 1, k ∈ Zn. Now∑
k∈Zn a[k]ϕ[n](2jx − k) = 1 for all x ∈ Rn but the series

∑
k∈Zn a[k]ϕ[n](2j · −k)

does not converge in the norm topology of Cu(Rn,K).

Theorem 4.1. We have
⋂

j∈Z
V

(u)
n,j = K.

Proof. The proof is similar to a part of the proof of [6, Theorem 3.2].
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Definition 4.3. When j ∈ Z and s ∈ {0, 1}n define

W
(u)
n,s,j :=

{
x ∈ Rn �→

∑

k∈Zn

a[k]ψ
[n]
s,j,k(x) : a ∈ l∞(Zn,K)

}

‖f |W (u)
n,s,j‖ := ‖f‖∞, f ∈ W

(u)
n,s,j .

Spaces W
(u)
n,s,j, s ∈ {0, 1}n, j ∈ Z, are topologically isomorphic to l∞(Zn,K).

Definition 4.4. When s ∈ {0, 1}n and j ∈ Z define

(Q
(u)
n,s,jf)(x) :=

∑

k∈Zn

〈ψ̃[n]
s,j,k, f〉ψ

[n]
s,j,k(x)

for all x ∈ Rn and f ∈ Cu(Rn,K). When j ∈ Z define P
(u)
n,j := Q

(u)
n,0n,j

.

Operator Q
(u)
n,s,j is a continuous projection of Cu(Rn,K) onto W

(u)
n,s,j for each

s ∈ {0, 1}n and j ∈ Z.

Definition 4.5. When j ∈ Z define

W
(u)
n,j :=n.s.

∑̇

s∈J+(n)

W
(u)
n,s,j

and

Q
(u)
n,j :=

∑

s∈J+(n)

Q
(u)
n,s,j.

Spaces W
(u)
n,j , j ∈ Z, are topologically isomorphic to l∞(J+(n)× Zn,K). When

j ∈ Z we have

V
(u)
n,j+1 =n.s. V

(u)
n,j �W

(u)
n,j =n.s. V

(u)
n,j �

∑̇

s∈J+(n)

W
(u)
n,s,j =n.s.

∑̇

s∈{0,1}n

W
(u)
n,s,j . (4.3)

Operator Q
(u)
n,j is a continuous projection of Cu(Rn,K) onto W

(u)
n,j for each j ∈ Z.

We also have Q
(u)
n,j = P

(u)
n,j+1 − P

(u)
n,j for all j ∈ Z.

Theorem 4.2. There exist c1 ∈ R+ and c2 ∈ R+ so that

‖f − P
(u)
n,j f‖∞ ≤ c1ω(f ; 2

−jc2)

for all f ∈ Cu(Rn) and j ∈ Z.

Proof. Let f ∈ Cu(Rn) and j ∈ Z. Define r1 := rsupp(ϕ
[n]). Let x ∈ Rn. Define

I := Itrans(ϕ
[n], 2jx). Now by Eq. (4.2) we have

(f − P
(u)
n,j f)(x) =

∑

k∈Zn

(
f(x)− f

(
k

2j

))
ϕ[n](2jx− k)

=
∑

k∈I

(
f(x)− f

(
k

2j

))
ϕ[n](2jx− k).
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Let � ∈ I. Now 2jx − � ∈ BRn(0; r1) from which it follows that x − 2−j� ∈
BRn(0; 2−jr1). Hence

∣∣∣∣f (x)− f

(
�

2j

)∣∣∣∣ ≤ ω(f ; 2−jr1). (4.4)

Let c1 := Ncover(ϕ
[n])‖ϕ[n]‖∞ and c2 := r1 = rsupp(ϕ

[n]). By Eq. (4.4) we have

|(f − P
(u)
n,j f)(x)| ≤ c1ω(f ; 2

−jc2).

Theorem 4.3. Let f ∈ Cu(Rn). Now

lim
j→∞

‖f − P
(u)
n,j f‖∞ = 0.

Proof. See also Theorem 3.2 in Ref. 6 and Theorem 2.4 in Ref. 17. Let j ∈ Z.
By Theorem 4.2 we have ‖f − P

(u)
n,j f‖∞ ≤ c1ω(f ; 2

−jc2) where c1 and c2 do not

depend on j or f . Since f is uniformly continuous

lim
t→0

ω(f ; t) = 0

and hence

lim
j→∞

‖f − P
(u)
n,j f‖∞ = 0.

Corollary 4.1.
⋃

j∈Z
V

(u)
n,j = Cu(Rn,K).

Theorem 4.4. Let t ∈ R+. There exists a constant c1 ∈ R+, which may depend

on t, so that

∀ f ∈ Cu(Rn), j ∈ Z : ω(P
(u)
n,j f ; 2

−jt) ≤ c1ω(f ; 2
−j

√
n).

Proof. The proof of case n = 1 is similar to the proof in Sec. 7.1 in Ref. 17.

We will assume that n ≥ 2 in the sequel. Define bijection σ
[n]
c : N � Zn so that

‖σ[n]
c (p+ 1)− σ

[n]
c (p)‖∞ = 1 for all p ∈ N. It can be proved that this kind of

bijection always exists.26 Define

vj,l(x,h) :=
l∑

p=0

(ϕ[n](2jx− σ[n]
c (p)− �2jx�+ 2jh)

−ϕ[n](2jx− σ[n]
c (p)− �2jx�)),

where j, l ∈ N, x ∈ Rn, and h ∈ BRn(0; 2−jt). Using Eq. (4.2) it can be proved that

there exists c1 ∈ R+ so that

∞∑

l=0

|vj,l(x,h)| ≤ c1
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for all j ∈ N, x ∈ Rn, and h ∈ BRn(0; 2−jt). Let f ∈ Cu(Rn), j1 ∈ Z, x1 ∈ Rn, and

h1 ∈ BRn(0; 2−jt). Let a := (f(2−j1k))k∈Zn . Now

z := (P
(u)
n,j1

f)(x1 + h1)− (P
(u)
n,j1

f)(x1)

=

∞∑

l=0

(a[σ[n]
c (l)]− a[σ[n]

c (l + 1)])vj1,l(x1,h1)

from which it follows that

|z| ≤
(
sup
l∈N

|a[σ[n]
c (l)]− a[σ[n]

c (l + 1)]|
)
·

∞∑

l=0

|vj1,l(x1,h1)| ≤ ω(f ; 2−j
√
n) · c1.

Theorem 4.5. Let j0 ∈ Z. Suppose that the mother scaling function ϕ is Lipschitz

continuous and let ϕ[n] be the tensor product mother scaling function generated by

ϕ. Then

V
(u)
n,j0

�
∞∑̇

j=j0

W
(u)
n,j �= Cu(Rn,K).

Proof. Let

A := V
(u)
n,j0

�
∞∑̇

j=j0

W
(u)
n,j .

Define function f ∈ Cu(R,K) by

f(x) :=





√
x; x ∈ [0, 1],

−x+ 2; x ∈ [1, 2],

0; x ≤ 0 ∨ x ≥ 2

and function f [n] ∈ Cu(Rn,K) by

f [n] :=

n⊗

k=1

f.

Functions f and f [n] are not Lipschitz continuous. As ϕ is Lipschitz continuous

all the functions P
(u)
n,j g are Lipschitz continuous for each g ∈ Cu(Rn,K). A is a

locally convex space with an inductive limit topology. It follows from Theorem 6.2

in Ref. 42 that the space A is complete.

Suppose that A would be equal to Cu(Rn,K) as a set. Then we would have

f [n] ∈ A. It follows from the definition of the locally convex direct sum that

f [n] ∈ V
(u)
n,j0

�
j1∑̇

j=j0

W
(u)
n,j

for some j1 ∈ Z, j1 ≥ j0. Now f [n] = P
(u)
n,j1+1f

[n]. It follows that f [n] is Lips-

chitz continuous, which is a contradiction. Hence A is not equal to Cu(Rn,K) as

a set.
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The definition of locally convex direct sums from Ref. 42 is used here. An exam-

ple of a Lipschitz continuous mother scaling function is a Deslauriers–Dubuc funda-

mental function with Hölder regularity greater than 1. By Eq. (4.3) and Corollary

4.1 we have

Cu(Rn,K) =n.s. clos




∞⋃

l=j0


V (u)

n,j0
�

l∑̇

j=j0

W
(u)
n,j






for all j0 ∈ Z.

5. Compactly Supported Interpolating MRA of C0(Rn,K)

A MRA of space C0(Rn,K) can be developed in the same way as the MRA of space

Cu(Rn,K). Donoho17 has developed a MRA for the one-dimensional case C0(R).
We will assume that n ∈ Z+ and K = R or K = C throughout this section. We will

also assume that ϕ[n] ∈ Ccom(Rn,K) is an n-dimensional tensor product mother

scaling function in this section. Unless otherwise stated, we shall assume that the

same values of n, K, and ϕ[n] are used throughout this section. Note that many

of the series that are pointwise convergent with Cu(Rn,K) converge in the norm

in C0(Rn,K). We are also able to represent many subspaces and operators related

to the MRA of C0(Rn,K) as tensor products of the corresponding one-dimensional

cases.

Definition 5.1. Define

V
(0)
n,j :=

{∑

k∈Zn

a[k]ϕ[n](2j · −k) : a ∈ c0(Zn,K)

}

‖f |V (0)
n,j ‖ := ‖f‖∞, f ∈ V

(0)
n,j

(5.1)

for each j ∈ Z.

Definition 5.2. Let spaces V
(0)
n,j , j ∈ Z, be defined by Definition 5.1. We call

{V (0)
n,j : j ∈ Z} an interpolating tensor product MRA of C0(Rn,K) generated by

ϕ[n] provided that the following conditions are satisfied:

(MRA2.1) ∀j ∈ Z : V
(0)
n,j ⊂ V

(0)
n,j+1

(MRA2.2)
⋃

j∈Z V
(0)
n,j = C0(Rn,K)

(MRA2.3)
⋂

j∈Z V
(0)
n,j = {0}

(MRA2.4) ∀ j ∈ Z, f ∈ KRn

: f ∈ V
(0)
n,j ⇔ f(2·) ∈ V

(0)
n,j+1

(MRA2.5) ∀ j ∈ Z,k ∈ Zn, f ∈ KRn

: f ∈ V
(0)
n,j ⇔ f(· − 2−jk) ∈ V

(0)
n,j

(MRA2.6) ∀k ∈ Zn : ϕ[n](k) = δk,0

Note that in this definition the intersection of spaces V
(0)
n,j is {0} instead of C

(all complex valued constant functions on Rn) as in Ref. 6 since here the MRA
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is constructed for functions vanishing at infinity. Donoho17 does not require the

mother scaling function ϕ to be compactly supported but ϕ has to be of rapid

decay in his construction. He also includes requirements for the regularity and

polynomial span of ϕ, which are needed for the norm equivalences to Besov and

Triebel–Lizorkin spaces, into the definition of the MRA. Under the conditions given

at the start of this section (ϕ[n] is an n-dimensional tensor product mother scaling

function) the conditions (MRA2.1), (MRA2.2), (MRA2.3), (MRA2.4), (MRA2.5)

and (MRA2.6) are true.

Definition 5.3. Let j ∈ Z and s ∈ {0, 1}n. Define

W
(0)
n,s,j :=

{∑

k∈Zn

a[k]ψ
[n]
s,j,k : a ∈ c0(Zn,K)

}

‖f |W (0)
n,s,j‖ := ‖f‖∞, f ∈W

(0)
n,s,j .

Definition 5.4. Let j ∈ Z. Define operator P
(0)
n,j : C0(Rn,K) → V

(0)
n,j by

P
(0)
n,j f =

∑

k∈Zn

〈ϕ̃[n]
j,k, f〉ϕ

[n]
j,k

for all f ∈ C0(Rn,K). Define operator Q
(0)
n,s,j : C0(Rn,K) →W

(0)
n,s,j by

Q
(0)
n,s,jf =

∑

k∈Zn

〈ψ̃[n]
s,j,k, f〉ψ

[n]
s,j,k

for all f ∈ C0(Rn,K) and s ∈ {0, 1}n.
We now have

V
(0)
n,j =n.s.

n⊗̂
ε

k=1

V
(0)
1,j , W

(0)
n,s,j =n.s.

n⊗̂
ε

k=1

W
(0)
1,s[k],j ,

P
(0)
n,j =

n⊗
ε

k=1

P
(0)
1,j , and Q

(0)
n,s,j =

n⊗
ε

k=1

Q
(0)
1,s[k],j .

We give now a general result on the tensor products of the function space

C0(R,K) with itself.

Theorem 5.1. We have
n⊗̂

ε
j=1

C0(R,K) =n.s. C0(Rn,K).

Proof. Define

F [n] :=n.s.

n⊗̂
ε

j=1

C0(R,K).

We have F [n] ⊂ C0(Rn,K). Let ϕ be the Deslauriers–Dubuc fundamental function

of some degreem and ϕ[n] the n-dimensional tensor product mother scaling function
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generated by ϕ. Let spaces V
(0)
1,j , j ∈ Z, belong to the interpolating multiresolution

analysis generated by ϕ and spaces V
(0)
n,j , j ∈ Z, be the corresponding tensor product

spaces. Let f ∈ C0(Rn,K). It follows from Theorem 4.3 that P
(0)
n,j f → f as j → ∞.

Now P
(0)
n,j f ∈ V

(0)
n,j ⊂ F [n] for all j ∈ Z from which it follows that f ∈ F [n] = F [n].

Consequently F [n] =n.s. C0(Rn,K).

For example, C0(R) ⊗̂ε C0(R) =n.s. C0(R2). As in the case of Cu(Rn,K) we get

V
(0)
n,j0

�
∞∑̇

j=j0

W
(0)
n,j �= C0(Rn,K)

when the mother scaling function is Lipschitz continuous. We also have

C0(Rn,K) =n.s. clos




∞⋃

l=j0


V (0)

n,j0
�

l∑̇

j=j0

W
(0)
n,j






for all j0 ∈ Z.

6. Interpolating Dual MRA

We shall have K = R or K = C and n ∈ Z+ throughout this section. We shall also

have E = Cu(Rn,K) or E = C0(Rn,K).

6.1. General

Definition 6.1. When j ∈ Z define

Ṽn,j :=n.s.

{∑

k∈Zn

d[k]ϕ̃
[n]
j,k : d ∈ l1(Zn,K)

}

‖f̃ |Ṽn,j‖ := ‖f̃ |Cu(Rn,K)
∗‖ = ‖f̃ |C0(Rn,K)

∗‖, f̃ ∈ Ṽn,j .

We may identify Banach space Ṽn,j for both E = Cu(Rn,K) and E = C0(Rn,K)

for each j ∈ Z. It follows also that function ι̃n,j : l
1(Zn,K) → Ṽn,j defined by

ι̃n,j(d) :=
∑

k∈Zn

d[k]ϕ̃
[n]
j,k

for all d ∈ l1(Zn,K) is an isometric isomorphism from l1(Zn,K) onto Ṽn,j . We

have

f̃ ∈ Ṽn,j ⇔ f̃(2·) ∈ Ṽn,j+1

and

f̃ ∈ Ṽn,j ⇔ f̃(·−2−jk) ∈ Ṽn,j .

for all f̃ ∈ Cu(Rn,K)
∗
, j ∈ Z, and k ∈ Zn.
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Definition 6.2. When j ∈ Z and s ∈ {0, 1}n define

W̃n,s,j :=n.s.

{∑

k∈Zn

d[k]ψ̃
[n]
s,j,k : d ∈ l1(Zn,K)

}
,

‖f̃ |W̃n,s,j‖ := ‖f̃ |Cu(Rn,K)
∗‖ = ‖f̃ |C0(Rn,K)

∗‖, f̃ ∈ W̃n,s,j.

Spaces W̃n,s,j , s ∈ {0, 1}n, j ∈ Z, are topologically isomorphic to l1(Zn,K).

Assume that j ∈ Z, d ∈ l1(J+(n)× Zn,K), and

f̃ :=
∑

s∈J+(n)

∑

k∈Zn

d[s,k]ψ̃
[n]
s,j,k.

Now ‖f̃ |Cu(Rn,K)∗‖ = ‖f̃ |C0(Rn,K)∗‖. Consequently we may identify the Banach

space W̃n,s,j for both E = Cu(Rn,K) and E = C0(Rn,K) for each s ∈ {0, 1}n and

j ∈ Z.

Definition 6.3. When n ∈ Z+ and j ∈ Z define

P̃n,j f̃ :=
∑

k∈Zn

〈f̃ , ϕ[n]
j,k〉ϕ̃

[n]
j,k

for all f̃ ∈ E∗.

Definition 6.4. When n ∈ Z+, s ∈ {0, 1}n, and j ∈ Z define

Q̃n,s,jf̃ :=
∑

k∈Zn

〈f̃ , ψ[n]
s,j,k〉ψ̃

[n]
s,j,k

for all f̃ ∈ E∗.

We have Q̃n,0n,j = P̃n,j for all j ∈ Z.

Lemma 6.1. (i) ∀ j ∈ Z, s ∈ {0, 1}n, t ∈ {0, 1}n : s �= t ⇒ ∀ f̃ ∈ W̃n,s,j :

Q̃n,t,j f̃ = 0.

(ii) Operator Q̃n,s,j is a continuous projection of E∗ onto W̃n,s,j for all j ∈ Z and

s ∈ {0, 1}n.
(iii) Q̃n,s,j = Q̃n,s,j ◦ P̃n,j′ for all j, j′ ∈ Z, j < j′, and s ∈ {0, 1}n.

For example, when n = 2 and t = (0, 1) we have Q̃n,t,jδ = 0 for all j ∈ Z. When

j ∈ Z, s, t ∈ {0, 1}n, and s �= t we have W̃n,s,j ∩ W̃n,t,j = {0}.

Definition 6.5. When j ∈ Z define

W̃n,j :=n.s.

∑̇

s∈J+(n)

W̃n,s,j.

Definition 6.6. When j ∈ Z define

Q̃n,j :=
∑

s∈J+(n)

Q̃n,s,j.
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Assume that j ∈ Z. Now operator Q̃n,j is a continuous projection of E∗ onto

W̃n,j and Q̃n,j f̃ = 0 for all f̃ ∈ Ṽn,j . We also have Q̃n,j = P̃n,j+1 − P̃n,j and

Ṽn,j+1 =n.s. Ṽn,j � W̃n,j .

Theorem 6.1. (i) ∀j ∈ Z, s ∈ {0, 1}n, t ∈ {0, 1}n : s �= t ⇔ W̃n,s,j ⊥W
(u)
n,t,j ,

(ii) ∀j1, j2 ∈ Z : j1 ≤ j2 ⇔ Ṽn,j1 ⊥W
(u)
n,j2

,

(iii) ∀ j1, j2 ∈ Z : j1 ≥ j2 ⇔ W̃n,j1 ⊥V
(u)
n,j2

,

(iv) ∀ j1, j2 ∈ Z : j1 �= j2 ⇔ W̃n,j1 ⊥W
(u)
n,j2

.

Proof. Let j ∈ Z, s, t ∈ {0, 1}n, and k, � ∈ Zn. Proposition (i) follows from

〈ψ̃[n]
s,j,�, ψ

[n]
t,j,k〉 = δs,tδ�,k. Suppose that j1, j2 ∈ Z and j1 �= j2. If j1 > j2 then

W
(u)
n,j2

⊂ V
(u)
n,j1

and W̃n,j1⊥V (u)
n,j1

and hence W̃n,j1⊥W (u)
n,j2

. If j1 < j2 then W̃n,j1 ⊂
Ṽn,j2 and Ṽn,j2⊥W (u)

n,j2
and hence W̃n,j1⊥W (u)

n,j2
. So proposition (iv) is true.

Theorem 6.2. Let f̃ ∈ C0(Rn,K)
∗
. Then P̃n,j f̃ → f̃ in the weak-∗ topology of

C0(Rn,K)
∗
as j → ∞.

Proof. Let f̃ ∈ C0(Rn,K)
∗
. Suppose that f ∈ C0(Rn,K). Then

〈P̃n,j f̃ , P
(0)
n,j f〉 =

∑

k∈Zn

〈f̃ , ϕ[n]
j,k〉〈ϕ̃

[n]
j,k, P

(0)
n,j f〉

=

〈
f̃ ,
∑

k∈Zn

〈ϕ̃[n]
j,k, f〉ϕ

[n]
j,k

〉

= 〈f̃ , P (0)
n,j f〉.

There exists c ∈ R+ so that ‖P̃n,j‖ ≤ c for all j ∈ Z. Consequently

|〈f̃ , f〉 − 〈P̃n,j f̃ , f〉| ≤ |〈f̃ , f〉 − 〈f̃ , P (0)
n,j f〉|

+ |〈P̃n,j f̃ , P
(0)
n,j f〉 − 〈P̃n,j f̃ , f〉|

= |〈f̃ , f − P
(0)
n,j f〉|+ |〈P̃n,j f̃ , P

(0)
n,j f − f〉|

≤ ‖f̃‖‖f − P
(0)
n,j f‖+ c‖f̃‖‖f − P

(0)
n,j f‖ → 0,

as j → ∞.

For example, let

f̃(x) :=





x+ 1; x ∈ [−1, 0[,

−x+ 1; x ∈ [0, 1[,

0; otherwise
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and

f(x) :=





−2x− 2; x ∈ [−1, 0[,

2x− 2; x ∈ [0, 1[,

0; otherwise

for all x ∈ R. Now

〈P̃1,j f̃ , f〉 → 〈f̃ , f〉 =
∫

R
f̃(x)f(x)dx = −4

3

as j → ∞.

6.2. Tensor product representation of the dual MRA

It follows from Eq. (2.1) that C0(Rn,K)
∗⊗̂εsC0(R,K)

∗
is a closed subspace of

C0(Rn+1,K)
∗
.

Definition 6.7. Let j ∈ Z. Define

M̃n,j :=n.s.

n⊗̂
(C0(Rk,K)∗)

k=1

Ṽ1,j .

Banach space M̃n,j is a closed subspace of C0(Rn,K)
∗
.

Definition 6.8. Define function

ξ[n] :

n⊗̂
π

k=1

l1(Z,K) → l1(Zn,K)

by

ξ[n](ě⊗k ) := ěk, k ∈ Zn,

and extending by linearity and continuity onto whole
⊗̂n

k=1πl
1(Z,K).

Function ξ[n] is an isometric isomorphism from Banach space
⊗̂n

k=1πl
1(Z,K)

onto Banach space l1(Zn,K).

Lemma 6.2. When j ∈ Z
n⊗̂

π
k=1

Ṽ1,j =n.s. Ṽn,j .

Proof. Let

E :=n.s.

n⊗̂
π

k=1

Ṽ1,j
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and

F :=n.s.

n⊗̂
π

k=1

l1(Z,K).

Let

α :=

n⊗
π

k=1

ι̃1,j

Function α is an isometric isomorphism from F onto E. Let β := α ◦ (ξ[n])−1. Now

β is an isometric isomorphism from l1(Zn,K) onto E and β(ěk) = ϕ̃
[n]
j,k = ι̃n,j(ěk)

for all k ∈ Zn. When d ∈ l1(Zn,K) we have β(d) = ι̃n,j(d) and ‖β(d)‖E =

‖ι̃n,j(d)‖C0(Rn,K)∗ .

Lemma 6.3. When j ∈ Z

Ṽn,j =n.s. M̃n,j =n.s.

n⊗̂
π

k=1

Ṽ1,j =n.s.

n⊗̂
εs

k=1

Ṽ1,j .

Proof. Use induction by n, metric approximation property of l1, and Proposi-

tion 7.1 in Ref. 41.

Definition 6.9. Define

Ñn,s,j :=n.s.

n⊗̂
(C0(Rn,K)∗)

k=1

W̃1,s[k],j ,

where j ∈ Z and s ∈ {0, 1}n.

Definition 6.10. Let j ∈ Z and s ∈ {0, 1}n. Define operator R̃n,s,j : Ṽn,j+1 →
Ñn,s,j by

R̃n,s,j =

n⊗
(C0(Rk,K)

∗
,C0(Rk,K)

∗
)

k=1

(Q̃1,s[k],j |Ṽ1,j+1).

Assume that j ∈ Z, and s ∈ {0, 1}n. Now
R̃n,s,j f̃ =

∑

k∈Zn

〈f̃ , ψ[n]
s,j,k〉ψ̃

[n]
s,j,k (6.1)

for all f̃ ∈ Ṽn,j+1. The series in Eq. (6.1) converges absolutely for all f̃ ∈ Ṽn,j+1.

We also have W̃n,s,j =n.s. Ñn,s,j and Q̃n,s,j = R̃n,s,j ◦ P̃n,j+1.

7. Besov Space Norm Equivalence

7.1. Norm equivalence for the Besov spaces in the n-dimensional

case

This derivation is based on the corresponding one-dimensional derivation in Ref. 17.

The cases p < 1 or q < 1 yielding quasi-Banach spaces Bσ
p,q are not discussed in
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this paper. We assume that n ∈ Z+ throughout this section.

We give first some definitions similar to those in Ref. 38 related to orthonormal

wavelets.

Definition 7.1. Let ϕ̄ : Rn → K be a mother scaling function of an orthonormal

wavelet family. When j ∈ Z, k ∈ Zn, and f ∈ L∞(Rn) define

ᾱj,k(f) := 2nj
∫

x∈Rn

ϕ̄∗(2jx− k)f(x)dτ.

The spaces Vj(p) that are defined in Ref. 38 are denoted by V̄j(p) in this docu-

ment. Space V̄j(p) is a closed subspace of Lp(Rn) for each j ∈ Z and p ∈ [1,∞] at

least when the mother scaling function ϕ̄ is continuous and compactly supported.

Definition 7.2. Let ϕ̄ : Rn → C be a scaling function of an orthonormal wavelet

family. Let p ∈ [1,∞] and j ∈ Z. Define operator P̄
(p)
j : Lp(Rn) → V̄j(p) by

(P̄
(p)
j f)(x) :=

∑

k∈Zn

ᾱj,k(f)ϕ̄(2
jx− k)

for all f ∈ Lp(Rn) and x ∈ Rn. Define also Q̄
(p)
j := P̄

(p)
j+1 − P̄

(p)
j .

When ϕ̄ is a compactly supported and continuous function operator P̄
(p)
j is a

continuous linear projection of Lp(Rn) onto V̄j(p) for each j ∈ Z and p ∈ [1,∞].

Definition 7.3. Let p ∈ [1,∞], q ∈ [1,∞], and σ ∈ R+. Let j0 ∈ Z and r̄ ∈ Z+, r̄ >

σ. Let ϕ̄ : Rn → C be a mother scaling function of an r̄-regular orthonormal MRA

of L2(Rn) and P̄
(p)
j and Q̄

(p)
j , j ∈ Z, be the corresponding projection operators.

When f ∈ Lp(Rn) define

‖f‖(o)Bσ
p,q(Rn);j0

:= ‖P̄ (p)
j0
f |Lp(Rn)‖+

∥∥h̄|lq(N+ j0)
∥∥ ,

where

h̄j := 2jσ‖Q̄(p)
j f |Lp(Rn)‖, j ∈ N+ j0

h̄ := (h̄j)
∞
j=j0 .

Norm ‖ · ‖(o)Bσ
p,q(Rn);j0

is an equivalent norm for the Besov space Bσ
p,q(Rn) and

characterizes Bσ
p,q(Rn) on bor(Rn,C). This has been proved in Chap. 2.9, Proposi-

tion 4 in Ref. 38.

Definition 7.4. Let p ∈ [1,∞], q ∈ [1,∞], and σ ∈ R+. Let j0 ∈ Z. Let P (u)
n,j

and Q
(u)
n,j , j ∈ Z, be the projection operators belonging to a compactly supported
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interpolating tensor product MRA of Cu(Rn). When f ∈ Cu(Rn) define

‖f‖(i)Bσ
p,q(Rn);j0

:= ‖P (u)
n,j0

f |Lp(Rn)‖+ ‖h|lq(N+ j0)‖,

where

hj := 2jσ‖Q(u)
n,jf |Lp(Rn)‖, j ∈ N+ j0,

h := (hj)
∞
j=j0 .

Definition 7.5. Let p ∈ [1,∞], q ∈ [1,∞], and σ ∈ R+. Let j0 ∈ Z. Let ϕ̃[n]
j,k and

ψ̃
[n]
s,j,k, j ∈ Z, s ∈ J+(n), k ∈ Zn, be the dual scaling functions and dual wavelets

belonging to a compactly supported interpolating tensor product MRA of Cu(Rn).

When f ∈ Cu(Rn) define

‖f‖(w)
Bσ

p,q(Rn);j0
:= ‖(〈ϕ̃[n]

j0,k
, f〉)k∈Zn‖

p

+ ‖(2(σ−n
p )j‖(〈ψ̃[n]

s,j,�, f〉)s∈J+(n),�∈Zn‖
p
)∞j=j0‖q.

Definition 7.6. When j ∈ Z and p ∈ [1,∞] define

V
(u)
n,j (p) :=

{
x ∈ Rn �→

∑

k∈Zn

a[k]ϕ
[n]
j,k(x) : a ∈ lp(Zn)

}

and ‖f |V (u)
n,j (p)‖ := ‖f |Lp(Rn)‖ for all f ∈ V

(u)
n,j (p).

Definition 7.7. Let j ∈ Z and p ∈ [1,∞]. When T ∈ L(Lp(Rn), Lp(Rn)) define

‖T ‖
V

(u)
n,j (p)

:= ‖(T |
V

(u)
n,j (p)

)|L(V (u)
n,j (p), L

p(Rn))‖.

Definition 7.8. Let j ∈ Z and p ∈ [1,∞]. When T ∈ L(Cu(Rn), Cu(Rn)) and

T [V̄j(p)] ⊂ Lp(Rn) define

‖T ‖V̄j(p)
:= ‖(T |V̄j(p))|L(V̄j(p), Lp(Rn))‖.

Definition 7.9. When p ∈ [1,∞] define

cinterp(p) :=





p

p− 1
; p∈ ]1,∞[,

1; p = 1 ∨ p = ∞.

Lemma 7.1. Suppose that q ∈ [1,∞] and t ∈ R+. Let a(j, j
′) := 2−|j′−j|t for all

j, j′ ∈ N. Define

Ab :=




∞∑

j′=0

a(j, j′)bj′




j∈N

for all b ∈ lq(N). Then A ∈ L(lq(N), lq(N)).
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Proof. Cases q = 1 and q = ∞ can be proved by starting from the expression of

Ab where b ∈ lq(N). When q ∈ ]1,∞[ the proof is based on interpolation of Banach

spaces, see Ref. 2.

Theorem 7.1. Let p ∈ [1,∞], q ∈ [1,∞], j0 ∈ Z, σ ∈ R+, and n/p < σ < r0.

Let ϕ[n] be a scaling function of a compactly supported interpolating tensor product

MRA of Cu(Rn) and ϕ̄ : Rn → C a compactly supported and continuous mother

scaling function of a (�σ� + 1)-regular orthonormal wavelet family. Suppose that

ϕ[n] ∈ Cr0(Rn). Suppose also that (ϕ̃[n], ϕ[n]) and (2njϕ̄∗, ϕ̄) span all polynomials

of degree at most �σ� − 1. Let B be the normed space Bσ
p,q(Rn) ∩ Cu(Rn) equipped

with some Besov space norm. Then ‖ · ‖(i)Bσ
p,q(Rn);j0

and ‖ · ‖(o)Bσ
p,q(Rn);j0

are equivalent

norms on the vector space B and norm ‖ · ‖(i)Bσ
p,q(Rn);j0

characterizes B on Cu(Rn).

Proof. Let r̄0 := �σ� + 1. We prove first that ‖f‖(i)Bσ
p,q(Rn);j0

≤ c‖f‖(o)Bσ
p,q(Rn);j0

for

all f ∈ B and for some c ∈ R+. Define q′ by

1

q′
+

1

q
= 1.

There exists c1 ∈ R+ so that

‖P (u)
n,j ‖V̄j′ (p)

≤ c1 · 2n(j
′−j)/p (7.1)

for all j, j′ ∈ Z, j′ ≥ j. There exists c2 ∈ R+ so that

‖I − P
(u)
n,j ‖V̄j′ (p)

≤ c2 · cinterp(p) · 2(j
′−j)r̄0 (7.2)

for all j, j′ ∈ Z, j′ ≤ j. These two results can be proved by Banach space interpo-

lation between cases p = 1 and p = ∞. Let f ∈ B. We have

‖P (u)
n,j0

f‖
p
=

∥∥∥∥∥∥
P

(u)
n,j0


P̄ (p)

j0
f +

∞∑

j=j0

Q̄
(p)
j f



∥∥∥∥∥∥
p

≤ ‖P (u)
n,j0

‖
V̄j0 (p)

‖P̄ (p)
j0
f‖

p
+

∞∑

j=j0

‖P (u)
n,j0

‖
V̄j+1(p)

‖Q̄(p)
j f‖

p

≤ c3‖P̄ (p)
j0
f‖

p
+ c3 · 2(n−nj0)/p

∞∑

j=j0

2−j(σ− n
p )h̄[j],

where h̄ := (2jσ‖Q̄(p)
j f‖

p
)∞j=j0

. Let

c4 := c3 · 2(n−nj0)/p · ‖(2−j′(σ−n
p ))∞j′=j0‖q′ .

Now

‖P (u)
n,j0

f‖
p
≤ c3‖P̄ (p)

j0
f‖

p
+ c4‖h̄‖q ≤ max{c3, c4} · ‖f‖(o)Bσ

p,q(Rn);j0
,
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where c3 and c4 do not depend on f . We have

‖Q(u)
n,jf‖p =

∥∥∥∥∥∥
Q

(u)
n,j


P̄ (p)

j0
f +

∞∑

j′=j0

Q̄
(p)
j′ f



∥∥∥∥∥∥
p

≤ ‖Q(u)
n,j‖V̄j0 (p)

‖P̄ (p)
j0
f‖

p
+

∞∑

j′=j0

‖Q(u)
n,j‖V̄j′+1(p)

‖Q̄(p)
j′ f‖p

for all j ∈ Z, j ≥ j0. It follows from Eq. (7.2) that

2jσ‖Q(u)
n,j‖V̄j0 (p)

‖P̄ (p)
j0
f‖

p
≤ c5 · 2−j(r̄0−σ)‖P̄ (p)

j0
f‖

p

for all j ∈ Z, j ≥ j0, where c5 is independent of f . Consequently

‖(2jσ‖Q(u)
n,j‖V̄j0 (p)

‖P̄ (p)
j0
f‖

p
)∞j=j0‖

q
≤ c5‖(2−j(r̄0−σ))∞j=j0‖q‖P̄

(p)
j0
f‖

p

= c6‖P̄ (p)
j0
f‖

p
≤ c6‖f‖(o)Bσ

p,q(Rn);j0
. (7.3)

When j′ < j it follows from Eq. (7.2) that

2jσ‖Q(u)
n,j‖V̄j′+1(p)

‖Q̄(p)
j′ f‖p. ≤ c7 · 2−|j

′−j|(r̄0−σ)h̄[j′]. (7.4)

When j′ ≥ j it follows from Eq. (7.1) that

2jσ‖Q(u)
n,j‖V̄j′+1(p)

‖Q̄(p)
j′ f‖p ≤ c8 · 2−|j

′−j|(σ−n
p )h̄[j′]. (7.5)

Let

w := min

{
σ − n

p
, r̄0 − σ

}

and c9 := max{c7, c8}. Now by Eqs. (7.4) and (7.5)

a :=

∥∥∥∥∥∥


2jσ

∞∑

j′=j0

‖Q(u)
n,j‖V̄j′+1(p)

‖Q̄(p)
j′ f‖p




∞

j=j0

∥∥∥∥∥∥
q

≤ c9

∥∥∥∥∥∥




∞∑

j′=j0

2−|j′−j|wh̄[j′]




∞

j=j0

∥∥∥∥∥∥
q

.

It follows from Lemma 7.1 that

a ≤ c10
∥∥h̄
∥∥
q
≤ c10‖f‖(o)Bσ

p,q(Rn);j0
, (7.6)

where c10 depends only on w and j0. By Equations (7.3) and (7.6) we have

‖f‖(i)Bσ
p,q(Rn);j0

≤ c10‖f‖(o)Bσ
p,q(Rn);j0

.
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We prove then that ‖g‖(o)Bσ
p,q(Rn);j0

≤ c‖g‖(i)Bσ
p,q(Rn);j0

for all g ∈ B and for some

c ∈ R+. Now

‖P (u)
n,j0

g‖
p
+

∞∑

j=j0

‖Q(u)
n,jg‖p = ‖P (u)

n,j0
g‖

p
+

∞∑

j=j0

‖2−jσ · 2jσQ(u)
n,jg‖p

≤ ‖P (u)
n,j0

g‖
p
+ ‖(2jσ‖Q(u)

n,jg‖p)
∞
j=j0‖q

∞∑

j=j0

2−jσ

≤ c11‖g‖(i)Bσ
p,q(Rn);j0

≤ c12‖g‖(o)Bσ
p,q(Rn);j0

∈ R0,

where c11 and c12 do not depend on g. Consequently

P
(u)
n,j0

g +

m∑

j=j0

Q
(u)
n,jg → g

in Lp(Rn) as m→ ∞. We have

‖P̄ (p)
j0
g‖

p
=

∥∥∥∥∥∥
P̄

(p)
j0


P (u)

n,j0
g +

∞∑

j=j0

Q
(u)
n,jg



∥∥∥∥∥∥
p

≤ ‖P̄ (p)
j0

‖‖P (u)
n,j0

g‖
p
+

∞∑

j′=j0

‖P̄ (p)
j0

‖‖Q(u)
n,jg‖p

≤ c13‖P (u)
n,j0

g‖
p
+ c13

∞∑

j=j0

2−jσh[j]

≤ c13‖P (u)
n,j0

g‖
p
+ c13‖(2−jσ)∞j=j0‖q′‖h‖q

≤ c14‖g‖(i)Bσ
p,q(Rn);j0

,

where h := (2jσ‖Q(u)
n,jg‖p)

∞
j=j= . There exists c15 ∈ R+ so that

‖I − P̄
(p)
j ‖

V
(u)

n,j′ (p)
≤ c15 · cinterp(p) · 2(j

′−j)σ (7.7)

for all j, j′ ∈ Z, j′ ≤ j. This can be proved by Banach space interpolation between

cases p = 1 and p = ∞. Furthermore,

‖Q̄(p)
j g‖

p
=

∥∥∥∥∥∥
Q̄

(p)
j


P (u)

n,j0
g +

∞∑

j′=j0

Q
(u)
n,j′g



∥∥∥∥∥∥
p

≤ ‖Q̄(p)
j ‖‖P (u)

n,j0
g‖

p
+

∞∑

j′=j0

‖Q̄(p)
j ‖‖Q(u)

n,j′g‖p.
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It follows from Eq. (7.7) that

2jσ‖Q̄(p)
j ‖‖P (u)

n,j0
g‖

p
≤ c16 · 2−j(r0−σ)‖P (u)

n,j0
g‖

p

for all j ≥ j0 where c16 is independent of g. Consequently

‖(2jσ‖Q̄(p)
j ‖‖P (u)

n,j0
g‖

p
)∞j=j0‖q ≤ c16‖(2−j(r0−σ))∞j=j0‖q‖P

(u)
n,j0

g‖
p

= c17‖P (u)
n,j0

g‖
p
≤ c17‖g‖(i)Bσ

p,q(Rn);j0
. (7.8)

When j′ < j it follows from Eq. (7.7) that

2jσ‖Q̄(p)
j ‖‖Q(u)

n,j′g‖p ≤ c18 · 2−|j
′−j|(r0−σ)h[ j′]. (7.9)

When j′ ≥ j it follows from uniform boundedness of the projection operators that

2jσ‖Q̄(p)
j ‖‖Q(u)

n,j′g‖p ≤ c19 · 2−|j
′−j|σh[ j′]. (7.10)

Let

z := min{σ, r0 − σ}.

Now by Eqs. (7.9) and (7.10) we have

b :=

∥∥∥∥∥∥




∞∑

j′=j0

2jσ‖Q̄(p)
j ‖‖Q(u)

n,j′g‖p




∞

j=j0

∥∥∥∥∥∥
q

≤ c20

∥∥∥∥∥∥




∞∑

j′=j0

2−|j′−j|zh[j′]




∞

j=j0

∥∥∥∥∥∥
q

.

It follows from Lemma 7.1 that

b ≤ c21‖h‖q ≤ c21‖f‖(i)Bσ
p,q(Rn);j0

, (7.11)

where c21 depends only on z and j0. By Eqs. (7.8) and (7.11) we have

‖g‖(o)Bσ
p,q(Rn);j0

≤ c22‖g‖(i)Bσ
p,q(Rn);j0

.

Suppose then that ‖g‖(o)Bσ
p,q(Rn);j0

= ∞. Let

Ab :=




∞∑

j′=j0

2−|j′−j|zb[j′]




∞

j=j0

, b ∈ CN+j0 .

Now

∞ = ‖(2jσ‖Q̄(p)
j g‖

p
)∞j=j0‖q ≤ c17‖P (u)

n,j0
g‖

p
+ c20‖Ah‖q.

By the continuity of A|lq(N+j0) we must have ‖h‖q = ∞. Consequently

‖g‖(i)Bσ
p,q(Rn);j0

= ∞.
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It is possible to construct an orthonormal compactly supported Daubechies

wavelet family with arbitrary high regularity r̄ ∈ R+ and polynomial span (number

of vanishing moments) d̄ ∈ N.8 Consequently, when j0 ∈ Z, σ ∈ R+, p ∈ [1,∞],

q ∈ [1,∞], n/p < σ < r0, ϕ
[n] ∈ Cr0(Rn), and (ϕ̃[n], ϕ[n]) spans all polynomials of

degree at most �σ� − 1 function ϕ[n] defines an equivalent norm ‖ · ‖(i)Bσ
p,q(Rn);j0

on

Banach space B.

Theorem 7.2. Let p ∈ [1,∞], q ∈ [1,∞], σ ∈ R+, j0 ∈ Z, r0 ∈ R+, and n/p <

σ < r0. Let ϕ
[n] be a scaling function of a compactly supported interpolating tensor

product MRA of Cu(Rn) and suppose that ϕ[n] ∈ Cr0(Rn). Let B be the normed

space Bσ
p,q(Rn)∩Cu(Rn) equipped with some Besov space norm. Then ‖ · ‖(i)Bσ

p,q(Rn);j0

and ‖ · ‖(w)
Bσ

p,q(Rn);j0
are equivalent to the norm of B and they characterize B on

Cu(Rn).

Proof. Define

aj(f) := (〈ψ̃[n]
s,j,k, f〉)s∈J+(n),k∈Zn ,

where f ∈ B and j ∈ Z. By applying Banach space interpolation to cases p = 1

and p = ∞ we get

c1 · 2−
nj0
p ‖(〈ϕ̃[n]

j0,k
, f〉)k∈Zn‖

p
≤ ‖P (u)

n,j0
f‖

≤ c2 · 2−
nj0
p ‖(〈ϕ̃[n]

j0,k
, f〉)k∈Zn‖

p
(7.12)

and

c3 · 2−
nj
p ‖aj(f)‖p ≤ ‖Q(u)

n,jf‖p ≤ c4 · 2−
nj
p ‖aj(f)‖p

for all j ∈ N+ j0 and f ∈ B. Consequently

c3‖(2j(σ−
n
p )‖aj(f)‖p)∞j=j0‖q ≤ ‖(2jσ‖Q(u)

n,jf‖p)
∞
j=j0‖q

≤ c4‖(2j(σ−
n
p )‖aj(f)‖p)∞j=j0‖q (7.13)

for all f ∈ B.

Let c5 := min{c1 · 2−nj0/p, c3} and c6 := max{c2 · 2−nj0/p, c4}. It follows from

Eqs. (7.12) and (7.13) that

c5‖f‖(w)
Bσ

p,q(Rn);j0
≤ ‖f‖(i)Bσ

p,q(Rn);j0
≤ c6‖f‖(w)

Bσ
p,q(Rn);j0

for all f ∈ B.

It is possible to construct Deslauriers–Dubuc wavelet families with arbitrary

high regularity r ∈ R+ (i.e. ϕ[n] ∈ Cr(Rn)) and polynomial span d ∈ N.17 As a

direct consequence of Theorems 7.1 and 7.2 norms ‖ · ‖(w)
Bσ

p,q(Rn);j0
and ‖ · ‖(i)Bσ

p,q(Rn);j0

are equivalent to the restriction of some norm of Besov space Bσ
p,q(Rn) onto the

vector space Bσ
p,q(Rn) ∩ Cu(Rn) and these norms characterize Bσ

p,q(Rn) ∩ Cu(Rn)

on Cu(Rn).
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7.2. Consequences of the Besov space norm equivalence

In particular, the Besov space norm equivalence holds for Hölder spaces Cσ(Rn)

for σ ∈ R+\Z. When n ∈ Z+, σ ∈ R+, and q ∈ [1,∞] we have Bσ
∞,q(Rn) ⊂ Cu(Rn)

(see Proposition 2.3.2/2(i) and Eq. (2.3.5/1) in Ref. 44).

Definition 7.10. When n ∈ Z+ and j0 ∈ Z define

Ω(n, j0) := {(0n, j0,k) : k ∈ Zn} ∪
∞⋃

j=j0

⋃

s∈J+(n)

{(s, j,k) : k ∈ Zn} .

As the Banach space Bσ
∞,∞(Rn) =tvs Zσ(Rn) is isomorphic to l∞ (see Sec. 2.5.5,

p. 87 in Ref. 44) the set {ψα : α ∈ Ω(n, j0)} cannot be a Schauder basis ofBσ
∞,∞(Rn)

with any summing order.

Remark 7.1. Suppose that n ∈ Z+, j0 ∈ Z, σ ∈ R+, and ϕ[n] ∈ Cr(Rn) where

r ∈ R+, r > σ. There exists r1 ∈ Z+ so that suppϕ[n] ∈ BRn(0; r1). Consider

f :=

∞∑

k=0

2−(j0+k)σψ
[n]

e
[n]
1 ,j0+k,η(k)

,

where

c := 2r1 + �2j0�(2�σ�+ 1),

η(k) := c · 2kke[n]1

for all k ∈ Z, k ≥ j0, and the series converges in C0(Rn). Let m := �r� and

gk := 2−(j0+k)σψ
[n]

e
[n]
1 ,j0+k,η(k)

for all k ∈ N. As ψ[n]

e
[n]
1

∈ Bσ
∞,∞(Rn) it follows that there exists c1 ∈ R+ so that

ωm
∞ (gk; t) ≤ c1t

σ (7.14)

for all k ∈ N and t∈ ]0, 1[. Define Sj,�(y) := BRn(2−j�; 2−jr1 + y), where j ∈ Z,
� ∈ Zn, and y ∈ R0. Suppose that t1 ∈ ]0, 1[. We have

suppset ∆
m
h gk ⊂ Sj0+k,η(k)(m) (7.15)

for all h ∈ BRn(0; t1) and k ∈ N. Furthermore,

Sj0+k,η(k)(m) ∩ Sj0+l,η(l)(m) = ∅ (7.16)

for all k, l ∈ N and k �= l. Using Eqs. (7.15) and (7.16) we obtain

ωm
∞(f ; t1) ≤ sup{ωm

∞(gk; t1) : k ∈ N}. (7.17)

We have f ∈ L∞(Rn) and by Eqs. (7.14) and (7.17) ωm
∞(f ; t1) ≤ c2t

σ
1 . Thus f ∈

Bσ
∞,∞(Rn).
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Suppose that

f =
∞∑

k=0

d[ι(k)]ψι(k)

for some sequence d ∈ CΩ(n,j0) where the series converges in Bσ
∞,∞(Rn). Define

ξb :=

b∑

k=0

d[ι(k)]ψι(k)

where b ∈ N. Let b1 ∈ N. Define

j1 := max{j(ι(k)) ∈ Z : k ∈ Z0(b1)}+ 1.

There exists k1 ∈ N so that ι(k1) = α(j1 − j0). Now j1 �= j(ι(k)) for all k ∈ Z0(b1)

and consequently ι(k1) �= ι(k) for all k ∈ Z0(b1). It follows that k1 > b1. Let

k2 := j1 − j0. Now

ι(k1) = (e
[n]
1 , j1, c · 2k2k2e

[n]
1 ).

We have

|〈ψ̃ι(k1), f − ξb1〉| ≤ ‖(〈ψ̃[n]
s,j1,k

, f − ξb1〉)s∈J+(n),k∈Zn‖∞
and |〈ψ̃[n]

ι(k1)
, f − ξb1〉| = 2−(j0+k2)σ. Hence

1 ≤ 2(j0+k2)σ‖(〈ψ̃[n]
s,j1,k

, f − ξb1〉)s∈J+(n),k∈Zn‖∞

≤ ‖(2jσ‖(〈ψ̃[n]
s,j,k, f − ξb1 〉)s∈J+(n),k∈Zn‖∞)∞j=j0‖∞

≤ ‖f − ξb1‖(w)
Bσ

∞,∞(Rn);j0
.

Thus ξb �→ f in Banach space Bσ
∞,∞(Rn) as b→ ∞.

Theorem 7.3. Let n ∈ Z+, σ ∈ R+, q ∈ [1,∞[, and j0 ∈ Z. Let ϕ[n] be a mother

scaling function of a compactly supported tensor product MRA of C0(Rn). Suppose

that ϕ[n] ∈ Cr(Rn) for some r ∈ R+, r > σ. Then {ψα : α ∈ Ω(n, j0)} is an

unconditional basis of Banach space Bσ
∞,q(Rn) ∩ C0(Rn) equipped with a norm of

Bσ
∞,q(Rn) and the coefficient functional corresponding to basis vector ψα is ψ̃α for

each α ∈ Ω(n, j0).

Proof. Let

Sj(m) := {(0n, j,k) : k ∈ Zn, ‖k‖2 ≤ m}, j ∈ Z, m ∈ N,

Ds,j(m) := {(s, j,k) : k ∈ Zn, ‖k‖2 ≤ m}, s ∈ {0, 1}n, j ∈ Z, m ∈ N,

Dj(m) :=
⋃

s∈J+(n)

Ds,j(m), j ∈ Z, m ∈ N.
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Let

m1 := min{m ∈ N : ∀k ∈ Zn : (‖k‖∞ > m⇒ ∀ s ∈ {0, 1}n : g̃
[n]
s,k = 0)},

m2 := �m1

√
n�,

A(k) := Sj0(2
j0k) ∪

j0+k−1⋃

l=j0

Dl(m2 + 2j0+kk), k ∈ Z+.

Define s(a) = s′, j(a) = j′, and k(a) = k′ for all a = (s′, j′,k′), s′ ∈ {0, 1}n, j′ ∈ Z,
and k′ ∈ Zn. Let f ∈ Bσ

∞,q(Rn) ∩ C0(Rn). Let η : N � Ω(n, j0) be a bijection. Let

βα := 〈ψ̃α, f〉 for all α ∈ Ω(n, j0). Define

β(m)
α :=

{
〈ψ̃α, f〉; α �∈ η[Z0(m)],

0; otherwise

for all m ∈ N and α ∈ Ω(n, j0). Define

ξm :=
∑

α∈Ω(n,j0)

β(m)
α ψα

for all m ∈ N. There exists c1 ∈ R+ so that

|〈ψ̃α, f〉| ≤ c1‖f‖∞ (7.18)

for all f ∈ C0(Rn) and α ∈ Ω(n, j0).

Let h ∈ R+. Choose j1 ∈ Z, j1 > max{j0, 0} so that

‖(2jσ‖(〈ψ̃[n]
s,j,k, f〉)s∈J+(n),k∈Zn‖∞)∞j=j1‖q <

h

4
. (7.19)

Choose r1 ∈ R+ so that

sup{|f(x)| : x ∈ Rn, ‖x‖ ≥ r1} <
h

2n+2+j1σ(j1 − j0)c1
(7.20)

and let m3 := max{j1 − j0, �r1�}.
Choose m4 ∈ Z+ so that A(m3) ⊂ η[Z0(m4)]. Let l ∈ N, l > m4. If s(η(l)) = 0n

we have

‖(β(m4)
0n,j0,k

)k∈Zn‖∞ <
h

4
. (7.21)

If s(η(l)) �= 0n we have

‖(2jσ‖(β(m4)
s,j,k )s∈J+(n),k∈Zn‖∞)j1−1

j=j0
|lq(j0 + N)‖ < 1

4
h. (7.22)

Thus by Eqs. (7.21) and (7.22), we get

‖(2jσ‖(β(m4)
s,j,k )s∈J+(n),k∈Zn‖∞)∞j=j0 |lq(j0 + N)‖ < h

2
. (7.23)

By Eqs. (7.21) and (7.23) we have ‖ξm4‖(w)
Bσ

∞,q(Rn);j0
< h. It follows that

sm :=

m∑

l=0

βη(l)ψη(l) → g
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as m → ∞ where the series converges in Banach space Bσ
∞,q(Rn). We also have

sm → g as m → ∞ in Banach space C0(Rn). If we had g �= f we would have

〈ψ̃γ , f − g〉 = 〈ψ̃γ , f〉 − 〈ψ̃γ , g〉 �= 0 for some γ ∈ Ω(n, j0). Now 〈ψ̃γ , g〉 = βγ =

〈ψ̃γ , f〉, which is a contradiction. Hence f = g.

Theorem 7.4. Let n ∈ Z+ and j0 ∈ Z. Let σ ∈ R+, p ∈ [1,∞], and q ∈ [1,∞]. Let

ϕ[n] be a mother scaling function of a compactly supported tensor product MRA of

Cu(Rn). Suppose that ϕ[n] ∈ Cr(Rn) for some r ∈ R+, r > σ. Let f ∈ Bσ
p,q(Rn).

Then

f(x) =
∑

α∈Ω(n,j0)

〈ψ̃α, f〉ψα(x)

for all x ∈ Rn and the series above converges absolutely for each x ∈ Rn.

Proof. Let

a := ‖(2(σ−n
p )j‖(〈ψ̃[n]

s,j,k, f〉)s∈J+(n),k∈Zn‖
p
)∞j=j0‖q.

Now

|〈ψ̃[n]
s,j,k, f〉| ≤ 2−(σ−

n
p )ja (7.24)

for all s ∈ J+(n), j ∈ N+ j0, and k ∈ Zn. Let

A0(x) := {(0n, j0,k) : x ∈ suppϕ
[n]
j0,k

,k ∈ Zn}
for each x ∈ Rn and

Ak(x) := {(s, j0 + k − 1,k) : x ∈ suppψ
[n]
s,j0+k−1,k, s ∈ J+(n),k ∈ Zn}

for each x ∈ Rn and k ∈ Z+. Let η : N � Ω(n, j0) be a bijection and define

β(m)
α :=

{
〈ψ̃α, f〉; α /∈ η[Z0(m)],

0; α ∈ η[Z0(m)]
(7.25)

for each m ∈ N and α ∈ Ω(n, j0). Let

gm(x) :=

m∑

k=0

〈ψ̃η(k), f〉ψη(k)(x)

for all x ∈ Rn and m ∈ N. It follows from Theorem 4.3 that

f(x) =

∞∑

k=0

∑

α∈Ak(x)

〈ψ̃α, f〉ψα(x)

for all x ∈ Rn. Define c1 := max{‖ψ[n]
s ‖∞ : s ∈ {0, 1}n}. Let y ∈ Rn and h ∈ R+.

Define m1 := max{#Ak(x) : x ∈ Rn}. Let

j1 := max

{
j0 + 1,

⌈(
σ − n

p

)−1

log2
c1m1a

(1− 2−(σ−n
p )h)

⌉}
.

Choose m2 ∈ N so that Ak(y) ⊂ η[Z0(m2)] for all k ∈ Z0(j1 − j0). Suppose that

m ∈ N, m > m2, and α0 ∈ Aj0+k for some k0 ∈ Z0(j1 − j0). By Eqs. (7.24) and
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(7.25) we have

|f(y)− gm(y)| ≤ c1

∞∑

k=0

∑

α∈Ak(y)

|β(m)
α | = c1

∞∑

k=j1−j0+1

∑

α∈Ak(y)

|β(m)
α |

≤ c1m1a · 2−j1(σ− n
p ) 1

1− 2−(σ−
n
p )

< h.

Thus gm(x) → f(x) as m→ ∞ for all x ∈ Rn.
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19. H. Glöckner, Tensor products in the category of topological vector spaces are not
associative, preprint (2004), arXiv:math.FA/0307041v2.

20. S. Goedecker, Wavelets and Their Application for the Solution of Partial Differential
Equations in Physics (Presses Polytechniques et Universitaires Romandes, Lausanne,
1998).

21. A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Amer.
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Abstract: Electronic structure calculations are mostly carried out with Coulomb potential singularity
adapted basis sets such as STO or contracted GTO. With another basis or for heavy elements, the
pseudopotentials may appear as a practical alternative. Here, we introduce the exact pseudopotential
(EPP) to remove the Coulomb singularity and test it for orbitals of small atoms with the interpolating
wavelet basis set. We apply EPP to the Galerkin method with a basis set consisting of Deslauriers–
Dubuc scaling functions on the half-infinite real interval. We demonstrate the EPP–Galerkin method
by computing the hydrogen atom 1s, 2s, and 2p orbitals and helium atom configurations He 1s2,
He 1s2s 1S, and He 1s2s 3S. We compare the method to the ordinary interpolating wavelet Galerkin
method (OIW–Galerkin), handling the singularity at the nucleus by excluding the scaling function
located at the origin from the basis. We also compare the performance of our approach to that
of finite-difference approach, which is another practical method for spherical atoms. We find the
accuracy of the EPP–Galerkin method to be better than both of the above-mentioned methods.

Keywords: interpolating wavelet; electronic structure; Schrödinger equation; Hartree–Fock

MSC: 81V45

1. Introduction

The Coulomb singularity in the hamiltonian may appear as a challenge in electronic
structure calculations. Singularity-adapted Slater type-atomic orbitals (STO) basis is the
usual solution to this, and Gaussian-type contracted basis functions (GTO) have turned
out to be useful with sufficient accuracy. The latter one is more popular due to other
practical advantages.

Pseudopotentials removing the singularity are another possible solution to this prob-
lem. In this case, the core electrons do not play an essential role in the problem at hand or
valence electrons are expanded in plane waves, like with heavy elements or periodic crys-
talline systems. In those cases, the pseudopotentials typically replace the nuclei and a number
of core electrons with their charge distribution, and possibly, some other core properties.

One-dimensional interpolating wavelets have been used for atomic computations, for
example, in Ref. [1]. Fischer and Defranceschi [2] have also solved hydrogen-like atoms with
wavelets. In Ref. [1], we used ordinary Deslauriers–Dubuc interpolating wavelets [3–5]
defined on the whole real axis, so including the negative real axis in the computations. We
handled the singularity at the origin by excluding the scaling function at the origin from
the basis. We used the nonstandard operator form for the various operators needed in the
computations. We computed the Schrödinger equation of hydrogenlike atoms (ions) and
Hartree–Fock equations of some light many-electron atoms (helium, lithium, beryllium,
neon, sodium, magnesium, and argon). In this article, we repeat similar computations for
hydrogen and helium atoms, but using a different method to handle the singularity of
the potential and only one resolution level. We handle the singularity by computing the
Schrödinger and Hartree–Fock equations for a range of variables r ∈ [a, ∞], which does

Atoms 2023, 11, 9. https://doi.org/10.3390/atoms11010009 https://www.mdpi.com/journal/atoms
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not contain the origin. Here, r is the position coordinate. The range r ∈ [0, a] is neglected
for hydrogen, and for helium, its contribution to the Slater integrals is computed using the
hydrogenic orbitals.

Arias [6] developed formalism for electronic structure calculations with interpolating
wavelets so that matrix elements of the operators are computed as usual, and overlap matri-
ces are used in the matrix form of the Schrödinger equation. On the other hand, we use the
interpolating dual scaling functions and wavelets for the computation of matrix elements.

One-dimensional interpolating multiresolution analysis in space Cu(R) consisting of
uniformly continuous bounded functions in R was conducted in Ref. [4]. One-dimensional
interpolating multiresolution analysis in space C0(R) consisting of continuous functions
in R and vanishing at infinity was constructed in [5]. Both of these constructions are
based on Deslauriers–Dubuc functions [3]. Donoho [5] constructs wavelets on a finite real
interval, too. We compute the eigenenergies of hydrogen atom 1s, 2s, and 2p orbitals and
helium atom configurations He 1s2, He 1s2s 1S, and He 1s2s 3S with the EPP method Exact
Pseudopotential Method (EPP) using both the Galerkin method with interpolating wavelets
and the finite difference method.

We denote the pointwise product of functions f and g by f ? g. We use atomic units
throughout this article (e = me = h̄ = 4πε0 = 1) and denote the atomic unit of energy by
Ha (Hartree).

2. Interpolating Wavelets on Half-Infinite Interval
2.1. Interpolating Wavelets

Interpolating wavelets are a biorthogonal wavelet family. Since the dual scaling
functions and dual wavelets of these functions are finite sums of Dirac delta functions, the
matrix elements involving interpolating wavelets usually require evaluating some functions
in a finite set of points. An interpolating wavelet family is defined by a mother scaling
function ϕ, mother wavelet ψ, and four finite filters hj, gj, h̃j, and g̃j where j = −m, . . . ,m.
The functions ϕ, ψ, ϕ̃, and ψ̃ satisfy equations

ϕ(x) =
m

∑
j=−m

hjϕ(2x− j), (1)

ψ(x) =
m

∑
j=−m

gjϕ(2x− j), (2)

ϕ̃(x) =
m

∑
j=−m

h̃j ϕ̃(2x− j), (3)

and

ψ̃(x) =
m

∑
j=−m

g̃j ϕ̃(2x− j). (4)

The two-index basis functions and dual basis functions are

ϕj,k(x) = ϕ(2jx− k), (5)

ψj,k(x) = ψ(2jx− k), (6)

ϕ̃j,k(x) = 2j ϕ̃(2jx− k), (7)

and
ψ̃j,k(x) = 2jψ̃(2jx− k). (8)
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A wavelet basis consists of scaling functions ϕj0,k, k ∈ Z, and wavelets ψj,k, j ≥ j0,
k ∈ Z, where j0 ∈ Z is the minimum resolution level. The expansion of an arbitrary (regular
enough) function f : R→ R in the wavelet basis is

f (x) = ∑
k∈Z

skϕj0,k(x) + ∑
j≥j0

∑
k∈Z

dj,kψj,k(x). (9)

2.2. The Basis Set

This derivation is based on Section 3 in [5]. We construct a basis set on half-infinite
interval R0 = {r ≥ 0|r ∈ R}. We define ϕ to be a Deslauriers–Dubuc scaling function of
some order D and ϕj,k(x) := ϕ(2jx− k) for j, k ∈ Z.

Suppose that we are given samples β j,k = f (2−jk) for k ∈ N and f is some func-
tion from [0, ∞] into R. We define π#

j to be the polynomial of degree D for which

π#
j (2
−jk) = f (2−jk) for all k = 0, . . . , D. We define

β̃ j,k := π#
j (2
−jk) (10)

for k < 0 and
β̃ j,k := β j,k (11)

for k ≥ 0. Now, f can be extrapolated onto the whole real line by

f̃ =
∞

∑
k=−∞

β̃ j,kϕj,k. (12)

As each coefficient β̃ j,k is a linear functional of coefficients β j,k′ , we may define extrap-
olation weights e#

k,k′ so that

β̃ j,k =
D

∑
k′=0

e#
k,k′β j,k′ (13)

for k < 0. When f := ϕj,l , we have
β̃ j,k = e#

k,l (14)

where l ∈ {0, . . . , D}. Consequently, the quantities e#
k,l can be computed by polynomial

interpolation of functions ϕj,l . As

supp ϕj,k ⊂ 2−j[k− D, k+ D] (15)

we need only values k ∈ {−D, . . . ,−1}. We define

ϕ#
j,k := ϕj,k + ∑

l<0
e#
l,kϕj,l (16)

for k = 0, . . . , D. Note that 〈
ϕ̃j,k, ϕ#

j,l

〉
= δk,l (17)

for k ≥ 0 and 0 ≤ l ≤ D.
We define a wavelet expansion of function f by

f̃ :=
D

∑
k=0

β j,kϕ#
j,k +

∞

∑
k=D+1

β j,kϕj,k. (18)

When we use a finite basis of size W, we have

f̃ :=
D

∑
k=0

β j,kϕ#
j,k +

W−1

∑
k=D+1

β j,kϕj,k. (19)
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We must have W > 2D so that functions ϕ#
j,k(x), 0 ≤ k ≤ D, vanish for x ≥ 2−jW.

This kind of truncation of the basis requires that the function f approximately vanishes for
x > 2−jW.

Let A be a linear operator from C0(R) to C0(R). The matrix elements Ak,l , l = 0, . . . , D
are given by 〈

ϕ̃j,k, Aϕ#
j,l

〉
=
〈

ϕ̃j,k, Aϕj,l

〉
+ ∑

α<0
e#

α,l

〈
ϕ̃j,k, Aϕj,α

〉
. (20)

Let v( f ) denote the coefficient vector (β j,k)
W−1
k=0 defined by Equation (19) and define

M( f ) :=
(
f (2−jk)δk,k′

)W−1,W−1

k,k′=0
(21)

for some function f : R→ R.

3. Schrödinger Equations of Hydrogen-like Atoms and Helium Atoms in the
EPP-Wavelet Basis
3.1. General

Suppose that we have a system consisting of a positively charged nucleus at the
origin and N electrons. In the EPP method, we choose a small radius r0 so that inside the
sphere with radius r0, the wavefunctions of the system are approximated by hydrogenic
wavefunctions, and the actual computations are performed only for values r ≥ r0. Actually,
we define a basis set for the half-infinite interval [0, ∞] and make a change of the variables
s = r− r0. For Hartree–Fock calculations, the Slater integrals are computed by

ȳ0
ab(s) =

Qab
s+ r0

+
1

s+ r0

∫ s

0
P̄a(s′)P̄b(s′)ds′

+
∫ ∞

s

1
s′ + r0

P̄a(s′)P̄b(s′)ds′ (22)

where s ≥ 0 and Qab is a system-dependent quantity that approximates the contribution of
the EPP core region to the Slater integral.

3.2. Hydrogen-like Atoms

The Schrödinger equation of the hydrogen atom and Hartree–Fock equations of
atoms [7] and their representation in the interpolating wavelet basis [1] denote our starting
point. With a change in variables s := r− r0, the Schrödinger equation of a hydrogen-like
atom in interval r ≥ r0 takes the form

(
−1

2
d2

ds2 −
Z

s+ r0
+

l(l + 1)
2(s+ r0)2

)
P̄(s) = EP̄(s), s ≥ 0 (23)

where Z is the charge of the nucleus, l is the angular momentum quantum number, and
P̄(s) = P(r0 + s) for s ≥ 0.

We define the second derivative filter by

ak :=
〈

ϕ̃, D2 ϕ(· − k)
〉

. (24)

Matrix elements of the Laplacian operator L are computed by

Lk,l :=
〈

ϕ̃j,k, Lϕ#
j,l

〉
= 22j

(
al−k +

−1

∑
α=−D

e#
α,laα−k

)
(25)

for 0 ≤ l ≤ D and
Lk,l :=

〈
ϕ̃j,k, Lϕj,l

〉
= 22jal−k (26)
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for D < l < W. Note that matrix L is generally not hermitian. The potential energy
operator is computed as a diagonal matrix

V̂k,k = V(2−jk) (27)

where
V(y) = − Z

y+ a
(28)

for y ≥ 0. The centrifugal potential is computed in the same way.

3.3. Hartree–Fock Equations for Helium Atom

Define the Slater integrals as

y0
ab(r) =

∫ ∞

r′=0
Pa(r′)γ(r, r′)Pb(r′)dr′ (29)

where a and b denote the atomic orbitals and

γ(r, r′) =
1

max{r, r′} . (30)

We use symbol y instead of Y to avoid confusion with spherical harmonics. By carrying
out a similar change in variables s := r− r0, the Hartree–Fock equation of the ground state
of the helium atom in interval r ≥ r0 takes the form

(
−1

2
d2

ds2 −
2

s+ r0
+ y0

1s1s(s+ r0)

)
P̄1s(s) = ε1sP̄1s(s), s ≥ 0. (31)

The Hartree–Fock equations for the helium 1s2s 1S configuration are

(
−1

2
d2

ds2 −
2

s+ r0
+ y0

2s2s(s+ r0)

)
P̄1s(s) = ε1sP̄1s(s) (32)

(
−1

2
d2

ds2 −
2

s+ r0
+ y0

1s1s(s+ r0)

)
P̄2s(s) = ε2sP̄2s(s) (33)

and for helium 1s2s 3S configuration

(
−1

2
d2

ds2 −
2

s+ r0
+ y0

2s2s(s+ r0)

)
P̄1s(s) = ε1sP̄1s(s) +

y0
1s2s(s+ r0)P̄2s(s) (34)

(
−1

2
d2

ds2 −
2

s+ r0
+ y0

1s1s(s+ r0)

)
P̄2s(s) = ε2sP̄2s(s) +

y0
2s1s(s+ r0)P̄1s(s) (35)

3.4. EPP of Helium Atom

We define Pa(r) to be the exact Hartree–Fock wavefunction of the orbital a of the atom.
We define the operators Û0 and Û∞ [1] by

(Û0 f )(s) =
∫ s

0
f (s′)ds′ (36)

and
(Û∞ f )(s) =

∫ ∞

s
f (s′)ds′. (37)
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Define P1s,H(r′) and P2s,H(r′) to be the hydrogenic orbitals of the helium atom. Then,
we have

〈ϕ̃j,kÛ0 ϕj,l〉 = 2−j(Φ(|k| − l)−Φ−l) (38)

and
〈ϕ̃j,kÛ∞ ϕj,l〉 = 2−j(1−Φ(|k| − l)) (39)

where
Φ(x) =

∫ x

−∞
ϕ(y)dy. (40)

The Slater integrals in the shifted variables are obtained from Equation (22) where we
set

Qab :=
P̄a(0)

Pa,H(r0)

P̄b(0)
Pb,H(r0)

∫ r0

0
Pa,H(r′)Pb,H(r′)dr′ (41)

for the helium ground state, and

Qab :=
∫ r0

0
Pa,H(r′)Pb,H(r′)dr′ (42)

for the excited states of helium. Define

q(s) :=
1

s+ r0
(43)

and
S0 := M(q)U0 +U∞M(q). (44)

Now,
v(ȳ0

ab) = Qabv(q) + S0(v(P̄a ? P̄b)) (45)

where U0 and U∞ are the matrices of operators Û0 and Û∞ in the basis set constructed
in Section 2. We define va = v(P̄a) and vb = v(P̄b). The matrix of the exchange integral
operator

(K̂aP̄a)(s) := ȳ0
ab(s)P̄b(s) (46)

is computed by
Ka := Wa + M(vb)S0M(vb). (47)

The term Wava approximates the first term in Equation (22) as a linear function of va.
For this, we approximate the wavefunction Pa(r) in region r ∈ [0, r0] by a linear function
that is zero at the origin and P̄a(0) at r0. We have

Qab
s+ r0

P̄b(s) ≈
1

s+ r0
P̄a(0)

(∫ 0

s′=−r0

(
1 +

s′

r0

)
Pb,H(s′ + r0)ds′

)
P̄b(s). (48)

The wavefunction P̄b(s) is taken from the previous step of the Hartree–Fock itera-
tion. By approximating the wavefunctions by hydrogenic ones, we find the hydrogenic
Slater integrals

y0
1s1s,H(r) =

1
r
− e−2Zr

(
1
r
+ Z

)
(49)

y0
2s2s,H(r) =

1
r
+ e−Zr

(
−Z3

8
r2 − 1

4
Z2r− 3Z

4
− 1

r

)
(50)

y0
1s2s,H(r) =

1
27
√

2

(
12Z2r+ 8Z

)
e−3Zr/2 (51)
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for r ≥ 0. The scalar products involving the Slater integrals are approximated as

〈
Pa|y0

ab|Pb

〉
≈

(
P̄a(0)

Pa,H(r0)

)2( P̄b(0)
Pb,H(r0)

)2

·
∫ r0

r′=0
Pa,H(r′)y0

ab,H(r
′)Pb,H(r′)dr′

+
∫ ∞

s=0
P̄a(s)ȳ0

ab(s)P̄b(s)ds (52)

for the helium ground state and

〈
Pa|y0

ab|Pb

〉
≈

∫ r0

r′=0
Pa,H(r′)y0

ab,H(r
′)Pb,H(r′)dr′

+
∫ ∞

s=0
P̄a(s)ȳ0

ab(s)P̄b(s)ds (53)

for the excited states of helium.

3.5. Total Energy of Helium Atom

The total energy of the ground state of the helium atom is

E(He 1s2) = 2ε1s −
〈
P1s|y0

1s1s|P1s

〉
. (54)

The total energy of the 1s2s 1S configuration of the helium atom is

E(He 1s2s 1S) = ε1s + ε2s

−1
2

〈
P1s|y0

2s2s|P1s

〉
− 1

2

〈
P2s|y0

1s1s|P2s

〉
(55)

and for the 1s2s 3S configuration

E(He 1s2s 3S) = ε1s + ε2s

−1
2

〈
P1s|y0

2s2s|P1s

〉
− 1

2

〈
P2s|y0

1s1s|P2s

〉

+
〈
P1s|y0

1s2s|P2s

〉
. (56)

4. Combination of EPP with Finite Difference Method

The Schrödinger and Hartree–Fock equations are converted to matrix equations using
the biorthogonality relations of interpolating wavelets [1]. We compare these computations
with the Finite Difference Method, which is a straightforward method for solving differen-
tial equations. The spatial and time domains are discretized, and the derivative at a point is
computed with a stencil applied to the nearby points. This way the differential equation is
converted to a matrix equation. The Laplacian operator is approximated by

u′′(x) ≈ u(x− h)− 2u(x) + u(x+ h)
h2 (57)

where h is the discretization step size.
We discretize the Schrödinger Equation (23) at points pj = jh, j = 0, . . . , J + 1, where J

is the number of actual computation points and h ∈ R+ is the grid spacing. We define the
discretized potential by vj = V̄(sj). The boundary condition at the end of the interval is set
by pJ+1 = 0. We have

− pj+1 + (−2− 2h2vj)pj + pj−1

2h2 = Epj (58)
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for j = 2, . . . , J. We handle case j = 1 by extrapolating p0 linearly from p1 and p2. We
obtain p0 = 2p1 − p2 from which it follows that p2 + (−2− 2h2vj)p1 + p0 = −2h2v1p1.
Hence, the difference equation for j = 1 is

v1p1 = Ep1. (59)

In order to discretize the exchange operator K̂a we need to discretize the integral
operators

( Îg( f ))(s) =
∫ s

0
g(s′) f (s′)ds′ (60)

and
( Îcompl

g ( f ))(s) =
∫ ∞

s
g(s′) f (s′)ds′. (61)

We define

(I(g))j,k :=
{

hgk; k < j
0; k ≥ j

(62)

and

(Icompl(g))j,k :=
{

hgk; k ≥ j
0; k < j

(63)

where gk = g(sk). When f is a real function, we define w( f ) := ( f (sk))
J
k=1. Now, the matrix

of the exchange integral operator is computed by

Ka := Wa + K0
a (64)

where Wa is computed as in the case of wavelets,

K0
a := diag(w( f1))I(P̄b) + Icompl( f1 ? P̄b), (65)

and
f1(s) :=

1
s+ r0

, s ≥ 0. (66)

5. Results

We demonstrate the EPP method by performing computations where the EPP radius
r0 and the basis size W are varied. We actually select a length scale u = R/W and conduct
a change of variables s = us′ in Equations (23) and (31)–(35). The length scale u specifies
how many atomic units of length a length unit in our own coordinate system is. Here, R is
the size of the computation domain. For hydrogen 1s, we have R = 15 a.u., for hydrogen
2s and 2p R = 25 a.u., for He 1s2 R = 15 a.u., and for He 1s2s 1S and 3S R = 20 a.u.. We
also set j = 0 for the basis set (see Section 2), and hence u is equal to the grid spacing hEPP.
The relative errors of the quantities are given as

ε =

∣∣∣∣
xcomputed − xexact

xexact

∣∣∣∣. (67)

The amount of discontinuity of a computed wavefunction at point r = r0 is measured
by computing the relative error of the computed wavefunction value P̄(0) compared to the
hydrogenic wavefunction value PH(r0).

The results for the ground state of the hydrogen atom are presented in Figures 1 and 2,
for the 2s state in Figures 3 and 4, and for the 2p state in Figures 5 and 6. The results of the
ground state of the helium atom are presented in Figures 7 and 8. The results for He 1s2s 1S
are given in Figure 9 and the results for He 1s2s 3S in Figure 10. As expected, the energy
results are best for large values of W and small values of r0. Using 200 basis functions for
the helium ground state and computing the atom energies for r0 = 10k, k = −10, ...,−1
shows that atom energies are equal up to seven decimal places for r0 ≤ 10−6. Similar
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computation for the hydrogen 1s orbital shows that the H 1s energy is equal to −0.5 Ha up
to seven decimal places for r0 ≤ 0.01. For hydrogen 2s and 2p, the corresponding limit is
r0 ≤ 0.01, too.

We also found that when the number of basis functions is sufficiently large for a given
system, there is an approximate threshold value so that reducing r0 below it does not
make the accuracy of the computed energy better. When the number of basis functions
is sufficiently large and r0 is sufficiently small, the hydrogenic orbitals are approximately
continuous at r0.
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Figure 1. Hydrogen 1s orbital eigenenergy relative error. The r0 is the EPP radius in atomic units and
W is the basis size.
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Figure 2. Relative error of the wavefunction value at the core radius for the hydrogen 1s orbital.
Notations as in Figure 1.
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Figure 3. Hydrogen 2s orbital eigenenergy relative error. Notations as in Figure 1.
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Figure 4. Relative error of the wavefunction value at the core radius for the hydrogen 2s orbital.
Notations as in Figure 1.



Atoms 2023, 11, 9 11 of 15

 20

 40

 60

 80

 100

 120

 140

 160

 180

 200

−10 −8 −6 −4 −2 0

W

log10(r
0
 / a.u.)

10
−6

10
−6

10
−5

10
−5

0.00010.0001

0.0010.001
0.0010.001

Figure 5. Hydrogen 2p orbital eigenenergy relative error. Notations as in Figure 1.
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Figure 6. Relative error of the wavefunction value at the core radius for the hydrogen 2p orbital.
Notations as in Figure 1.



Atoms 2023, 11, 9 12 of 15

 40

 60

 80

 100

 120

 140

 160

 180

 200

−10 −8 −6 −4 −2 0

W

log10(r
0
 / a.u.)

−2.8−2.8

−2.85−2.85

−2.86−2.86

−2.8616−2.8616

−
2
.8

6
1
6

−
2
.8

6
1
6

−
2
.8

6
5

−
2
.8

6
5

Figure 7. The ground state energy of helium atom. The HF limit is given in Table 1. Notations as in
Figure 1.
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Figure 9. Helium 1s2s 1S total energy. The HF limit is given in Table 1. Notations as in Figure 1.
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Figure 10. Helium 1s2s 3S total energy. The HF limit is given in Table 1. Notations as in Figure 1.

The most accurate computations are in the upper left corners of the figures. The
orbitals of He 1s2s, except He 1s2s 3S 1s, are not continuous at all at r0, and no continuity
plots are presented for them. The computation results and exact results are given in
Table 1. For the EPP–Galerkin method the best energies (largest basis and smallest r0) of
the computed systems are presented. The OIW–Galerkin results with same number of
basis functions and grid spacing the same order of magnitude as for the most accurate EPP
results are given, too. The accuracies of both of the methods depend on the grid spacing.
The EPP–Galerkin method gives better results with the same number of basis functions and
larger grid spacing. The results of the Finite Difference Method are also given. Note that for
He 1s2s systems, the OIW–Galerkin method with a basis set of 601 functions and finest grid
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point distance 2−9 a.u. gives EHe 1s2s 1S = −2.153 Ha and EHe 1s2s 3S = −2.174 Ha, which
are approximately the same as the results of the EPP–Galerkin method.

Table 1. Hartree–Fock total energies of H and He occupation configurations. Eref are chosen reference
values. EEPP is the energy given by the EPP–Galerkin-method, hEPP is the grid spacing in the EPP–
Galerkin method, EOIW is the energy given by the OIW–Galerkin method, EFDM is the energy given
by the Finite Difference Method, and NFDM is the number of grid points in the Finite Difference
Method. For EPP, the most accurate results are given. For OIW computations, the number of basis
functions is 201 and the finest grid spacing is 0.00625 a.u..

System Eref/Ha EEPP/Ha hEPP/a.u. EOIW/Ha EFDM/Ha NFDM

H 1s −0.5 ∗† −0.500000 0.075 −0.50 −0.49803 1001
H 2s −0.125 ∗† −0.125000 0.125 −0.125 −0.124741 2001
H 2p −0.125 ∗† −0.125000 0.125 −0.124998 −0.124995 2001
He 1s2 −2.8616800 † [8] −2.8617 0.075 −2.834868 −2.839 1001

−2.903724 ∗ [9]
He 1s2s 1S −2.147 ◦ [10] −2.1532 0.1 −2.133579 −2.132 1001

−2.145974 ∗ [9]
He 1s2s 3S −2.171 ◦ [10] −2.1742 0.1 −2.154536 −2.155 1001

−2.175229 ∗ [9]

* : exact energy; †: HF limit; ◦: HF result.

Some of the computations using the diagonalization of the Hamiltonian operator yield
an unphysical state for the minimum eigenvalue. For 1s and 2s orbitals, this eigenvalue
seems to be about −Z/r0 (in atomic units) and the corresponding eigenvector v(P̄) =
(−δk,0)k≥0. For the hydrogen 2p orbital, the unphysical eigenvector does not appear. The
unphysical state remains the same during the HF iteration of He 1s2, He 1s2s 1S, and
He 1s2s 3S. The physical admissibility of the wavefunctions Pnl(r) was characterized by
the condition

lim
r→0

Pnl(r) = 0. (68)

We checked this condition by extrapolating solutions Pnl(r) polynomially at r = 0.
Actually, we extrapolate polynomially P̄(s) at s = −r0 using some points s near 0. Note
that Fischer and Defranceschi [2] also find unphysical states in wavelet computations of
hydrogen-like atoms. Their iteration scheme yields an unphysical result that is actually the
mathematical ground state corresponding to the pseudopotential.

6. Discussion

The EPP–Galerkin method gives seven correct decimal places for the hydrogenic 1s
orbital, six correct decimal places for the hydrogenic 2s and 2p orbitals, and four correct
decimal places for He 1s2. For He 1s2s 1S and 3S, we obtain energies close to the HF limit.
The OIW–Galerkin method with the finest grid spacing 0.0625 a.u. gives energies with
two to five correct decimal places. The grid size of OIW–Galerkin calculations is smaller
compared to the EPP–Galerkin calculations. The Finite Difference Method yields rather
inaccurate results even though the grid spacing is considerably smaller compared to the
EPP–Galerkin calculations.

To our surprise, the EPP Hartree–Fock total energy of the He excited state configuration
1s2s 1S is lower than the exact energy including correlations. This has been observed earlier
in Ref. [10], and Cohen and Kelly [11] have shown that the reason is the nonorthogonality
of this particular state and the ground state 1s2 1S. Thus, the kind of "orbital relaxation" of
the excited HF state 1s2s 1S lowers the total energy by mixing a little of the ground state
with the excited state wave function. In the present case, the EPP overlap integral of these
two states is 0.0274, and there are obvious ways to work out the pure excited states, but
this is out of the scope of this study.
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We were able to obtain results near the Hartree–Fock limit by using a large enough
basis and small enough parameter r0. It turns out that the EPP–Galerkin method yields
better methods than the OIW–Galerkin method and considerably better results than the
Finite Difference Method.
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We introduce a basis set consisting of three-dimensional Deslauriers-Dubuc wavelets and solve numerically
the Schrödinger equations of H and He atoms and molecules H2, H+

2 , and LiH with Hartree-Fock and density
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I. INTRODUCTION

Standard approaches to assess properties of atoms,
molecules and models of nanostructures in quantum chem-
istry are Hartree-Fock (HF) and density functional theory
(DFT). Both of these invoke numerical solutions of the
Schrödinger differential equation of the many-body system of
electrons. Thus, controlled approximations are inevitable and
practical numerical algorithms are necessary.

The vast majority of the algorithms are based on finding the
solutions or orbitals as series expansion of basis functions, the
basis set. A finite basis set leads to the Roothaan-Hall equa-
tions, a generalized matrix eigenvalue problem. Gaussian-type
basis functions are the most popular due to their advanta-
geous analytical features. Here, we introduce a different type
basis set, wavelet functions, point out their advantages and
drawbacks, and consider a few test cases and compare their
performance with conventional approaches.

Wavelets and related scaling functions are functions gen-
erated by translations and dilatations of the so-called mother
wavelet and mother scaling function. Interpolating wavelets
use a mother scaling function satisfying the cardinal interpo-
lating property ϕ(k) = δk,0 where k is an integer. Orthonormal
wavelets form an orthonormal basis in function space L2(R).
Both of these wavelet types can be generalized to multivariate
functions.

Studies of wavelets have been active, and new ones with
various properties have been found during the past tens
of years [1,2]. One-dimensional interpolating wavelets in
function space Cu(R) consisting of bounded and uniformly
continuous functions on R are defined in Ref. [2]. One-
dimensional interpolating wavelets in function space C0(R)
consisting of functions on R vanishing at infinity are de-
fined in Ref. [3]. Deslauriers-Dubuc wavelets have also been
discussed in Refs. [4,5]. Compactly supported interpolating

*Corresponding author: tommi.hoynalanmaa@tuni.fi
†tapio.rantala@tuni.fi

wavelets have been generalized to multiple dimensions in
Refs. [6,7]. Fukuda, Kinoshita, and Suzuki [8] have studied
unconditional convergence of wavelet expansions. They have
shown that uniformly convergent wavelet expansions even for
continuous functions do not always converge unconditionally
in L∞(R). Pathak [9] has investigated translation and convo-
lution associated with discrete wavelet transform.

Arias [10] and Engeness and Arias [11] have developed
formalism for electronic structure calculations with interpo-
lating wavelets so that matrix elements of the operators are
computed as usual and overlap matrices are used in the matrix
form of the Schrödinger equation. Lippert et al. [12] introduce
a Lagrangian based formalism for the multiresolution analysis
(MRA) of electronic structure. Arias [10] uses a carbon atom
and a N2 molecule as examples. Engeness and Arias [11] use
both calcium and aluminum atoms and molecules O2 and H2O
as examples.

Fischer and Defranceschi use Daubechies wavelets [1]
for computation of hydrogenlike atoms [13]. They have de-
veloped an iterative method based on nonstandard operator
form of the Schrödinger operator. Their work shows that
this method is well suited for computations of hydrogenlike
atoms. Fischer and Defranceschi have presented Hartree-
Fock equations in an orthonormal wavelet basis [14]. They
have also analyzed the Hartree-Fock method with a contin-
uous wavelet transform [15] and demonstrated it using the
hydrogenic Schrödinger equation with an iterative solution
scheme.

Wei and Chou [16] have used orthonormal wavelets in
self-consistent electronic structure calculations within the
local-density approximation and demonstrated their method
with H2 and O2 molecules. Tymczak and Wang [17] have
used orthonormal Daubechies wavelets for quantum molec-
ular dynamic simulations and developed a wavelet selection
scheme for computations. They used a hydrogen atom and
a H2 molecule as examples. Their method shows system-
atic convergence with increasing grid size. Yamaguchi and
Mukoyama [18] have carried out electronic structure calcu-
lations with the Hartree-Fock method and Meyer wavelets.
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Our earlier contribution [19] is use of one-dimensional
interpolating wavelets to solve the Hartree-Fock equations in
the central field approximation for orbitals of several test case
atoms. We were able to derive analytic formulas for all the
relevant matrix elements of Hamiltonian and Fock operators.
We also developed the exact pseudopotential method [20]
for one-dimensional calculations of atoms and applied it to
the hydrogen and helium ground states and for some excited
states.

Iyengar and Frisch [21] have studied relationship between
Gaussian basis sets and wavelets. They use a time-dependent
basis function set: Gaussian functions centered at nuclei of the
system. When the nuclei move the basis functions move, too.
Gaussian functions are an example of multiwavelets [21–23]
for which the Jth level scaling space is decomposed into N-
scaling spaces via

· · ·V(N )
J−1 ⊂ V(1)

J ⊂ V(2)
J ⊂ · · · ⊂ V(N )

J ⊂ V(1)
J+1 · · · . (1)

Comparative studies of wavelets and Gaussian functions are
presented, e.g., in Refs. [24,25]. Harrison et al. [26] use
multiwavelets for quantum chemistry computations. Yanai
et al. [27] present a numerical algorithm to evaluate Hartree-
Fock exchange in the self-consistent field method. Yanai
et al. [28,29] develop a method to do time-dependent
Hartree-Fock and density functional theory computation
with multiwavelets. Jensen et al. [30] perform multiwavelet
computations of total energies with generalized gradient
approximation-Perdew-Burke-Ernzerhof (PBE) and hybrid-
PBE0 density functionals for 211 molecules. Jensen et al. [31]
compute some magnetic properties with multiwavelets.

Han et al. [32] have developed an all-electron density-
functional program using the Mexican hat wavelets. They
analyze H2, CO, and H2O molecules and 1s core-ionized C*O
and CO* molecules. Their method shows very good perfor-
mance over the plane-wave-based methods. Genovese et al.
[33] and Mohr et al. [34] have composed a software package
BIGDFT that implements the DFT method for quantum phys-
ical systems using three-dimensional Daubechies wavelets as
a basis function set.

In three-dimensional space, the number of basis functions
may grow relatively large to give sufficient accuracy. There-
fore, we do not construct the Hamiltonian matrix explicitly.
Instead, we use iterative algorithms in solving the Roothaan-
Hall equation, though correspondingly, the computation gets
slower in self-consistent iteration of Hartree-Fock or DFT
orbitals for many electron systems.

In this paper, we demonstrate evaluation of electronic
structure with three-dimensional interpolating tensor product
wavelets and use of dual multiresolution analysis in computa-
tion of the matrix elements of the various operators. We make
calculations for the hydrogen and helium atoms, the hydrogen
molecule ion, the hydrogen molecule, and the lithium hydride
molecule. Self-consistent iteration, Hartree-Fock, and DFT
methods are used for many electron systems. Pseudopotentials
are used for two different purposes to handle the Coulomb
singularity at nuclei and also as the frozen core. We use the
data from BIGDFT as the reference for our calculations with the
interpolating tensor product Deslauriers-Dubuc wavelet basis
function set.

An advantage of the interpolating wavelets compared to the
orthonormal wavelets is that computing a wavelet expansion
of the function does not require numerical evaluation of inte-
grals since the dual wavelets are weighted sums of δ functions.
In case the interpolating wavelets are compactly supported,
these sums are finite, too. We have to choose the wavelet
family so that its Hölder regularity is, at least, 2 in order
to enable the evaluation of the Laplacian operator. BIGDFT
uses Daubechies orthonormal wavelets for the computation of
atomic orbitals and scalar products and interpolating wavelets
for charge density, function products, and the Poisson solver.
We use a rectangular computation grid, whereas, BIGDFT uses
a spherical one.

From now on, we use atomic units throughout this article
(e = me = h̄ = 4πε0 = 1). Thus, units for energy and length,
“Hartree” and “Bohr” are used and abbreviated as (Ha) and
(B). Notations for wavelet basis functions and filters is similar
to that in Ref. [6] and computation of matrix elements is
similar to that in Ref. [7].

II. SOLVING THE SCHRÖDINGER EQUATIONS

A. General

Consider a system with n electrons and m nuclei with
atomic numbers Zi and locations Ri. Within the Born-
Oppenheimer approximation, dynamics of electrons and
nuclei are independent, and then, the wave function sepa-
rates to two factors, correspondingly. Here, we consider the
electronic part, the orbitals, only, and keep the nuclear confor-
mation {Ri} fixed.

With the fixed nuclear conformation, the Coulomb poten-
tial for dynamics of electrons is

VN(r) = −
m∑
i=1

Zi
|r − Ri| , (2)

and the internuclear repulsion energy,

ER =
m−1∑
i=1

m∑
j>i

ZiZ j
|Ri − R j | . (3)

For an atom, we have ER = 0.
Let us denote the orbitals by φ as symbols ϕ and ψ are

used for scaling functions and wavelets.
If the spacing between grid points is a (usually negative)

power of 2, we can handle this by choosing jmin in Eqs. (25)
and (26) properly. Otherwise, we have to make a change in
variables r = ar′ in the Schrödinger equation. Here, one unit
in the computation grid corresponds to a Bohrs.

B. Single-electron system

The Schrödinger equation of a single-electron system is(− 1
2∇2 +VN

)
φ = εφ, (4)

where ε is the orbital energy and the total energy including
nuclear repulsion is

Etotal = ε + ER. (5)
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The wave equation of a single-electron system is solved by
the implicitly restarted Arnoldi method [35,36]. The Arnoldi
method is able to find also other than the lowest eigenvalue.

C. Hartree-Fock method

The HF equation for an n electron system is(− 1
2∇2 +VN +VH +V i

x
)
φi = εiφi, (6)

where the Hartree potential is given by

VH(r) =
∫
R3

ρ(r′)
1

|r − r′|d
3r′, (7)

and the charge density by

ρ(r) =
n∑
i=1

|φi(r)|2. (8)

The exchange potentials V i
x , i = 1, . . . , n, are defined in

Ref. [37], Sec. 2.2 but not needed in our paper. For a
two-electron system with both electrons occupying the same
orbital as the singlet state HF equation can be written as(− 1

2∇2 +VN + 1
2VH

)
φ1 = ε1φ1. (9)

The Hartree potential is computed by solving the Poisson
equation,

∇2VH = −4πρ, (10)

numerically.
In this case where there are more than one resolution

level in an interpolating wavelet basis, the matrix L of the
Laplacian operator is not generally Hermitian, so we cannot
solve Eq. (10) directly with the conjugate gradient method.
The non-Hermiticity arises because our matrix elements are
not computed as ordinary inner products between functions.
In this case, we use one of the following two methods:

(1) conjugate gradient on the normal equations (CGNR):
solve

LT LVH = −4πLTρ, (11)

with the conjugate gradient method.
(2) Generalized minimal residual method (GMRES) [38].
When the basis set consists of a single resolution level, we

may the use ordinary conjugate gradient method to solve (10).
The total energy of a two electron system is

Etotal = 2ε1 − 1
4

∫
R3

ρ(r)VH(r)d3r + ER. (12)

In this paper, we consider restricted Hartree-Fock approach,
only.

D. Density functional theory and local density approximation

Suppose that we have a system with M electronic orbitals
whose total wave functions are 	. The Kohn-Sham equa-
tion [37,39,40] for the electronic structure is(− 1

2∇2 +VN +VH +Vxc[ρ]
)
φi = Eiφi, (13)

where the charge density is

ρ(r1) =
∑

s1=±1/2
M

∫
|	(x1, x2, . . . , xM )|2dx2 · · · dxM ,

(14)
and the Hartree potential,

VH(r) =
∫
R3

ρ(r′)
1

|r − r′|d
3r′, (15)

and Vxc[ρ] is the exchange-correlation potential. We have

Vxc[ρ] = Vx[ρ]+Vc[ρ], (16)

where Vx[ρ] is the exchange potential and Vc[ρ] is the cor-
relation potential. In this article, we set Vc[ρ] = 0. The
exchange-correlation energy is defined by

Exc[ρ] = Ex[ρ]+ Ec[ρ], (17)

where Ex[ρ] is the exchange energy and Ec[ρ] is the correla-
tion energy. In this article, we ignore the correlation energy.

Within the local density approximation (LDA), we define

Ex[ρ] =
∫

ρ(r)εx[ρ](r)d3r, (18)

where εx[ρ](r) is the exchange energy per particle of a uni-
form electron gas at a density of ρ. It follows from the
Kohn-Sham theorem [37], Sec. 3.1 that the exchange potential
is

Vx[ρ] = δEx[ρ]
δρ

. (19)

We have

Ex[ρ] = −3
4

(
3
π

)1/3 ∫
[ρ(r)]4/3d3r, (20)

and

Vx[ρ](r) = −
(
3
π

ρ(r)
)1/3

. (21)

The total energy of the system is

EKS =
n∑
i=1

Ei − 1
2

∫
ρ(r)VH(r)d3r + Exc[ρ]

−
∫

ρ(r)Vxc[ρ](r)d3r. (22)

The Kohn-Sham equations are solved by a similar self-
consistent iteration as the HF equations.

III. THREE-DIMENSIONALWAVELET BASIS SET

A. The basis set

Let jmin and jmax be the minimum and maximum resolution
levels of the point grid. Let

Zj =
{
k
2 j

∣∣∣∣k ∈ Z

}
, (23)

and

Vj = Z3j , (24)
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where j ∈ Z. Define sets Qj by

Qjmin = Vjmin , (25)

Qj = Vj \Vj−1 for j > jmin. (26)

The point grid G will be some finite subset of Vjmax . We define

Gj := G ∩ Qj (27)

for j � jmin. The functions ϕ j,k and ψ j,k are scaling functions
and wavelets belonging to an interpolating wavelet family.
Functions ϕ̃ j,k and ψ̃ j,k are dual basis functions of interpo-
lating wavelets.

Define

ψs, j,k :=
{
ϕ j,k, if s = 0,
ψ j,k, if s = 1,

(28)

ψ̃s, j,k :=
{

ϕ̃ j,k ; if s = 0,
ψ̃ j,k ; if s = 1,

(29)

and

η j,k :=

⎧⎪⎨
⎪⎩

ϕ jmin,k, if j = jmin,
ϕ j−1,k/2, if j > jmin and k even,
ψ j−1,(k−1)/2, if j > jmin and k odd,

(30)

η̃ j,k :=

⎧⎪⎨
⎪⎩

ϕ̃ jmin,k, if j = jmin,
ϕ̃ j−1,k/2, if j > jmin and k even,
ψ̃ j−1,(k−1)/2, if j > jmin and k odd.

(31)

When α ∈ Qj and j � jmin define

ζα := η j,k[1] ⊗ η j,k[2] ⊗ η j,k[3], (32)

and

ζ̃α := η̃ j,k[1] ⊗ η̃ j,k[2] ⊗ η̃ j,k[3], (33)

where k = 2 jα. We also define

ϕ j,k := ϕ j,k[1] ⊗ ϕ j,k[2] ⊗ ϕ j,k[3], (34)

where j ∈ Z and k ∈ Z3.

B. Backward and forward wavelet transforms

Let

f =
∑
α∈G

cαζα, (35)

where cα ∈ R for all α ∈ G′s. Let c = (cα )α∈G. Define
v = (vα )α∈G by setting

vα = f (α). (36)

We define forward wavelet transformU and backward wavelet
transformW by settingU (v) = c andW (c) = v. MappingsU
andW are linear. We compute the forward wavelet transform
U using an algorithm somewhat similar to Ref. [41]. Define
matrix P( j) by

P( j)α,β = δα,β, (37)

where α ∈ Gj , β ∈ G, and matrix E ( j) by

E ( j)
α,β = δα,β, (38)

where α ∈ G and β ∈ Gj . Define

W ( j, j′ )
α,β = ζβ (α), (39)

where α ∈ Gj and β ∈ Gj′ . See Eq. (27) for definition of Gj
and Eq. (32) for the definition of ζβ . We have

W =
jmax∑
j= jmin

j∑
j′= jmin

E ( j)W ( j, j′ )P( j
′ ). (40)

For forward wavelet transform, we have

U =
jmax∑
j= jmin

E ( j)U ( j), (41)

U ( j) = J ( j)
⎛
⎝P( j) − j−1∑

j′= jmin

W ( j, j′ )U ( j′ )

⎞
⎠ for j > jmin,

(42)
U ( jmin ) = P( jmin ), (43)
J ( j) = (W ( j, j) )−1. (44)

When

f =
∑
β∈Gj

cβζβ, (45)

we have

cα = 〈ζ̃α, f 〉 =
〈
ζ̃α,

∑
β∈Gj

f (β )ϕ j,2 jβ

〉
=

∑
β∈Gj

〈ζ̃α, ϕ j,2 jβ〉 f (β ).

(46)
Consequently,

J ( j)α,β = 〈
ζ̃α, ϕ j,2 jβ

〉
, (47)

and we do not have to invert matrixW ( j, j).
An operator representing pointwise multiplication of a

function f by another in the given computation grid is

M = UDW, (48)

where D is a diagonal matrix with values of the function f at
the grid points in the diagonal. The local pseudopotentials are
computed this way.

C. Matrix elements of the Laplacian operator

Laplacian operator,

∇2 = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
(49)

is approximated by linear operator L = L(x) + L(y) + L(z)
where

L(x)α,α′ =
∫
R3

ζ̃α (x)
∂2

∂x2
ζα′ (x)dτ, (50)

L(y)α,α′ =
∫
R3

ζ̃α (x)
∂2

∂y2
ζα′ (x)dτ, (51)

L(z)α,α′ =
∫
R3

ζ̃α (x)
∂2

∂z2
ζα′ (x)dτ (52)
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for α, α′ ∈ G. Let α = 2− j (kx, ky, kz ) ∈ G ∩ Qj and α′ =
2− j′ (k′

x, k′
y, k′

z ) ∈ G ∩ Qj′ . We define

ι =
{
j − 1, if j > jmin,
j, if j = jmin,

(53)

lx =

⎧⎪⎨
⎪⎩
kx
2 , if kxeven and j > jmin,
kx−1
2 , if kx odd and j > jmin,

kx, if j = jmin,
(54)

tx =
{0, if j = jmin or j > jmin and kx even,
1, if j > jmin and kx odd,

(55)

ly =

⎧⎪⎪⎨
⎪⎪⎩
ky
2 , if ky even and j > jmin,
ky−1
2 , if ky odd and j > jmin,

ky, if j = jmin,
(56)

ty =
{0, if j = jmin or j > jmin, and ky even,
1, if j > jmin, and ky odd,

(57)

lz =

⎧⎪⎨
⎪⎩
kz
2 , if kz even and j > jmin,
kz−1
2 , if kz odd and j > jmin,
kz, if j = jmin,

(58)

tz =
{0, if j = jmin or j > jmin, and kz even,
1, if j > jmin and kz odd,

(59)

and similar definitions for ι′, l ′x, t ′x, l ′y, t ′y, l ′z, and t ′z.
Elements of matrices are computed by

L(x)α,α′ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

22ιa(tx, t ′x, ι′ − ι, l ′x − 2ι′−ιlx )

×s(ty, t ′y, ι′ − ι, l ′y − 2ι′−ιly)

×s(tz, t ′z, ι′ − ι, l ′z − 2ι′−ιlz ), if ι � ι′,

22ι′a(tx, t ′x, ι′ − ι, lx − 2ι−ι′ l ′x )

×s(ty, t ′y, ι′ − ι, ly − 2ι−ι′ l ′y)

×s(tz, t ′z, ι′ − ι, lz − 2ι−ι′ l ′z ), if ι > ι′,

(60)

L(y)α,α′ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

22ιs(tx, t ′x, ι′ − ι, l ′x − 2ι′−ιlx )

×a(ty, t ′y, ι′ − ι, l ′y − 2ι′−ιly)

×s(tz, t ′z, ι′ − ι, l ′z − 2ι′−ιlz ), if ι � ι′,

22ι′s(tx, t ′x, ι′ − ι, lx − 2ι−ι′ l ′x )

×a(ty, t ′y, ι′ − ι, ly − 2ι−ι′ l ′y)

×s(tz, t ′z, ι′ − ι, lz − 2ι−ι′ l ′z ), if ι > ι′,

(61)

L(z)α,α′ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

22ιs(tx, t ′x, ι′ − ι, l ′x − 2ι′−ιlx )

×s(ty, t ′y, ι′ − ι, l ′y − 2ι′−ιly)

×a(tz, t ′z, ι′ − ι, l ′z − 2ι′−ιlz ), if ι � ι′,

22ι′s(tx, t ′x, ι′ − ι, lx − 2ι−ι′ l ′x )

×s(ty, t ′y, ι′ − ι, ly − 2ι−ι′ l ′y)

×a(tz, t ′z, ι′ − ι, lz − 2ι−ι′ l ′z ), if ι > ι′.

(62)

The filters a and s are defined by

a(t1, t2, j, k) =
∫
R3

ψ̃t1,0,0(x)
∂2

∂x2
ψt2, j,k (x)dτ, for j � 0,

(63)

a(t1, t2, j, k) =
∫
R3

ψ̃t1,− j,k (x)
∂2

∂x2
ψt2,0,0(x)dτ, for j < 0,

(64)

s(t1, t2, j, k) =
∫
R3

ψ̃t1,0,0(x)ψt2, j,k (x)dτ, for j � 0,

(65)

s(t1, t2, j, k) =
∫
R3

ψ̃t1,− j,k (x)ψt2,0,0(x)dτ, for j < 0.

(66)Filter a is computed with formulas

a(0, 0, j, k) = 22 ja0(k) for j � 0, (67)

a(0, 0,−1, k) = 4
m∑

μ=−m
hμa(0, 0, 0, μ − k) for j = −1,

(68)
a(0, 0, j, k) = 4

m∑
μ=−m

hμa(0, 0, j + 1, k − 2− j−1μ)

for j < −1, (69)

a(0, 1, j, k) = a(0, 0, j + 1, 2k + 1) for j � 0, (70)

a(0, 1,−1, k) = 4a0(1− k), (71)

a(0, 1, j, k) = 4a(0, 0, j + 1, k − 2− j−1) for j < −1,
(72)

a(1, 0, 0, k) =
m∑

ν=−m
g̃νa(0, 0,−1, ν − 2k), (73)

a(1, 0, j, k) = 4
m∑

ν=−m
g̃νa(0, 0, j − 1, k − 2 j−1ν) for j > 0,

(74)
a(1, 0, j, k) =

m∑
ν=−m

g̃νa(0, 0, j − 1, 2k + ν) for j < 0,

(75)

a(1, 1, j, k) = a(1, 0, j + 1, 2k + 1) for j � 0, (76)

a(1, 1,−1, k) = 4a(1, 0, 0, 1 − k), (77)

a(1, 1, j, k) = 4a(1, 0, j + 1, k − 2− j−1) for j < −1,
(78)

where

a0(k) :=
∫
R

ϕ̃(x)
∂2

∂x2
ϕ(x − k)dx. (79)

Filter s is computed with formulas,

s(0, 0, j, k) = δk,0 for j � 0, (80)

s(0, 0,−1, k) = hk, (81)
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s(0, 0, j, k) =
m∑

μ=−m
hμs(0, 0, j + 1, k − 2− j−1μ)

for j < −1, (82)

s(0, 1, j, k) = 0 for j � 0, (83)

s(0, 1,−1, k) = δk,1, (84)

s(0, 1, j, k) = s(0, 0, j + 1, k − 2− j−1) for j < −1, (85)

s(1, 0, 0, k) = 0, (86)

s(1, 0, j, k) =
m∑

ν=−m
g̃νδk,2 j−1ν for j > 0, (87)

s(1, 0, j, k) = 0 for j < 0, (88)

s(1, 1, 0, k) = δk,0, (89)

s(1, 1, j, k) = 0 for j �= 0. (90)

IV. CONSTANT AND INTERPOLATED
PSEUDOPOTENTIALS

The Coulomb potential arising from a single nucleus is

V (r) = −Z
r
, (91)

where Z is the charge of the nucleus.
We avoid the singularity by using a pseudopotential. We

define c to be the cutoff point of the pseudopotential, and D
to be the degree of the interpolating polynomial used in the
pseudopotential. Actually, we use c = 2− jmax where jmax is the
highest resolution level in the wavelet basis. Parameter D has
to be an odd integer, and we define n = (D+ 1)/2. We define

V1(r) := −1
r
, r � 0, (92)

s := [−nc, − (n− 1)c, . . . ,−2c,−c, c, 2c, . . . , (n− 1)c, nc],
(93)

and
t[i] := V1(s[i]), (94)

where i = 1, . . . , 2n. Let P be the interpolating polynomial
of degree at most D having value t[i] at point s[i] for i =
1, . . . , 2n. Now, we define the interpolated pseudopotential
with

Vinterp(r) :=
{V1(r), r � c,
P(r), r < c.

(95)

The actual pseudopotential of a nucleus with charge Z and
location R is then

V (r) = ZVinterp(|r − R|). (96)
Function Vinterp with different values of c is plotted in Fig. 1.
We may also use the cut pseudopotential defined by

Vcut (r) :=
{
V1(r), r � c,
− 1
c , r < c,

(97)

where c = 2− jmax−1.

FIG. 1. Pseudopotentials Vinterp with D = 7. Parameter c is the
cutoff value, see Sec. IV.

V. HARTWIGSEN-GOEDECKER-HUTTER
PSEUDOPOTENTIAL

By using pseudopotentials the number of computed or-
bitals can be reduced and since the pseudo wave functions are
smoother than all-electron wave functions the basis function
set can also be reduced. In a pseudopotential computation
only, the valence electrons are actually computed, and the
effect of the core electrons is handled by replacing the nuclear
potential with a pseudopotential. We use the Hartwigsen-
Goedecker-Hutter (HGH) pseudopotential [33,42] in these
computations.

The HGH pseudopotential consists of a local and a non-
local part. The local part is a function of the position as the
nuclear potential. The nonlocal part is a linear operator, and
it is not a function of position. The local pseudopotential is
given by

Vloc(r) = −Zion
r

erf
(

r√
2rloc

)
+ exp

[
− 1
2

(
r
rloc

)2]

×
[
C1 +C2

(
r
rloc

)2

+C3
(
r
rloc

)4

+C4
(
r
rloc

)6]

where r is the distance from the nucleus. Note that

lim
r→0

−Zion
r

erf
(

r√
2rloc

)
= −Zion

rloc

√
2
π

, (98)

and the local pseudopotential is defined at the origin (nucleus),
too.

The nonlocal pseudopotential is defined by

Vnonlocal[φ] = r ∈ R3 �→
∑
l

∫
Vl (r, r′)φ(r′)d3r′, (99)

where

Vl (r, r′) =
3∑
i=1

3∑
j=1

l∑
m=−l

Yl,m(r̂)pli (r)h
l
i, j p

l
j (r

′)Y ∗
l,m(r̂

′) (100)
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TABLE I. Computation grids. We define Z (n) := {k ∈ Z : |k| �
n}.

Number Grid points

1 1
2 (Z (20))

3

2 1
2 (Z (20))

3 ∪ 1
4 (Z (10))

3

3 1
2 (Z (20))

3 ∪ 1
4 (Z (10))

3 ∪ 1
8 (Z (4)× Z (4)× Z (10))

4 1
4 (Z (60))

3

5 1
2 (Z (30))

3 ∪ 1
4 (Z (15))

3

6 (Z (38))3 ∪ 1
2 (Z (19))

3

7 1
4 (Z (40))

3

8 (Z (10))3 ∪ 1
2 (Z (10))

3

9 1
2 (Z (20))

3 ∪ 1
4 (Z (20))

3

10 1
4 (Z (40))

3 ∪ 1
8 (Z (40))

3

11 (Z (10))3 ∪ 1
2 (Z (5))

3

12 1
2 (Z (20))

3 ∪ 1
4 (Z (10))

3 ∪ 1
8 (Z (4)× Z (4)× Z (15))

13 1
4 (Z (40))

3 ∪ 1
8 (Z (20))

3

14 1
4 (Z (60))

3 ∪ 1
8 (Z (30))

3

for each nucleus. The origin of the coordinate system in (100)
is located at the nucleus. The functions pli are defined by

pli (r) =
√
2rl+2(i−1) exp

(− r2
2r2l

)
rl+(4i−1)/2
l

√
�

(
l + 4i−1

2

) , (101)

where parameter rl is given in Bohrs. The range of values
l is determined by the actual pseudopotential. The spherical
harmonics Yl,m in Eq. (100) can be replaced by orthonormal
linear combinations of Yl,m, m = −l, . . . , l . This allows us to
avoid computation with complex valued functions.

VI. ATOMIC AND MOLECULAR ORBITALS

The hydrogen atom, hydrogen molecule ion, and lithium
HGH computations presented here have been performed with
the Arnoldi method. The helium, hydrogen molecule, and
lithium hydride computations have been performedwith self-
consistent iteration and the Arnoldi method. When there is
only one resolution level in the basis the Hamiltonian and
Laplacian matrices are Hermitian and the Arnoldi method
reduces to a variant of the Lanczos method. Furthermore,
the ordinary conjugate gradient method could be used for the
Poisson equation. Twomethods have been used for solving the
Poisson equation for the general case: CGNR and GMRES.
We ran a benchmark for these methods and GMRES was
eight times faster when the accuracies of the results were
approximately the same. This is because the GMRES code
is parallelized better than CGNR. All the computations use
eigth order Deslauriers-Dubuc wavelets (polynomial span 7).
We use interpolating polynomials of degree 7 for the pseu-
dopotentials. In some computations, the Arnoldi method did
not find the desired eigenvalues. This was solved by rising
the number of computed eigenvalues and the number of basis
vectors in the Arnoldi method. The basis function sets (com-
putation point grids) are presented in Table I. The grid spacing
for a wavelet basis is defined to be g= 2− jmaxa where jmax is
the maximum resolution level in the basis and a is the size of

TABLE II. Total energy of the hydrogen atom. Quantity g is the
distance between grid points in the highest resolution level. The
numbers in column ‘Basis” refer to Table I and “TH” means this
paper.

Source Basis g (B) Pseudopot. E (Ha)

TH 7 0.25 Const. −0.487470
TH 8 0.5 Const. −0.462247
TH 9 0.25 Const. −0.487470
TH 10 0.125 Const. −0.496380
TH 7 0.25 Interp. −0.478328
TH 8 0.5 Interp. −0.439146
TH 9 0.25 Interp. −0.478328
TH 10 0.125 Interp. −0.493471
TH 7 0.25 HGH −0.499294
TH 8 0.5 HGH −0.589957
TH 9 0.25 HGH −0.499295
TH 10 0.125 HGH −0.499899
CCCBDB [43] −0.466582
BIGDFT [33,34] HGH −0.499969
Exact None −0.5

one unit in resolution level 0 in the wavelet basis in atomic
units. See Sec. II A.

The data presented in the tables in this article were obtained
from our own software (denoted by TH), our own computa-
tions with BIGDFT [33,34], and CCCBDB [43]. BIGDFT is a
quantum-mechanical computation package using Daubechies
wavelets. CCCBDB is large database containing atomic and
molecular data. The CCCBDB energies and internuclear dis-
tances in this article use the (slater-type orbital) STO-3G basis
set. Quantity g is the distance between grid points in the
highest resolution level, and quantity d is the distance between
the nuclei in the result tables. Esystem is the total energy of
the system, and Ebinding is the binding energy. We used grid
spacing 0.45 B (finer grid spacing 0.225 B) in all our BIGDFT
computations. The BIGDFT parameters for determining the size
of the basis set were crmult=10.0 and frmult=16.0. Parameter
crmult is used to specify the size of the coarse region and
parameter frmult the size of the fine region around atoms. The

FIG. 2. Radially averaged wave functions of the hydrogen atom
for several bases. The solid line is the analytical radial wave function.
The basis numbers refer to Table I.
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FIG. 3. Radially averaged wave functions of the hydrogen atom
for some bases. The solid line is the analytical radial wave function.
The basis numbers refer to Table I.

computations were also performed with values crmult= 5.0
and frmult= 8.0, but the results did not differ significantly.
Note that the total energy does not include the energies of
the core electrons in the lithium hydride HGH computa-
tions. Computations using our own software use interpolating
wavelets and BIGDFT computations orthonormal Daubechies
wavelets.

For the molecular computations, the energy of the system
as a function of the distance between the nuclei is computed
in three points near the energy minimum, and a second degree
polynomial is fitted into these points. The distance between
the nuclei is then the minimum point of the polymial, and
the energy of the system is computed at the minimum dis-
tance. We locate the nuclei at points (0, 0,± d

2a ) where d
is the distance between the nuclei in Bohrs. When binding
energies of molecules were computed the energies of atoms
were usually computed with the basis set as the molecule.
When the basis was unsymmetric, it was modified. For ex-
ample, grid Z (4)×Z (4)×Z (10) becomes Z (4)×Z (4)×Z (4)
for the atoms. See the caption of Table I for the definition
of Z (n).

The results for hydrogen atom ground state are presented
in Table II. The radially averaged ground state wave functions

FIG. 4. Energy of H2 as a function of internuclear distance calcu-
lated with the Hartree-Fock method and HGH pseudopotential. The
solid line is our computation with interpolating wavelets and basis
set 5, g= 0.25 B, and the dashed line is computed with BIGDFT and
(fine) grid spacing g= 0.225 B.

TABLE III. Hydrogen atom orbital energies with the HGH pseu-
dopotential. We labeled the resulting 2p orbitals with a, b, and c. All
the orbitals presented are approximately orthogonal.

Orbital Computed energy (Ha) Exact energy (Ha)

1s −0.499295 −0.5
2s −0.120957 −0.125
2pa −0.123045 −0.125
2pb −0.123045 −0.125
2pc −0.123045 −0.125

of the hydrogen atom are plotted in Figs. 2 and 3. A radial
average of a function f :R3 → R is computed by

f̄ (r) := 1
4π

∫ π

θ=0

∫ 2π

φ=0
f (r, θ, φ) sin θ dφ dθ, (102)

where r ∈ [0,∞[. As the angular part of a s-type wave func-
tion is 1

2
√

π
, we estimate a radial wave function by

ḡ(r) := 1
2
√

π

∫ π

θ=0

∫ 2π

φ=0
f (r, θ, φ) sin θ dφ dθ. (103)

The calculation of hydrogen excited states uses HGH pseu-
dopotential and basis 9. Results are presented in Table III.
The names of the excited states were obtained by computing
inner products between the computed states and analytical
states. The resulting orbitals are approximately orthonormal
and the computed 2p states are approximately linear combi-
nations of the analytical 2p states. The largest (in absolute
value) inner product between different orbitals is 〈2pa|2pc〉 =
5.428×10−4. The quality of the linear combinations can be
measured by a quantity

√
1− ‖P f ‖22 where P is the orthogo-

nal projection from L2(R3) onto the space spanned by 2px,
2py, and 2pz. The value of this quantity is 0.1265 for all
the computed orbitals 2pa, 2pb, and 2pc. Analytical expres-
sions for hydrogenic orbitals can be found for example in
Ref. [46].

Helium atom has been computed using the HGH pseu-
dopotential. Results are presented in Table IV. Grid spacing
g= 0.5 B does not give sensible results with the HGH pseu-
dopotential. We suppose that Froese Fischer’s results [44]

TABLE IV. Energetics of the helium atom. All our and BIGDFT
computations use the HGH pseudopotential. The numbers in column
Basis refer to Table I and TH means this paper.

Source Basis g (B) Exchange potential E (Ha) Eorb (Ha)

TH 4 0.25 HF −2.901959 −0.971927
TH 5 0.25 HF −2.901180 −0.970247
TH 4 0.25 LDA −2.821511 −0.629713
TH 5 0.25 LDA −2.819951 −0.628152
TH 14 0.125 HF −2.916129 −0.974768
CCCBDB [43] HF −2.807584
CCCBDB [43] LSDA −2.809599
BIGDFT [33,34] HF −2.862303
BIGDFT [33,34] LDA −2.833895
HF limit [44] HF −2.862 −0.918
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TABLE V. Hydrogen molecule. The numbers in columnBasis refer to Table I and TH means this paper.

Source Basis a (B) g (B) Pseudopot. Exch. Esystem (Ha) Ebinding (Ha) d (B)

TH 1 1.0 0.5 interp. HF −1.045883 0.167601 1.855140
TH 2 1.0 0.25 interp. HF −1.156554 0.199450 1.501870
TH 3 1.0 0.125 interp. HF −1.186176 0.210390 1.454593
TH 4 1.0 0.25 HGH HF −1.188779 0.190189 1.397995
TH 5 1.0 0.25 HGH HF −1.187995 0.189405 1.397991
TH 6 0.4 0.20 HGH HF −1.188547 0.189383 1.389890
TH 4 1.0 0.25 HGH LDA −1.157528 0.158938 1.485861
TH 5 1.0 0.25 HGH LDA −1.155960 0.157378 1.485851
CCCBDBa HF −1.117506 0.184342 1.345
CCCBDBa LSDA −1.157014 0.248654 1.391
BIGDFTb HGH HF −1.133393 0.133455 1.386175
BIGDFTb HGH LDA −1.136870 0.136932 1.445097
Experimentalc 0.166 1.40
aReference [43].
bReference [33,34].
cReference [45], Chap. 5.2.

can be regarded as the Hartree-Fock limit for helium. The
computed total energies of the helium atom are quite good.

We calculated the hydrogen molecule with the interpolated
and HGH pseudopotentials. The computation results for the
hydrogen molecule are presented in Table V. The resulting
dissociation curve with the HFmethod, HGH pseudopotential,
and basis set 5 is plotted in Fig. 4. When the HGH pseu-
dopotential was used the computation worked for grid spacing
g= 0.25 B but did not work for spacing g= 0.5 B. The mini-
mum energy of the curve is E0 = −1.188 Ha, and it is located
at internuclear distance d0 = 1.398 B. The corresponding val-
ues for the BIGDFT reference curve are E0 = −1.132 Ha and
d0 = 1.385 B. The results for the hydrogen molecule ion are
presented in Table VI.

The calculations for lithium hydride molecule are pre-
sented in Table VII. Grid spacing g= 0.5 B did not yield a
physical dissociation curve for the HGH pseudopotential. Nei-
ther g= 0.5 B nor g= 0.25 B yielded a physical dissociation
curve for the interpolated pseudopotential. The dissociation
curve of lithium hydride computed with the Hartree-Fock

TABLE VI. Hydrogen molecule ion H+
2 . The analytical results

are equal to the experimental results. The numbers in column Basis-
refer to Table I and TH means this paper.

Source Basis g (B) Pseudopot. Esystem (Ha) Ebinding (Ha) d (B)

TH 1 0.5 interp. −0.520169 0.082028 2.371005
TH 2 0.25 interp. −0.573665 0.095310 2.021654
TH 12 0.125 interp. −0.589135 0.101242 2.015143
TH 11 0.5 HGH −0.712279 0.121898 2.007951
TH 2 0.25 HGH −0.601783 0.102460 2.006845
TH 7 0.25 HGH −0.601636 0.102342 2.005329
TH 13 0.125 HGH −0.602448 0.102549 1.999338
CCCBDBa −0.582697 0.116115 2.005
BigDFTb HGH −0.602489 0.102520 1.995677
Experimentalc 0.103 2.00

aReference [43].
bReference [33,34].
cReference [45], Chap. 4.6.

method and basis set 5 is plotted in Fig. 5. The minimum
energy of the curve is E0 = −0.817 Ha, and it is located at
internuclear distance d0 = 2.880 B. The corresponding val-
ues for the BIGDFT reference curve are E0 = −0.760 Ha and
d0 = 2.921 B.

The energies of the hydrogen atom converge to the
exact value for the constant, interpolated, and HGH pseu-
dopotentials with grid spacings g= 0.5, 0.25, and 0.125 B
(Table II). The Hartree-Fock helium computations yield ap-
proximately same results for g= 0.25 B and g= 0.125 B
(Table IV). The Hartree-Fock computations of the hydro-
gen molecule using the HGH pseudopotential give ap-
proximately same energies for g= 0.25 B and g= 0.2 B
(Table V). The calculations of the hydrogen molecule ion
using the HGH pseudopotential yield approximately same
energies and internuclear distances for g= 0.25 B and g=
0.125 B (Table VI). The Hartree-Fock computations of the
lithium hydride molecule give approximately same results for
g= 0.25 B and g= 0.2 B (Table VII).

TABLE VII. Lithium hydride molecule. All our and BIGDFT
computations were performed with the HGH pseudopotential. The
CCCBDB all-electron total energies are not presented in the table
because the energies calculated by us do not include the energies of
the core electrons. The numbers in column Basis refer to Table I and
TH means this paper.

Source Basis a (B) g (B) Exch. Esystem (Ha) Ebinding (Ha) d (B)

TH 4 1.0 0.25 HF −0.817817 0.117472 2.879961
TH 5 1.0 0.25 HF −0.817030 0.116686 2.880018
TH 4 1.0 0.25 LDA −0.811482 0.111137 3.013411
TH 5 1.0 0.25 LDA −0.809904 0.109560 3.013474
TH 6 0.4 0.2 HF −0.817007 0.116370 2.863496
CCCBDBa HF 0.081274 2.855
CCCBDBb LSDA 0.135698 2.899
BIGDFTb HF −0.760938 0.059911 2.866004
BIGDFTb LDA −0.776416 0.075389 2.930745

aReference [43].
bReferences [33,34].
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FIG. 5. Total energy of the lithium hydride molecule as a func-
tion of the internuclear distance calculated with the Hartree-Fock
method and HGH pseudopotential. The solid line has been computed
with interpolating wavelets and basis set 5, g= 0.25 B, and the
dashed line with BIGDFT and (fine) grid spacing g= 0.225 B.

VII. CONCLUSIONS

We have shown how to solve the wave equations of hydro-
gen and helium atoms, hydrogen molecule ion, and hydrogen
and lithium hydride molecules in a three-dimensional interpo-
lating tensor product wavelet basis. As far the authors know,

only Arias [10] and Engeness and Arias [11] have performed
this before. However, they do not use the dual interpolating
MRA to evaluate matrix elements. We do that, and it allows
us to neglect the overlap integrals of the basis functions.

It seems to require large basis sets to obtain numerically
good orbitals for quantum physical systems. Roughly, the
description requires, at least, 10 000 basis functions. The most
accurate computed bond length of the hydrogen molecule is
good and the energy satisfactory. The most accurate binding
energies and internuclear distances for the hydrogen molecule
ion in Table VI are very accurate. The calculations with the
HGH pseudopotential performed very well with grid spacing
g= 0.25 B but not with g= 0.5 B. The same phenomenon
was observed with BIGDFT, too.

We tested the H and He atom computations with BIGDFT
so that the coarse grid spacing was changed from 0.45 to
0.225 B. For some reason, we got slightly worse energies.
We also found that one level basis set can be replaced with
considerably smaller two-level basis set without a significant
effect on the results.

Note that having no more than two resolution levels in
the basis makes the computation of the Laplacian operator
simpler and faster because in that case the s(· · · ) terms in the
Laplacian operator, equations (60)–(62), are either Kronecker
δs or zero.
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Abstract

We calculate energies and wavefunctions of several systems using the
path integral formulation of quantum physics. The systems considered are
one-dimensional and three-dimensional harmonic oscillators and hydrogen
atom in one and three dimensions. We represent the time-evolution oper-
ator as matrix in a basis consisting of Deslauriers–Dubuc or Daubechies
wavelets. We use Trotter kernels and we also develop an own approxi-
mation for the path integral kernel. For the one-dimensional harmonic
oscillator we use the exact kernel, too. We also develop a method to
calculate wavefunctions with the path integral formulation.

Keywords: path integral, wavelet, harmonic oscillator, hydrogen atom, quan-
tum physics, Fourier transform

1 Introduction
The path integral formulation was developed by Richard Feynman in 1948. It
generalizes the action principle of classical mechanics. In path integral formu-
lation the transient state at time t of a quantum mechanical system is obtained
from the initial state by formula

Ψ(y, t) =

∫
eiS[x,ẋ]ψ0(x(t))Dx. (1)

Here the integration is done over all paths beginning with x(0) = y, the action
is given by

S[x, ẋ] =

∫
L(x(t), ẋ(t))dt, (2)

L(x(t), ẋ(t)) is the Lagrangian of the system, and ψ0 is the initial state. See [1]
for an introduction to the path integral formulation.

The method is often applied by using an imaginary time variable [2]. Ruokosen-
mäki and Rantala [3, 2] have developed a real-time diffusion method for the path
integral formulation. Ruokosenmäki et al. [4] and Gholizadehkalkhoran et al.
[5] have also used the path integral method for the calculation of the Hooke’s
atom. Svensson [6] discusses the computation of the hydrogen atom with the
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path integral method. Ho and Inomata [7] and Steiner [8] present an exact
treatment of the hydrogen atom with path integral formulation. Path integral
treatment of the quantum mechanical harmonic oscillator has been given for
example by Ruokosenmäki and Rantala [3].

Wavelets are a basis function set constructed by dilatations and transla-
tions of so called mother scaling function and mother wavelet. Mathematical
theory of interpolating wavelets has been developed by Chui and Li [9] and
Donoho [10]. Höynälänmaa [11] has generalized these results for the multivari-
ate case. Goedecker [12] gives an application-oriented introduction to interpo-
lating wavelets. Höynälänmaa et al. [13] have made Hartree–Fock calculations
of atoms using an interpolating wavelet basis. Höynälänmaa and Rantala [14]
have also made three-dimensional Hartree-Fock and Density Functional Theory
calculations for some atoms and two-atom molecules.

We use the Deslauriers-Dubuc interpolating wavelets [15, 16] in this arti-
cle. We use atomic units (e = me = ℏ = 4πε0 = 1) and the unitary angular
frequency definition of the Fourier transform throughout this article. We abbre-
viate “atomic units” by a.u and units “Hartree” and “Bohr” by Ha and B. This
research did not receive any specific grant from funding agencies in the public,
commercial, or not-for-profit sectors.

2 Path Integral Formulation
The time-evolution operator defines the evolution of quantum mechanical sys-
tem [1]:

Ψ(x, tb) = Û(tb, ta)Ψ(x, ta). (3)

For a stationary system it is given by

Û(tb, ta) = exp(−i(tb − ta)Ĥ) (4)

where Ĥ is the Hamiltonian operator of the system. The time evolution of an
eigenstate of a stationary system is given by

Ψa(x, t) = exp(−iEat)ψa(x) (5)

where ψa is an eigenstate of the time-independent Hamiltonian and Ea is its
energy.

The time-evolution operator can be represented as [1]

Û(tb, ta)Ψa =

∫

Rd

K(xb, tb;xa, ta)Ψa(xa, ta)dxa (6)

where d is the dimensionality of the system (1, 2, or 3) and function K is called
the kernel. In path integral formulation the kernel is given by

K(xb, tb;xa, ta) = lim
N→∞

√
m

2πiϵ

Nd ∫

Rd

· · ·
∫

Rd

exp (iSN ) dx1 · · · dxN−1. (7)

For a one-particle system the quantity SN is given by [17]

SN = ϵ
N∑

n=1

(
m

2

(
xn − xn−1

ϵ

)2

− V (xn, tn)

)
(8)
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and
ϵ =

tb − ta
N

. (9)

We also define ∆t = tb − ta. The Trotter kernel is an approximation of the
path-integral kernel given by [3]

K(xb,xa; ∆t) =
( m

2πi∆t

)d/2

exp

(
i

(
m

2∆t
|xb − xa|2 −

∆t

2
(V (xb) + V (xa))

))
. (10)

3 Stationary State Energies and Wavefunctions
Fourier transform has been used to determine the energy spectrum of a quantum
mechanical system with path integral formulation e.g. by Gholizadehkalkhoran
et al. [5].

A stationary state ψ of a quantum mechanical system can be represented by

ψ(x) =
∞∑

k=0

ckfk(x) (11)

where functions fk are the eigenstates of the Hamiltonian operator of the system
and ck are complex numbers. The time evolution of the stationary states is given
by

Ψ(x, t) =
∞∑

k=0

ck exp(−iEkt)fk(x) (12)

where Ek are the energies of the eigenstates. Suppose that we have a fixed point
x0 ∈ Rd and define g(t) := Ψ(x0, t). By making a Fourier transform we obtain

ĝ(ω) =
1√
2π

∫ ∞

t=−∞
g(t) exp(−iωt)dt (13)

=
1√
2π

∞∑

k=0

ckfk(x0)

∫ ∞

t=−∞
exp(−iEkt) exp(−iωt)dt (14)

=
√
2π

∞∑

k=0

ckfk(x0)δ(ω + Ek). (15)

Thus we may compute the eigenenergies of the system from the Fourier spectrum
of function g.

Suppose that we have a stationary system with initial state ψi(x) = Ψ(x, ti)
and final state ψf (x) = Ψ(x, tf ) and assume that the time interval ∆t := tb− ta
is small. We have

ψf (x)− ψi(x) = (exp(−iEt)− 1)ψi(x) ≈ −iEtψi(x) (16)

from which we obtain

E ≈ − 1

∆t
Im

ψf (x)− ψi(x)

ψi(x)
(17)
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and
⟨E⟩ ≈ − 1

∆t
Im

∫

Rd

(ψf (x)− ψi(x)) (ψi(x))
∗dx. (18)

The initial function of the time evolution should be chosen so that it has a
broad Fourier spectrum and it should also contain both even and odd terms.
So we chose to approximate the sum of delta function and its derivative at the
origin with a scaling function centred at the origin and its derivative in the
one-dimensional case. In some calculations we use function −φjmin,−1 + φjmin,1

instead of the derivative. In three dimensions we use the tensor products of
functions (−1− i)φjmin,−1 + (1 + i)φjmin,0 + (1 + i)φjmin,1.

We use the method described in [18, section 2] to compute the continuous
Fourier transform. We have also generalized it into three dimensions.

Let xj , j = 1, . . . , N be the points where we calculate the wavefunction of
state k. Let gj(t) := Ψ(xj , t) and ∆E be the spacing between points in the
Fourier spectrum ĝj(E). We fit the peak k to the Lorentzian distribution

L(E) =
1

π

γ

(E + Ek)2 + γ2
. (19)

Define
pk,j = |ĝj(−Ek)|2 , (20)

p′k,j =
1

2

(
|ĝj(−Ek +∆E)|2 + |ĝj(−Ek −∆E)|2

)
, (21)

and
Lk,j(E) =

1

π

γk,j
(E + Ek)2 + γ2k,j

. (22)

Note that |ĝj(E)|2 is the Fourier transform of the autocorrelation function of
gj(t) multiplied by a constant. Let dk,j = |ckfk(xj)|2 be the undefined variables.
We now set

pk,j = dk,jLk,j(−Ek) = dk,j
1

π

1

γk,j
(23)

and
p′k,j = dk,jLk,j(−Ek +∆E) = dk,j

1

π

γk,j
∆E2 + γ2k,j

. (24)

It follows that
dk,j = πγk,jpk,j (25)

where
γk,j =

√
qk,j

1− qk,j
|∆E| (26)

and

qk,j =
p′k,j
pk,j

. (27)
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4 Approximation of the Path Integral Kernel
We assume that the potential V does not depend on time. We approximate the
kernel by setting N = 2 and we get

K2(xb,xa; ϵ) :=
( m

2πiϵ

)d ∫

Rd

exp (iS2) dx1. (28)

We have
K2(xb,xa; ϵ) =

( m

2πiϵ

)d
I (29)

where

I :=

∫

x1∈Rd

exp(iS2)dx1 (30)

=

∫

x1∈Rd

exp

(
iϵ

(
m

2

(
x1 − xa

ϵ

)2

− V (x1)

+
m

2

(
xb − x1

ϵ

)2

− V (xb)

))
dx1 (31)

= exp
(
i
(m
2ϵ

(
x2
b + x2

a

)
− ϵV (xb)

))

∫

x1∈Rd

exp
(
i
(m
ϵ
x2
1 − ϵV (x1)

))
exp

(
−i
m

ϵ
(xb + xa) · x1

)
dx1 (32)

=
√
2π

d
exp

(
i
(m
2ϵ

(
x2
b + x2

a

)
− ϵV (xb)

))
ĥ
(m
ϵ
(xb + xa)

)
(33)

and
h(x1) := exp

(
i
(m
ϵ
x2
1 − ϵV (x1)

))
. (34)

Now

K2(xb,xa; ϵ) =
( m

2πiϵ

√
2π
)d

exp
(
i
(m
2ϵ

(
x2
b + x2

a

)
− ϵV (xb)

))
ĥ
(m
ϵ
(xb + xa)

)
.

(35)
We call this kernel the midpoint kernel.

If function h is radially symmetric (i.e. the potential is radially symmetric)
we have

ĥ(k) =
i

2k

(
f̂(k)− f̂(−k)

)
, (36)

where f(r) = rhrad(|r|) and h(r) = hrad(|r|). Note that the Fourier transform
of f in equation (36) is one-dimensional.

5 Quantum Harmonic Oscillator and Hydrogen-
like Atom

The potential of the one-dimensional harmonic oscillator is

V (x) =
mω2

0

2
x2 (37)
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where m is the mass of the particle and ω0 is the angular frequency. The
potential of the isotropic three-dimensional harmonic oscillator is

V (x) =
mω2

0

2
|x|2. (38)

The kernel for the one-dimensional harmonic oscillator can be computed
exactly [1]. We have

K(xb, xa; t) =

(
mω0

2πi sin(ω0t)

)1/2

exp(iScl), (39)

where Scl is the classical action given by

Scl =
mω0

2 sin(ω0t)

(
(x2b + x2a) cos(ω0t)− 2xbxa

)
. (40)

By substituting the potential of the one-dimensional harmonic oscillator to
equation (34) we obtain

h(x1) = exp

(
i
m

ϵ

(
1− ϵ2ω2

0

2

)
x21

)
. (41)

Define

a :=
m

ϵ

(
1− ϵ2ω2

0

2

)
(42)

and assume that a > 0. Now

ĥ(k) =
1

2
(1 + i)

1√
a
exp

(
−i
k2

4a

)
. (43)

Similarly, in the three-dimensional case we have

ĥ(k) =
1

4
(−1 + i)a−3/2 exp

(
−i
k2

4a

)
(44)

using equation (36).
The potential of a hydrogen-like atom is

V (x) = − Z

|x| (45)

in one dimension and
V (x) = − Z

|x| (46)

in three dimensions. Here Z is the atomic number.

6 Wavelet Bases

6.1 Interpolating Wavelets
We construct the basis function set in the same way as in [14, section 3]. We
assume that φ is some Deslauriers–Dubuc mother scaling function [9, 10, 11, 15,
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16] and d is the dimensionality of the domain Rd. We use only bases with one
or two resolution levels in this article. Constant jmin is the minimum resolution
level in the basis, see [14]. We define G to be the whole basis, G = Gjmin

or
G = Gjmin ∪Gjmin+1.

The interpolating mother scaling function can be represented as [9, 11]

φ(x) =
∑

α∈Z
s[α]φ(2Jx− α) (47)

where J is some nonnegative integer and s[α], α ∈ Z, are constants that depend
on the mother scaling function and J . We define s0[α] to be the coefficients for
J and s1[α] for J − 1. We now have

ηjmin,k(2
−J−jminp) = s0[p− 2Jk] (48)

for all p ∈ Z,
ηjmin+1,k(2

−J−jminp) = s0[p− 2J−1k] (49)

for all p ∈ Z and k even integer, and

ηjmin+1,k(2
−J−jminp) = s1[p− 2J−1k] (50)

for all p ∈ Z and k odd integer. We also have

η̃jmin,ℓ = φ̃jmin,ℓ = δ(· − 2−jminℓ) (51)

for all ℓ ∈ Z,

η̃jmin+1,ℓ = δ(· − 2−jmin−1ℓ) =
∑

β∈Z
h̃βδ(· − 2−jmin−1(β + ℓ)) (52)

for all ℓ ∈ 2Z, and

η̃jmin+1,ℓ =
∑

β∈Z
g̃βδ(· − 2−jmin−1(β + ℓ− 1)) (53)

for all ℓ ∈ 2Z+ 1.
The matrix of the time evolution operator in the interpolating wavelet basis

is
Kr,q =

∫

Rd

∫

Rd

ζ̃r(y)K(y,x)ζq(x)dxdy. (54)

Note that the dual wavelets ζ̃r are finite sums of delta distributions and con-
sequently the integration over y is actually a weighted sum of values of the
function ∫

Rd

K(y,x)ζq(x)dx

in finite number of points y. When r = 2−jminℓ ∈ Gjmin
we have

Kr,q =

∫

Rd

K(2−jminℓ,x)ζq(x)dx. (55)

In one-dimensional case the integral over x is approximated by
∫

R
K(y, x)ζq(x)dx ≈ 2−jmin−J

∑

p∈Z
K(y, 2−jmin−Jp)st(q)(p− 2J−t(q)k) (56)
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where k ∈ Z, q = 2−jmink ∈ Gjmin
or q = 2−jmin−1k ∈ Gjmin+1, and

t(q) :=

{
1 if q ∈ Gjmin+1

0 if q ∈ Gjmin .
(57)

For the three-dimensional case define

ti(q) :=

{
1 if q ∈ Gjmin+1 and 2jmin+1q[i] odd
0 otherwise (58)

for i = 1, 2, 3 and t(q) := (t1(q), t2(q), t3(q). Define also

st(z) := st[1](z[1])st[2](z[2])st[3](z[3]). (59)

Now we can approximate
∫

R3

K(y,x)ζq(x)dx ≈ 2−3(jmin+J)
∑

p∈Z3

K(y, 2−jmin−Jp)st(q)(p−w · k) (60)

where k ∈ Z3 and q = 2−jmink ∈ Gjmin or q = 2−jmin−1k ∈ Gjmin+1, and w :=
(2J−t1(q), 2J−t2(q), 2J−t3(q))T . We pick some value J0 ≥ 2 and for r ∈ Gjmin+1

we use value J = J0 − 1 in equation (47) and J = J0 otherwise. The lower
accuracy is used because the matrix elements where q belongs to the finer grid
are significantly more complex to compute as the ones in the coarser grid.

We use 8th order Deslauriers–Dubuc wavelets for one-dimensional calcula-
tions and 4th order Deslauriers–Dubuc wavelets for three-dimensional calcula-
tions.

6.2 Orthonormal Wavelets
See [19] for more information on orthonormal wavelets. We define the basis
indices by I = Ijmin

∪ Ijmin+1 where Ij = {(j, k) : k ∈ Kj} and Kj is a finite set
of integer numbers (usually a range of integers). Now the basis functions are
defined by

ζj,k =

{
φjmin,k = 2j/2φ(2j · −k) j = jmin

ψj−1,k = 2(j−1)/2ψ(2j−1 · −k) j > jmin
(61)

where (j, k) ∈ I, φ is the mother scaling function of the wavelet family, and ψ
is the mother wavelet of the wavelet family. In order to compute the values of
the orthonormal wavelets we use the represention

φ(x) = 2J/2
∑

α∈Z
w[α]φ(2Jx− α) (62)

where J is some nonnegative integer and w[α], α ∈ Z, are constants that depend
on the mother scaling function and J . The matrix elements of the time-evolution
operator are given by

Kj,k,j′,k′ =

∫

R

∫

R
ζj,k(y)K(y, x)ζj′,k′(x)dxdy (63)

with orthonormal wavelets. We use the 20th order Daubechies wavelets in this
study. We use only one-dimensional orthonormal wavelets.
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7 Application to the Harmonic Oscillator and Hy-
drogen Atom

Unless otherwise stated the calculations use Deslauriers–Dubuc wavelets.
We make calculations for the one-dimensional harmonic oscillator with the

exact kernel, Trotter kernel, and midpoint kernel. We compute all these system
with both one and two resolution levels of the basis functions for ∆t = 1.0 a.u.
and one resolution level for ∆t = 0.5 a.u. and ∆t = 0.25 a.u. The mass of the
particle is 1 a.u. and the angular frequency 0.1 radians. All these calculations
yield the ground state energy 0.050265 Ha and first excited state 0.150796 Ha
or 0.149226 Ha. We use the basis (1/4){−48, . . . , 48} for one-level calculations
and (1/4){−48, . . . , 48} ∪ (1/8){−5, . . . , 5} for two-level calculations. We use
scaling function resolution J = 3. The energy spectrum for the exact kernel is
plotted in Fig. 1 and for the midpoint kernel in Fig. 2. Both of these calculations
use two resolution levels. The wavefunction of the one-dimensional harmonic
oscillator calculated with the method described in section 3 is plotted in Fig. 3.

When the Deslauriers–Dubuc (interpolating) wavelets are used for the hy-
drogen atom the calculations work for parameter ∆t = 1 a.u. but not for
∆t = 0.5 a.u. So we calculated this system with Daubechies (orthonormal)
wavelets using both Trotter and midpoint kernels. For one resolution level
calculations we use the basis {(2,−48), . . . , (2, 48)} and for the two-level calcu-
lations {(1,−24), . . . , (1, 24)} ∪ {(2,−6), . . . , (2, 6)} We set the mother scaling
function resolution to J = 5. The resulting ground state energies are presented
in Table 1. It can be seen that for the same time parameter the midpoint ker-
nel yields usually better energy compared to the Trotter kernel but the Trotter
kernel accepts smaller time parameters. The best energy for the Trotter kernel
is E0 = −0.502655 Ha and if the energies smaller that the exact energy are ne-
glected we get E0 = −0.494801 Ha. The best energy for the midpoint kernel is
E0 = −0.496372 Ha. The best energy spectrum for the Trotter kernel is plotted
in Fig. 4 and for the midpoint kernel in Fig. 5. The radial probability density
function of the hydrogen atom calculated in one dimension with the the method
described in section 3 is plotted in Fig. 6.

We make calculations for the three-dimensional harmonic oscillator using the
midpoint kernel and the Trotter kernel. The mass of the particle is 1 a.u. and the
angular frequency 0.1 radians. We use basis {−10, . . . , 10}3 and mother scaling
function resolution J = 2. The resulting ground state energy for the midpoint
kernel is E0 = 0.150796 Ha and the first excited state E1 = 0.249757 Ha for
∆t = 4.0 a.u.. For ∆t = 2.0 a.u. the energies are E0 = 0.150796 Ha and
E1 = 0.251327 Ha. The energy spectrum for ∆t = 2.0 a.u. is plotted in Fig. 7.
For the Trotter kernel the energies are E0 = 0.150796 Ha and E1 = 0.251327 Ha
for both ∆t = 4.0 a.u. and ∆t = 2.0 a.u..

We make three-dimensional calculations of the hydrogen atom using the mid-
point kernel and the Trotter kernel. The basis function set is (1/2){−9, . . . , 9}∪
(1/4){−4, . . . , 4}. The function ĥ(k) for the midpoint kernel is calculated with
formula (36). We have to invert the sign of the midpoint kernel (35) in order to
get the energy computation to work. We get energy E = −0.474380 Ha for the
midpoint kernel with parameter ∆t = 2.0 a.u. and value ∆t = 1.5 a.u. does not
yield reasonable results. For the Trotter kernel we get E = −0.477522 Ha with
parameter ∆t = 0.2 a.u. and value ∆t = 0.125 a.u. does not give reasonable

9



Table 1: Energies from the one-dimensional calculations of the hydrogen atom.

kernel res. levels ∆t E0 (Ha) E1 (Ha)

midpoint 1 1 -0.446106 -0.131947
midpoint 2 1 -0.446106 -0.113097
Trotter 1 1 -0.402124 -0.106814
Trotter 2 1 -0.402124 -0.106814
midpoint 1 0.5 -0.471239 -0.119381
midpoint 2 0.5 .0.471239 -0.119310
Trotter 1 0.5 -0.446106 -0.113097
Trotter 2 0.5 -0.452389 -0.113097
midpoint 1 0.25 -0.490088 -0.119381
midpoint 2 0.25 -0.490088 -0.119381
Trotter 1 0.25 -0.471239 -0.119381
Trotter 2 0.25 -0.477522 -0.119381
midpoint 1 0.20 -0.490088 -0.131947
midpoint 2 0.20 -0.483805 -0.144513
Trotter 1 0.20 -0.477522 -0.119381
Trotter 2 0.20 -0.483805 -0.119381
midpoint 1 0.125 -0.496372 -0.113097
midpoint 2 0.125 - -
Trotter 1 0.125 -0.490088 -0.119381
Trotter 2 0.125 -0.490088 -0.119381
midpoint 1 0.1 -0.510509 -
Trotter 1 0.1 -0.494801 -0.117810
Trotter 2 0.1 -0.494801 -0.117810
Trotter 1 0.0625 -0.490088 -0.125664
Trotter 2 0.0625 - -
midpoint 1 0.05 - -
Trotter 1 0.03125 -0.502655 -0.125664
Trotter 1 0.03 - -

results.
Note that we get exactly same energy values for many different calculations

because the energy spectrum ĝ(−E) is approximated by the Discrete Fourier
Transform, for which the energy values are discrete. Ruokosenmäki [17] has
discussed the behavior of the path integral kernel with small values of ∆t, too.
It turned out that when the time step parameter ∆t is the same the midpoint
kernel gives usually better energy than the Trotter kernel for the hydrogen atom
(one and three dimensions) but the Trotter kernel accepts smaller values for ∆t.
The two kernels yield approximately the same energy for the harmonic oscillator.

8 Acknowledgments
The author thanks professor Tapio T. Rantala for proofreading the article.

10



0 0.2 0.4 0.6 0.8 1
0

20

40

60

80

100

E (Ha)

Figure 1: Energy spectrum of the one-dimensional harmonic oscillator computed
with the exact kernel.
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Figure 2: Energy spectrum of the one-dimensional harmonic oscillator computed
with the midpoint kernel.
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Figure 3: Probability density function |ψ(x)|2 of the one-dimensional harmonic
oscillator computed with the exact kernel.
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Figure 4: Energy spectrum of the hydrogen atom computed with the Trotter
kernel in one dimension.
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Figure 5: Energy spectrum of the hydrogen atom computed with the midpoint
kernel in one dimension.
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Figure 6: Radial probability density function |P1s(r)|2 of the hydrogen atom
computed with the midpoint kernel in one dimension.
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Figure 7: Energy spectrum of the three-dimensional harmonic oscillator calcu-
lated with the midpoint kernel.
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