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ABSTRACT

Standard approaches to calculate properties of atoms, molecules and models of nano-
structures in quantum chemistry are Hartree-Fock (HF) and density functional
theory (DFT). These methods give numerical solutions of the Schrodinger equation
for the wavefunctions and energies of electrons, i.e., the electronic structure. Majority
of numerical algorithms are based on finding the wavefunctions or orbitals as series
expansion of basis functions, the basis set. In this study we consider different wavelets
as basis functions.

Wavelets are functions constructed as translations and dilatations of the so called
mother scaling function and mother wavelet. Orthonormal wavelets are orthonormal
to each other and interpolating wavelets satisfy biorthogonality relations involving
dual wavelets.

In order to calculate the electronic structure of atoms the radial Schrodinger and
Hartree-Fock equations are solved using a Galerkin method with a Deslauriers—
Dubuc wavelet basis. Several light atoms are considered as examples.

We introduce new approach called the Exact Pseudopotential (EPP), which is
one method to remove the Coulomb singularity of atomic nuclei. This is tested
with hydrogen and helium atom orbitals.

A three-dimensional Deslauriers—Dubuc wavelet basis is used to compute the
energetics of the hydrogen and helium atoms, hydrogen molecule ion, hydrogen
molecule, and lithium hydride molecule. The internuclear equilibrium distance is
determined for the molecules, too.

Wavelets are applied to the path integral formulation and this method is used to
calculate one- and three-dimensional harmonic oscillator and hydrogen atom in one
and three dimensions.

As a conclusion, we found the Deslauriers—Dubuc wavelets a practical basis set
for solving wavefunctions of electronic systems. Furthermore, Daubechies wavelets

were found appropriate with the numerical path integral approach.






TIVISTELMA

Standardimenetelmii atomien, molekyylien ja nanorakenteiden laskemiseen kvantti-
kemiassa ovat Hartree-Fock (HF) ja tiheysfunktionaaliteoria (DFT). Nama mene-
telmat antavat Schrodingerin yhtalon numeerisia ratkaisuja elektronien aaltofunktioille
ja energioille, eli elektronirakenteelle. Useimmat numeerisista algoritmeista perustu-
vat aaltofunktioiden tai orbitaalien l16ytamiseen sarjakehitelmini kantafunktioista,
eli kantajoukosta. Tissi tyossi tutkimme erilaisia aallokkeita kantafunktioina.

Aallokkeet ovat funktioita, jotka muodostetaan ns. ditiskaalausfunktion ja ditiaal-
lokkeen translaatioina ja dilataatioina. Ortonormaalit aallokkeet ovat ortonormaa-
leja keskendin ja interpoloivat aallokkeet toteuttavat ns. biortogonaalisuusrelaatiot,
joissa kaytetain duaaliaallokkeita.

Atomeille tehddin laskuja ratkaisemalla Schrodinger- ja Hartree—Fock-yhtilot
kayttien Galerkinin menetelmii Deslauriers—Dubuc-aallokekannalla. Teoriaa sovel-
letaan useisiin keveisiin atomeihin.

Esittelemme uuden menetelmian nimelta eksakti pseudopotentiaali (EPP), joka
on eris keino poistaa atomin Coulombin potentiaalin singulariteetti. Taita testataan
laskemalla vetyatomin ja heliumatomin orbitaaleja.

Vety- ja heliumatomille, vetymolekyyli-ionille, vetymolekyylille ja littumhydridi-
molekyvylille lasketaan energetiikat kiayttaen kolmiulotteisista Deslauriers—Dubuc-
aallokkeista koostuvaa kantaa. Molekyyleille lasketaan my6s ydinten vilinen tasa-
painoetaisyys.

Aallokkeita sovelletaan polkuintegraaliformalismiin ja tatd menetelmai kaytetain
yksi- ja kolmiulotteisen harmonisen oskillaattorin laskemiseen ja vetyatomin lasken-
taan yhdessi ja kolmessa ulottuvuudessa.

Tutkimuksen johtopiitos on, ettd Deslauriers—Dubucin aallokkeet ovat kiytin-
nollinen kantafunktiojoukko elektronisysteemien aaltofunktioiden laskemiseen ja

Daubechiesin aallokkeet ovat sopiva kantafunktiojoukko polkuintegraalilaskuihin.
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1 INTRODUCTION

The purpose of this study is to combine wavelets with the existing calculation meth-
ods of quantum physics. Interpolating wavelet family called Deslauriers-Dubuc
wavelets is used in most of the calculations but Daubechies orthonormal wavelets
are used in some path integral calculations and as reference results from the BigDFT
computer program.

Research questions are “are the Deslauriers-Dubuc wavelets a good basis set for
the calculations of atoms and two-atom molecules using a Galerkin method?” and
“are the Deslauriers—Dubuc and Daubechies wavelets good basis sets for the calcula-
tions of the harmonic oscillator and hydrogen atom using the path integral formu-
lation?”.

Research objectives are:

¢ Calculation of the wavefunctions and energies of the hydrogen atom ground

state and excited states with Deslauriers-Dubuc wavelets.

e Representation of Hartree-Fock method for atoms in a Deslauriers-Dubuc
wavelet basis set and use it to compute the atom energies and orbital energies

of some atoms.

¢ Development of mathematical formulation for multivariate Deslauriers-Dubuc

wavelets and check that it satisfies proper convergence properties.

¢ Calculation of hydrogen and helium atoms and some two-atom molecules in
three dimensions using Hartree-Fock and DFT methods and three-dimensional

Deslauriers—Dubuc wavelets.

e Combination of the Exact Pseudopotential method with Deslauriers-Dubuc

wavelets and Finite Differences Method.

¢ Calculation of energies and wavefunctions of the harmonic oscillator and hy-

drogen atom using the path integral formulation and wavelets.






2 QUANTUM PHYSICAL CALCULATIONS OF
ELECTRONIC SYSTEMS

2.1  General

Detailed electronic structure theory is introduced in references [6, 7, 8, 9]. Quantum
physics explains the behaviour of very small systems. General theory of relativity
explains the dynamics of very large systems. Both of these theories yield Newtonian
mechanics as a special case for medium sized systems. Quantum physics was devel-
oped at the beginning of the 20th century as some physical phenomena could not be

explained by classical physics. These included
¢ black-body radiation
¢ photoelectric effect
e structure of the atomic spectra

One key feature of quantum physics is that many physical observables are guan-
tized, i.e. they can only have discrete values. The most fundamental property of
quantum physics is that observables are statistical. This means that we can only com-
pute probabilities to find a system in a given state. However, the laws of the nature
are statistically causal even though they are not deterministically causal: although
we cannot determine the value of an observable exactly we are able to calculate ex-
act probabilities of its possible values. Quantum physics contains also wave-particle
duality. It means that matter particles have wave properties and electromagnetic
waves have particle properties, i.e. they consist of photons. In electron double slit
experiment a beam of electrons generates an interference pattern when it is directed
through a double slit. On the other hand, in photoelectric effect electromagnetic
radiation behaves like a beam of particles.

The state of a quantum physical system is specified by its wavefunction @(r, 7),

which is a complex valued function of the coordinate(s) r of the particles and time 7.
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Here r = (ry,..., rn). The probability to find particles in the volume V' = V1 X - - X
Vi, where Vi, = [xp, 2 + Axe] X [y & + Ayl X [21 2 + Az;] and N is the number
of coordinates, is [9]

P= / |®(x, £)|2d*Nr. (2.1)
4
The wavefunction is determined by the time dependent Schrédinger equation

0

H®(r, 1) = ih—,
(r,2) =i 5

(2.2)
where H is the Hamiltonian operator of the system [10]. In case the potential is in-
dependent of time the eigenstates ¢ are defined by the time independent Schrodinger
equation

Hgp = Ep (2.3)

and the wavefunction

O(r,1) = ) Ay exp(—iEyt/h)g,(r) (2.4)

neN

where A, are complex numbers, ¢, are the eigenfunctions yielded by equation (2.3),
and E, the corresponding eigenvalues (energies) [10].

We use atomic units in the rest of this thesis, which means that some natural
constants are set to 1 so that quantum physical formulas take a simpler form. To be
more precise, we have ¢ = m, = h = 47¢) = 1, where ¢ is the elementary charge, m,
the mass of the electron, h the reduced Planck constant, and ¢y the permittivity of
free space.

The Hamiltonian operator of a system consisting of NV nuclei and M electrons is

N N M 5
3 5 v, 1 5 2,2,y V2
H(RI;---;RN;I'I,..,,I‘M) = - 7 + — nen —Z:—l

n=1 " nn' =Lin#n’ |R” - R”’l /=1 2

N M M

Z 1 1
- ® o3 (2.5)
n=1 i=1 IR, —r;| 2 LTt |r; — rj|

where R, are the coordinates of the nth nucleus, r; are the coordinates of the 7th
electron, V,, involves differentiation with the coordinates of the #th nucleus, V; with

the 7th electron, Z, is the atomic number of the nth nucleus, and A4, is the mass



of the nth nucleus in atomic units [9]. Solutions to Eq. (2.2) are the many-body
wavefunctions ¥(Ry, ..., Ry;r1,..., 1a7).

Due to the large relative mass of nuclei compared to electrons, the coordinates of
the nuclei can be fixed. This is called the Born—Oppenheimer approximation and it
allows us to separate the nuclear coordinates from the electronic coordinates. When

we apply this approximation the Hamiltonian of the electrons is given by [9]
M o2 N M M
. \'%: Z, 1 1
H(ry,..., =— > —- — = _ 2.6
(r1 I‘M) Z 2 Z Z IR _ r[| 2 Z,FZ |1‘z' _ rj| ( )

2.2 Orbitals of Hydrogen-like Atoms

Due to spherical symmetry of atoms the three dimensional one-electron Schrodinger
equation 4. ¢ = ¢¢ of the hydrogen-like atoms is separated to the one dimensional
radial part and the two dimensional angular part. Exact solutions to the latter are
spherical harmonics Y7,, where ¢ and my are the orbital quantum number (angular
momentum quantum number) and orbital magnetic quantum number, respectively.
Writing R,,¢ for the radial wavefunction the hydrogen-like orbitals are ¥,,¢,, (5 6, @) =
Rye(7) Yo, (6, @), where n is the principal quantum number. The radial Schrodinger
equation for a hydrogen-like atom is [6]

1d> Z ¢+1)

+
2dr:  r 272

Pnf(r) = 5n€Pn€(V)’ (27)

where Z is the atomic number, ¢,/ are the orbital energies, and P, (7) = 7R,,¢(r) are
the radial wavefunctions multiplied by ». Functions P,¢(r) are called one-electron

wavefunctions or orbitals. We also define the kinetic energy operator

. 1d?
T=-—-— 2.
2dr? 28
the potential energy operator
A Z
V=-=, (2.9)
r
and the centrifugal potential operator
. 00+
Ce = , 2.10
(=53 (2.10)



where ¢ € Z, is the angular momentum quantum number.

2.3  Hartree—Fock Method

Detailed introduction to the Hartree—-Fock method can be found in reference [9].
Electrons have the spin coordinate in addition to the positional coordinates. The spin
of an electron can take two values: 1/2 (spin up) or —1/2 (spin down). We define the
coordinates x; = (r;, 5;), where r; is the position of the 7th electron and s; its spin.

We also define the spin vector

; s=1/2
0
o(s) == (2.11)
0
;o s=-1/2
1

We define 5; = 1/2 for odd 7 and 5; = —1/2 for even 7 and y;(x;) = ¢,(r;)o(s;) Now

we define the Slater determinant by

nx) o ya(xar)
D(xy,...,x0) = (M| : (2.12)

xm(x) o yar(Xar)

This wavefunction has two following important properties:

e If two electrons occupy the same orbital the value of the determinant is zero,
i.e. the probability to find two electrons in the same orbit is zero so that the

Pauli exclusion principle is fulfilled.

e When two orbital coordinates are interchanged the determinant changes its
sign. Thus one of the basic postulates of quantum physics for the fermions
is fulfilled. Consequently the probability to find two electrons in the same

position is zero.

The Hartree-Fock equations are derived by minimizing the energy (®|H|®) of

6



the Slater determinant ® by varying the orbitals. The equations are

1:";0 =% (2.13)
where the Fock operator is
M
ﬁ=b+2(ij—f<j), (2.14)
=
the Coulomb operator
T (%) = (/;(j( )l ,l;(J(X )dx’ );(:(X) (2.15)
and the exchange operator
(K ) (%) = ( [ 56 rax ) 7. (2.16)

The Hartree-Fock energy of the system is

EHF_ ‘%ZZ / 200, - Kie)d. 2.17)
i=1

=1 ;=1

The Hartree—Fock energy can also be computed by

M M

Enty =;<z|b|z>+5;<[u|w] = L), (2.18)

where the one-electron integral is
(thlj) = / 2 (R b(r)y;(x)dx, (2.19)

the nuclear potential
S
= “ 2.2

Vnucl(r) nzz; IRn _ l‘|’ ( O)



the one-electron Hamiltonian
1,
1{1(1‘) = _EV + Vauels (221)

and the two-electron integral

* 1 *
180 = [ 27000 e s (2.22)

The restricted Hartree—Fock method (RHF) uses a single orbital twice with spin
s==+1/2, 1.e. ¢2i1 = Posy $2i-1 = 1/2,and 55, = =1/2 forall 7 = 1,..., M /2. If we do
not apply this condition we have the unrestricted Hartree-Fock method (UHF). We
use RHF in this study.

2.4  Hartree-Fock Calculations of Atoms

The Schrodinger equation H® = E® of a many-electron atom leads to Hartree-Fock
equations in the central field approximation and with Slater determinant wavefunc-
tions [6, 7, 8]. Central field approximation means that we assume the potential seen
by each electron due to the nuclei and other electrons is averaged to be rotationally
symmetric. Consequently, the angular parts of the orbitals are similar to the ones in
hydrogen-like atoms. Slater integrals between the two radial wavefunctions P, 4, and

Pyq are defined as

Y;(r) Z/OOOPZ-(V’);/C(V, ¥ P(r)dr, (2.23)
where
rer) = (2.24)
ro = rn>in{r, 7Y, (2.25)
rs = max{rn}. (2.26)

The HF equation of the orbital P; with the principal quantum number 7; and



orbital quantum number ¢; is [6, 7, 8]

1d> Z +1)

2dr:  r 272

Q
+DZ-(V)] Pi(r) = aP(r) + ) widpgepbi(r) + Ei(r)

J(#0)=1
(2.27)
where
Q
Di(r) = D (wr =0 YY) = (w = DA, (2.29)
J=1
Q
E(r) = ) wBi(r)Pi(»), (2.29)
JE#)=1
and
2
20 +1 b x ¢
Ai(r) = l Y;:(V): (230)
2
1 G x ¢
Bi(r) = = Yi(r), (2.31)
! 2 Z( 00 0 ) ’
Z = atomic number, (2.32)
Q = number of orbitals, (2.33)
w; = number of electrons in orbital 7, (2.34)
o = Wigner 3-j symbol. (2.35)
my mp m3
Wavefunctions P;(7) are normalized with the condition
/ (Pi(r)*dr =1 (2.36)
0

The nondiagonal Lagrange multipliers ¢;, 7 # j, that ensure orthogonality of
the orbitals may be neglected for closed-shell atoms. We neglect the nondiagonal
Lagrange multipliers for open-shell atoms, too, and the exact orthogonality of atomic

orbitals is not preserved for them.



2.5  Density Functional Theory

The Density Functional Theory has been discussed in references [9, 11, 12]. We
assume that the wavefunction is represented as the Slater determinant here, too.

Then the charge density is

M
P = Ig(n) (2.37)
i=1
The Hartree potential is given by
viae) = [ L5 g (2.38)
r —r’|
The Kohn-Sham energy functional of an electronic system is
1 M
£ = =50, [ 0V wdrs [ o0V
i=1
+% / / f%mr' + Exp(0)] (2.39)

The Kohn-Sham equations are obtained by minimizing the functional (2.39) by
varying the orbitals and they are

(_%Vz + Vnucl(r) + VH(r) + ch [ﬁ] ¢z’(r) = Ez¢z’(r) (240)

where Vi [p] is the exchange-correlation potential. We have

Ve [/)] = Vx[ﬂ] + Ve [/)]) (241)

where V[p] is the exchange potential and V.[p] is the correlation potential. In this
thesis we ignore the correlation potential. The exchange-correlation energy is defined
by

Exc|p] = Ex[p] + Ec[p] (2.42)

where Ey [p] is the exchange energy and E.[p] is the correlation energy. In this thesis

we ignore the correlation energy.
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Within the Local Density Approximation (LDA) we define

E[p] :/ﬁ(r)gx[ﬁ](r)d3r (2.43)

where ¢,[p](r) is the exchange energy per particle of a uniform electron gas at a
density of p. It follows from the Kohn-Sham theorem [9, section 3.1] that the

exchange potential is

oFy
Vilel = @Ef’ ! (2.44)
We have
o 33 173 i3 5
<lel = b (,o(r)) d’r (2.45)
and

3 13
Vilpl(r) = - (;p(r)) . (2.46)

The total energy of the system is
c 1 3 3
Exs= ) Ei—3 | p@Va@dc+Eclel = | p0Viclel(d’e (2.47)
i=1

The Kohn-Sham equations are solved by a similar self-consistent iteration as the HF

equations.

2.6  Path Integral Formulation

The time-evolution operator defines the evolution of quantum mechanical system
[10]:
¥(x 1) = U1, 1) (% 2,) (2.48)

where ¢, is the initial time and #; is the final time. For a stationary system it is given
by
Uty ta) = exp(=i(ty — o) H) (2.49)

where H is the Hamiltonian operator of the system. The time evolution of an eigen-

state of a stationary system is given by
W, (x, 1) = exp(—iE, 1) ¥, (x) (2.50)

11



where ¥, is an eigenstate of the time-independent Hamiltonian and E, is its energy.

The time-evolution operator can be represented as [10]

Uty t,)¥, = / K (xp, 113 X0 1) P (X, 2) X, (2.51)
Rd

where d is the dimensionality of the system (1, 2, or 3) and function X is called the
kernel, and also propagator or Green’s function. In path integral formulation the

kernel is given by

-Nd
K (Xpy 13X £4) = &E‘;*/% /R o /R Jexp(iSy)dw - dxyo (2.52)

For a one-particle system the action Sy is given by [13]

< m (X, — X;-1\?
Sn=¢y (E (f) — V(% rn)) (2.53)

n=1

and

_ y—t,
==
We also define Az = ¢, — ¢,. The Trotter kernel

(2.54)

12

K(xy, x,;5At) = (27Z‘iAl‘

exp (i (%m —x A - % (V(xy) + V(Xﬂ)))). (2.55)

is an approximation of the path-integral kernel [14].
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3  WAVELETS

3.1  General

Fourier transform of a function is localized well in frequency domain but not so

well in time domain. Wavelets are basis function sets that are localized both in time

and frequency domains. That makes wavelets an interesting basis for solving partial

differential equations. In this study we use Deslauriers—-Dubuc wavelets, which are a

special case of interpolating wavelets, and Daubechies wavelets, which are orthonor-

mal wavelets.

3.2  Orthonormal Wavelets

Univariate orthonormal wavelets [15] are defined by the mother scaling function o €

L*(R) satisfying the refinement equation

N-1
o(x) = b @(2x — k).
k=0
The mother wavelet is defined by
M-1

P = ) gp(2e— )

T
(=}

In case M = N we have
4= (=1)*hn-1-t

where £ =0,..., N — 1. We define the scaling functions by

Pyu(x) = 272p(2x — k)

13
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and the wavelets by
V() = 27729(Jx — k)

where j, k € Z. These functions have to obey the orthogonality relations

/ gbj‘k(x)gbﬂ(x)dx =0, foralljkleZ
o ;

/ ¢ﬁ/e(x);}j,’l(x)dx =0 forallj;j,kl€eZand; >}
R

and

/ ;}jk(xh}j, [(w)dx = 058y foralljj’ k€ Z
e :

Now any function f € L*(R) can be represented as
f= 2 iast ), 2 dis
keZ J'Zjo keZ

where jj € Z,
k= [ B )

and

du= [ Fuf s

forall k€ Z; > j.

3.3  Compactly Supported Interpolating Wavelets

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

Detailed introduction to univariate compactly supported interpolating wavelets can

be found in [16, 17]. These are generalized to the multivariate case in [2].

3.3.1  Mother Scaling Function

Let K =R or K = C and n € Z,. A compactly supported interpolating mother scaling

function is a function ¢ € Ceom(R”, K) satisfying the following conditions:

(MSF.1)
Vk € 7" : p(k) = do

14



(MSE.2)
Vx € R" : p(x) = Z o (lz() p(2x — k).

kez

The mother scaling function of the 8th order Deslauriers-Dubuc wavelets is plot-

ted in Fig. 3.1.

1

0.8

0.6

0.4

0.2

_02 [ N KN R NN R S S S R S R N S
8-76-5-4-3-2-10123 456 78

Figure 3.1 The 8th order Deslauriers-Dubuc fundamental function

3.3.2  General Definitions for Univariate MRA'’s

We shall denote the function space for which the MRA is defined by E in this section.
We have either £ = C (R, K) or E = Cy(R, K) where K = R or K = C. We shall
assume that ¢ € Com(R, K) is a compactly supported interpolating mother scaling

function throughout this subsection.
Definition 3.1. Define function ¥ € Ceon (R, K) by
¥(x) = p(2x — 1) (3.12)

for all x € R. Function  is called the mother wavelet.

15



Definition 3.2. Define

; =0
=177 (3.13)
v, s=1
where 5 € {0,1}.
Definition 3.3. Define
ok = (2 - —k) (3.14)
and
Ve =y (2 - =) (3.15)
forallj € Z and k € Z.
Definition 3.4. When % € Z define
k
G = g1 (3.17)
by = %0 (3.18)
& = (Db (3.19)

Definition 3.5. Define » := 9 € E* and ¢ € E* by

V=2 g2 k). (3.20)

keZ
Define ¢j,k :=29(2 - —k) and %‘,k := 29 (2 - —k) where j, k € Z.
As ¢ is compactly supported only a finite number of numbers by, £ € Z, and the

other three filters defined by Definition 3.4 are nonzero. Consequently the series in

Eq. (3.20) has a finite number of nonzero terms.
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Definition 3.6. Define

Z = (3.21)

where 5 € {0,1}.

3.3.3 General Definitions for Multivariate MRA'’s

We will assume that 7z € Z, and either K = R or K = C throughout this subsection.
We will also assume that £ =, C,(R,K) or £ =,; Cy(R,K). Furthermore, ¢ €
Ceom (R, K) shall be a compactly supported interpolating mother scaling function
throughout this subsection.

We set

Cu(Rna K)3 E= Cu(R’ K)
Fomp, (3.22)
Co(R", K); E=Co(R, K)

Definition 3.7. Define function ¢[”J € Ceom(R”, K) by

o =X e (3.23)
k=1

Function ¢! is called an n-dimensional tensor product mother scaling function gener-

ated by ¢. Define also ¢j[£] = ¢[”](2j - —k) wherej € Z and k € Z".

Function ¢! is a compactly supported interpolating mother scaling function on
R”.

Definition 3.8. When s € {0,1}" define function ;ks[”] € Coom(R”, K) by
v = (R fwg (3.24)
k=1

and ’#fﬂ =yl (. k).

17



Definition 3.9. Define 31"l € F* by

N

l= X) » (3.25)

/=1

?

and ¢][£] € F* by ¢][£] = 23"1(2/ - —k) where j € Z and k € Z”. Define also
fks[n] € F* by

fksm = ® Zs[l] (3.26)
=1

where s € {0,1}” and ;zs[;}( € F* by ;zs[;}( = 791" (2 . —k) where s € {0,1}", ] € Z,
and k € Z”.

3.4  Compactly Supported Interpolating MRA of C,(R”, K)

We will assume that » € Z; and K = R or K = C throughout this section. We
will also assume that ¢>[”] € Ceom(R” K) is an n-dimensional tensor product mother
scaling function in this section. Unless otherwise stated, we shall assume that the
same values of », K, and ¢[”] are used throughout this section. Chui and Li [16]
have developed a MRA in the univariate case C,(R).

Definition 3.10. Define

n,]

s
nj

f c V(u)

=1

forallj € Z.

Definition 3.11. Let spaces Vrf;) »J € Z, be defined by (3.27). We call { Vrf;) :j €L}
an interpolating tensor product MRA of C,(R”, K) generated by ¢!*! provided that the

following conditions are satisfied:

(MRAL.1) VjeZ: Vn(;) cyw

n,j+1

(MRAL2)  Uez Vn{y = C,(R", K)

18



(MRAL3)  (Vez V,f;) =K
(MRA14) VieZfek™  .fe Vyf;) = f(2) € Vn(;ll

(MRALS5) VieZkeZ,feK¥ :feVY e f(--27k) eV
(MRA1.6) Vk e Z": pl"l(k) = 3,

Our requirements for the definition of interpolating multiresolution analysis are
stricter and simpler than those in [16]. Condition (MRA1.6) is replaced by a weaker
condition for ¢ in [16] but it is possible to construct function ¢; that satisfies con-
dition (MRA1.6) and generates the same subspaces Vlfjl.l) as function @.

Under the conditions given at the start of this section (p!*! is an n-dimensional
tensor product mother scaling function) all the conditions (MRA1.1), (MRA1.2),
(MRA1.3), (MRA1.4), (MRAL1.5), and (MRA1.6) are true.

Spaces Vn(;) »J € Z, are topologically isomorphic to /*(Z”, K). It has been proved
in [18] that

> el(y - 1) = gl41(0) (3.28)
keZ”

for all y € R”. It follows from the cardinal interpolation property (MSF.1) that

Dy -k =1 (3.29)
kez”
for all y € R”.

The series in Eq. (3.27) converges (pointwise) for all a € /*(Z”, K) but the series
Dkez» alk] gD[”] (2/ - —=k) need not converge in the norm topology of C,(R", K). For
example, consider sequence alk] = 1, k € Z”. Now Y 7 a[k]p[”](ij -k) =1
for all x € R” but the series Y7 a[k]gp[”] (2 - —k) does not converge in the norm
topology of C,(R”, K).

Definition 3.12. When; € Z and s € {0,1}” define

W = {x ER"H Y alkly, (%) sa € I°(Z", K)} (3.30)

kez»
i)l =i

o few® (3.31)

n,8,7"
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Spaces Wn(s;, s € {0,1}",/ € Z, are topologically isomorphic to [*(Z", K).

Definition 3.13. When s € {0,1}” and j € Z define

(@) G0 = 3 (Phrkes) vk 0 (3.32)
keZ”

forall x € R” and f € C,(R*, K). When j € Z define P(u) Q(u)nj

Operator Q(u). is a continuous projection of C,(R” K) onto Wn(sj for each s €

{0,1}* and ; € Z.
When j € Z we have

(W _ (u) ' (u) _ ' (u)
Vn]+1 —n.s. an + Z Wn sj DS Z Wns] (333)
s€/+(n) se{0,1}”

Theorem 3.1. There exist ¢ € R; and ¢; € R, so that

Il - PA||. < awtrizen (3.34)

forall f € Cy(R”) and; € Z.

Proof. Let f € Cy(R”) and j € Z. Define r; := rsupp(p[”]). Let x € R”. Define
I = Lyans (2], 27x). Now by Eq. (3.29) we have

(F- 29w = Z(f(") f( )) I (2/x — k) (3.35)

kez”

ST T

kel

Let ¢ € I. Now 2x—( € B (0; 1) from which it follows that x—27¢ € B (0527 )

Hence V o (g)

Let ¢ = Ncc,ver(;p[”])”gp[”]”oo and ¢y ;== = rsupp(gp[”]). By Eq. (3.37) we have

< w(f; 27m). (3.37)

’(f - Pij)f) (x)‘ < qw(f;27c). (3.38)
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O
It follows that

A, -

for all /' € C,(R”).
Define 0, := (0)¢ez(») and /4 () :={0,1}" \ {0,}. We have

OO =) k() + i D, DL dbinm, xeR (3.40)

kez» J=o s€/4(n) keZ?
where 5; i = [n] w/f)anddg; = (;ﬁsj k,f) This can be simplified in one-dimensional
case as -
6 =D a0 + >0 disgu(x), x€R, (3.41)
keZ J=jo keZ

where 5, = <¢j0,/€’f> andd;;, = <3Zj,k’f>' Note that expansions Egs. (3.40) and (3.41)
are not true for all / € C,(R”, K) if we replace the pointwise convergence with the

convergence in the supremum norm.

It follows from Eq. (3.39) that

). Cu(® K) = Cu(R"K) (3.42)

J=1

foralln € Z,.

3.5 Compactly Supported Interpolating MRA of Cy(R”, K)

A MRA of space Cp(R”, K) can be developed in the same way as the MRA of space
Cy(R”, K). Donoho [17] has developed a MRA for the one-dimensional case Cy(R).
We will assume that » € Z; and K = R or K = C throughout this section. We
will also assume that ¢[”] € Ceom(R”, K) is an n-dimensional tensor product mother
scaling function in this section. Unless otherwise stated, we shall assume that the
same values of 7, K, and ¢l”l are used throughout this section. Note that many
of the series that are pointwise convergent with C,(R”, K) converge in the norm in
Co(R”, K). We are also able to represent many subspaces and operators related to the

MRA of Cy(R* K) as tensor products of the corresponding one-dimensional cases.
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Definition 3.14. Define

V= {Z alklol" (2 - —Kk) : a € ¢o(Z7, K)} (3.43)

keZ»

Ol =
vl =

eV, (3.44)

for each j € Z.

Definition 3.15. Let spaces Vn(;.),j € Z, be defined by Definition 3.14. We call
{Vn(;?) : j € Z} an interpolating tensor product MRA of Cy(R”, K) generated by ol7]

provided that the following conditions are satisfied:

(MRA2.1) VjeZ: V(O) ()

nj+l
(MRA22)  Ujez V<°> Co(R", K)
(MRA2.3)  (Vez V(O) = {0}
(MRA24) VjeZ f ek fer) — f2)ev)
(MRA25) VieZkeZ,feK™ . feV) e f(-27k) eV
(MRA2.6) Vk e Z": ol")(k) = 3

Note that in this definition the intersection of spaces V,f;) is {0} instead of C
(all complex valued constant functions on R”) as in [16] since here the MRA is
constructed for functions vanishing at infinity. Donoho [17] does not require the
mother scaling function ¢ to be compactly supported but ¢ has to be of rapid decay
in his construction. He also includes requirements for the regularity and polynomial
span of @, which are needed for the norm equivalences to Besov and Triebel-Lizorkin
spaces, into the definition of the MRA. Under the conditions given at the start of this
section (p!*! is an #-dimensional tensor product mother scaling function) the con-
ditions (MRA2.1), (MRA2.2), (MRA2.3), (MRA2.4), (MRA2.5), and (MRA2.6)

are true.
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Definition 3.16. Letj € Z and s € {0,1}". Define

Wi - {Za[klr/sb’?i:aeco(z"x)}

kez?
c

n,8,]

Definition 3.17. Let j € Z. Define operator P,ES.) : C(R, K) — Vrf;) by

PIf= 2 @ e

kez»

for all f € Cy(R”, K). Define operator Qfl(l)] : Co(RLK) — — w0 by

n,8,]

(0) Z <¢slk’f>¢[n]

keZ”

forall f € Cp(R”, K) and s € {0,1}".

We get the following equation as a direct consequence of Eq. (3.39):

R

]—?OO

for all /' € Cp(R”). We also have the wavelet expansions

F= Ysshe ), 3 3 duarl)

kez» J=jo s€fi(n) keZ?

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

where sj, 1 = <¢[n] frandd;y = (@i;lk,f> This can be simplified in one-dimensional

case as

f= Z Sk Pjosk + Z Z dii¥ik

keZ J=jo keZ

where s5;, 4 = <¢j0,k’f> and dj;, = <3}j,/e’f>'
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It follows from Eq. (3.49) that

. Co(R K) =y Co(R",K). (3.52)
j=1

3.6  Polynomial Span and Regularity

The polynomial span and regularity of interpolating wavelets has been discussed in

[17].

Definition 3.18. Let f/ € C*® n eRy, andf € C(Brn(0; rl))*. Let D € N. We say
that pair (7, f) spans all the polynomials of degree at most D iff

Z <ﬁp( * k)|§Rn(O;71)>f(X -k) =p(x) (3.53)

keZ”

for all x € R” and for all polynomials p of # variables that are of degree at most D.

The polynomial span D of the interpolating wavelet family generated by the com-
pactly supported mother scaling function @ is the largest integer D so that pair (4, )
spans all the polynomials of degree at most D. Here 9 is the Dirac delta. When ¢ is
the mth order Deslauriers-Dubuc fundamental function we have D = m — 1.

The regularity R of the interpolating wavelet family is define so that ¢ is Holder
continuous of order R. Let R(D) be the regularity of the Deslauriers—Dubuc wavelets

of order D + 1. We have [17]

R(D) > const-D, D=35,7,.... (3.54)

3.7  Deslauriers—=Dubuc Wavelets on a Half-Infinite Interval

This derivation is based on section 3 in [17]. We construct a basis set on half-infinite
interval Ry = {r > 0| € R}. We define ¢ to be a Deslauriers—Dubuc scaling function
of some order D (the polynomial span of the wavelet family) and g;(x) := o(Yx—k)
for j, k € Z.

Suppose that we are given samples 3;; = f(27) for k € N and f is some function
from [0, o] into R. We define 7[}# to be the polynomial of degree D for which
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75#(2_]‘/6) =f(27k) forall k= 0,..., D. We define

By =17 (27k) (3.55)

for £ < 0 and

Bir = Bk (3.56)

for £ > 0. Now, f can be extrapolated onto the whole real line by

F= Baon (3.57)

k=—00

As each coefficient . is a linear functional of coefficients j;/, we may define

extrapolation weights ez . S0 that
D
P A (3.58)
k'=0
for k£ < 0. When f := ¢;;, we have
‘@j;k = ez)l (3.59)

where / € {0,..., D}. Consequently, the quantities ez , can be computed by polyno-

mial interpolation of functions @;;. As
supp ;¢ C 27/ [k — D, k + D] (3.60)

we need only values £ € {-D, ..., —1}. We define

AL TR A (.61)

1<0

for £=0,...,D. Note that
O AEEY (3.62)

fork>0and 0</<D.
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We define a wavelet expansion of function f by

D

f= Z ]/6¢j/e+ Z BirPik:

=0 k=D+1

When we use a finite basis of size /', we have

D w1
= Zﬂj,mj’; + Z BikPi
=0

k=D+1

(3.63)

(3.64)

We must have 7 > 2D so that functions gaj ,(%),0 < & < D, vanish for x > 27 W

This kind of truncation of the basis requires that the function / approximately van-

ishes for x > 27 7.

Let A4 be a linear operator from Cy(R) to Cyp(R). The matrix elements Ay, / =

0,..., D are given by

()= )+ 5 ()

a<0
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4 CALCULATIONS OF RADIAL WAVEFUNCTIONS OF
ATOMS USING DESLAURIERS-DUBUC
WAVELETS

41  General

We solve the Schrodinger equations of hydrogen-like atoms and the Hartree-Fock
equations of some many-electron atoms, see section 2.4. The HF equations are solved
for helium, beryllium, neon, magnesium, argon, lithium, and sodium. The lithium

and sodium atoms are open shell and the rest of the atoms are closed shell. See

Ref. [1] for more.

4.2  Construction of the Basis Function Set

To preserve orthogonality relations of basis functions the scaling functions and wavelets
in the basis cannot be chosen arbitrarily. The basis set B = {{j,...,{n} consists of
scaling functions @f of resolution level £ = k,;, and wavelets ;kf of resolution levels

k = kmin, - - - » kmax. Lhe dual basis functions are defined by

A . ’ )
7oodg=y

Different resolution levels of the basis are denoted as S;_. , Dy Dy, ., where S

means a set consisting of scaling functions and D a set consisting of wavelets. This

‘min’ ‘min’ * *

kind of basis is used directly for standard operator form. For nonstandard operator
form, S, parts with indices £ = kpin+1, ..., kmay are inserted in the basis. We define N},
to be the number of basis functions in S, and M, to be the number of basis functions
in D. For S, = {g)fl, e ¢ka} we define p, = 7, and for Dy = {%kl: R %kMk}
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we define v, = 7,. The NSOF basis function set Bnsor = {{1, - - .» {Nnsor} consists
Dy .S Dy Dy

the same as in the corresponding parts of the basis set B. Basis functions in parts

., Dy are

max

of parts S Basis functions in parts S,

‘min’ ‘min” * ‘max’ ‘max * 'min’ 'min” * ©

Skl - -« » Sk, are chosen so that L(Sg, Di) C L(Sk+1). The radial wavefunction we
want to expand should be zero at the nucleus.

Scaling function ¢§"“" is excluded from B due to the boundary conditions of wave-
functions at zero and singularities of potential, centrifugal potential, and functions

1/7**! (occurring in Slater integrals) at » = 0. This also makes the matrix of operator

R, defined by
RA(7) = 7|f (), (4.2)

nonsingular (an empirical observation).

However, since the Slater integrals do not generally vanish at » = 0 we include
@18“““ in the basis set By = BU {@ﬁ“‘i“} ={ 1(0)
to By is denoted by L;_,o and basis change matrix from By to B by Ly—1. We do not

s ZI(\,O,) }. Basis change matrix from B

need to compute the matrix of operator R_; (corresponding division by 7) in basis
By.

4.3 Forward and Backward Wavelet Transforms

Forward wavelet transform is defined by equations [19]

m
I 7k
Si = Z bj5]‘+zl’ (4.3)
Jj=—m
m
k—1 ~ k
d;— = Z Ziair (4.4)
Jj==m
where .rf is the coefficient for basis function ¢f and dlkf is the coefficient for basis

function y*. Backward wavelet transform is defined by equations [19]:

mf2
5/2'1 = Z (szjf—j+g2jdf—j)’ (45)
J=—m[2
mj2
el = Driist .+ gamdt. (4.6)
$2i+1 2]“'151—] £27+1 i-j )" :
j=—m/2
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The forward wavelet transform defined by (4.3) and (4.4) can be written in matrix

form as
) 4.7)
) 4.8)

where
2 = () 49)
Zul R (410

The backward wavelet transform defined by (4.5) and (4.6) can be similarly writ-

ten in matrix form as

o) = play® 4 gy ®), (4.11)
where [19]
B = (2 )T (4.12)
Sk - Sk+1 ’ .
T
a D,
Bpo= (z) 4.13)
and
S NNt
z = (bﬂkﬂ,ﬂ_zﬂm)d:mzl, (4.14)
My, Ni1

SRR (O (4.15)

We use symbols Z and Z for forward wavelet transform instead of £ and F (as in

Ref. [19]) to avoid confusion with the Fock operator F.

4.4  Standard Operator Form and Nonstandard Operator Form

The eigenvalue equations are solved using the standard operator form, which rep-

resents the operator in the chosen basis. Elements of matrix 4 of an operator A in
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SOF are defined by
Ay = / (%) A G(x)dx, (4.16)

where g}, j =1..., N are the basis functions and Zl., i=1,..., N are the dual basis
functions defined by Eq. (4.1).

The standard operator form of an operator can be obtained from the matrix ele-
ments in nonstandard operator form. Nonstandard operator form decouples differ-
ent resolution levels in the basis set and makes derivation of explicit formulas for the
matrix elements easier [19, 20, 21]. The nonzero blocks of nonstandard operator

form A of the operator A are defined by

Si S < .
Ayt = /_ . @/’jz::ﬂ (x) A gy (x)dx, a=1..., Ny f=1..., Ny, (4.17)
and

AiZD‘“ = / o ()AL (Vs a=1.. Npf=1.. M, (418

Afgsk = / ;}’jm(x)Aﬁ;M(x)dx, a=1.., MuB=1...,N, (4.19)

Af;Dk = / %fk,d(x)A;V,iﬂ(x)dx, a=1.., MuB=1..., M, (4.20)

where k& = kpin +1,. .., Bmax.
We introduce an algorithm for converting a matrix from NSOF to SOF. The
NSOF blocks (S;Sk, Dy, DipSi and Dy Dy,) are computed on the fly. The algorithm

182

Input:

e NSOF basis B = (St Diis - - > Sk D)+

e Function M that calculates the NSOF matrix elements according to formulas

(4.17) - (4.20).

Output: Matrix in standard operator form.

Algorithm:
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1. If the basis contains only parts S, . and Dy, the SOF matrix is

'min

ASkmin Skmin ASkmin kain
A4 = , (4.21)

Akain Skmin AD/emin D/emin

where the blocks are computed with formulas (4.17) - (4.20).
else

2. Compute matrix Apy by calling algorithm recursively with basis
Bprev = (Skmin’ ‘D/emin’ e Skmax_l’ kaax_l)'

3. Compute AmuPimax with function M according to formula (4.18).
4. Compute APkmaxSimax with function M according to formula (4.19).
5. Compute A4PkmaxPhmax with function M according to formula (4.20).

6. Calculate matrices A%minPtmax and 4P¢Pknex where g = kmins---> kmax — 1 by

applying forward wavelet transforms to matrix 45maxPima using formulas

ASkminkaax — ZSkmin 7 kmin +1 . ZSkm“_ZZSkmax_IAS/@maxD/emax (4'22)
Skmin*1 Skmin*2 S/ﬁ’ma\x—1 kaax ?
APt = 701 Z501 L 7S St St D, (4.23)
Sq+1 Sq+2 S/emaxfl D/emax

7. Calculate matrices APkmaxStnin and APkmaexPs where g = kmin»-- > kmax — 1 by

applying backward wavelet transforms to matrix 4maStmas using formulas

AkaaxSkmin - AkaaxSkmaxBkaax B‘gfemaxfl .. B‘S‘kmin‘*'Zlg‘svl‘fmin‘*'1 (4.24)
Skmax—l S/@max—2 Skmin"'l Skmin ’
APinsDs = gDk S BPAmex ka1 g4v2 et (4.25)
Skmax*1 S/@max*2 Sq+1 Dq

8. Construct the result 4 from matrices calculated in steps 2, 5, 6, and 7 using

31



formulas

ASkmin kaax
A kain kaax
Avere = . P (426)

AD/@max -1 D/@max

Akaax Skmm

Akaakamin
Anoriz = 5 (427)

AD/UmaX kaax—l

Aprev AVCl‘t
A4 = . (4.28)
AhOriZ AkaSX D/Cmax

4.5 Evaluation of Matrix Elements

We use the following notation for matrix elements of an operator A in nonstandard

operator form [20]

o = / : i) A g (x)dx, (4.29)
g = /_ : i(x) A g (x)dx, (4.30)
Yy = /_ : 7; (x) A v/ (x)dx, (4.31)
s = /_ : 7 (x) A g (x)dx. (4.32)

In this chapter we denote the matrix of an operator A in an arbitrary wavelet basis

B (with or without function @é‘““‘) by 4.
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4.6  Solving the Hartree—Fock Equations

We use a standard (damped) self-consistent field method [6] to solve the HF equa-
tions. For an arbitrary operator A, we denote matrix of A in basis B by 4 and matrix

in basis By by 4®). We define some operators to be used:

RAG) = PO, (433)
Rof)() = FOIIL (4.34)
(Uyf)() = Olrlf(r’)dr’, (4.35)
(Uoof)(r) = lrloof(r')dr', (4.36)

§, = R™MUR"+RULR™Y, (4.37)

where x € Z, x = 0 and Anf = A Af where A is applied 7 times. We define
multiplication operator M(f) = A by setting

(Ag) (") = £ (r)g(7) (4.38)

for an arbitrary function g(r). If f is a vector (function) in a wavelet basis B” we
define matrix M (f) to be the matrix of operator I\A/[(f ) in the basis B’ (f is kept
constant). Let / and ¢ be arbitrary vectors (functions) in wavelet basis B’. We define
f * g to be the projection of function h(r) = f(r)g(r) to L(B').

We omit the nondiagonal Lagrange multipliers and equations (2.27) can be writ-

ten as matrix eigenvalue equations [22]
Fic; = ¢ic, (439)

where the Fock operator F; for orbital 7 is defined by

F=H'+];,- K, (4.40)
Wavefunctions P; are given by
N
p=y Pz, (4.41)
=1
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The single-electron Hamiltonian operator is defined as
H =T+V+Cy, (4.42)

where the components are defined as in the case of hydrogen-like atoms, Egs. (2.8),
(2.9), and (2.10).

The Slater direct integral operator is defined by

2
9
. 0 26 +1 b x b ) .«
Ji= ) (wj—dy)]; — (w; = 1) Ji (4.43)
; ' 4&‘“; 00 0
where
J:2) () = YE()P(r) (4:44)
and the Slater exchange integral operator by
, 2
\ 1 b x G| .«
K, = = w; K (4.45)
z 7
21(%::1 Z 000/’
where
(K 2) (r) = Y5(r) B (7). (4.46)

. ., . K
Note that in the definition of operator K; the argument of the operator occurs only
in the Slater integral Y’ /K (7). This operator is linear, though. For matrices of direct

Slater integral operators we have
]z?c = LO—)lM(O) (5750) (Pz‘ * Pz)) L1 (447)

and for matrices of exchange integral operators

K}K = L0_>1M(O) (I)j)Sé())M(O) (1)]')L1—>OJ (4'48)
where
SO = [ oRUL U9 L, R 4.49
0o —L1-0 0L0—1 + Uss "L1—0 01 (4.49)
and

S = Lo (R ™M UR Lot + (ROY UL Lissg (R Loy
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for x > 0.

4.7 Results

We use 8th order interpolating wavelets for numerical results. The unit of length is
the atomic unit unless otherwise stated. We examine the convergence of the essential
physical quantities towards the known exact or accurate values when the number
of resolution levels in increased. We also examine the effect of the number of basis
functions in each resolution level. Various parameters affecting the computations are
also reported.

The basis sets were formed so that there are S type basis functions pli";j‘g, e g)i%i“ in
resolution level £, and and D type basis functions %jf B ;kg_l fork = kmins .. - » Bmint+
L — 2. Here L is the number of resolution levels and B is a parameter describing the

number of basis functions in each resolution level. We count S, and Dy, as two

separate resolution levels. The total number of basis functions is
N =4B+2(L—-1)B=2B(L+1). (4.50)

In principle, the number of resolution levels L determines the maximum possible
accuracy of the computations with fixed £y, and unit of length #.

The most accurate energy for the hydrogen 1s orbital is £ = —0.499996 Ha,
which has been computed with L = 9. The results for the calculated closed-shell

atoms are presented in Table 4.1. The results for the open-shell atoms are presented

in Table 4.2.
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Table 4.1 Results from Hartree—Fock calculations for helium, beryllium, neon, magnesium, and argon.
Deviation from the accurate value [23] is given in parentheses so that negative deviation

means that the computed value is less than the accurate value.

He Be Ne Mg Ar
E 22.86157(11)  -14.571(3) -128.45(10)  -198.8(9) -525.8(11)
Piter 21 23 31 27 25
el 0.91793(3)  -4.7318(9)  -32.73(5) -48.7(4)  -118.2(5)
€25 -0.30925(2) -1.928(3) -3.75(2) -12.29(4)
£2p -0.8508(-4)  -2.287(-5)  -9.577(-6)
£36 0.2525(6)  -1.274(4)
£3p -0.5916(-6)
(1s]2s) -2.6%x1077 —42x107° -5.6x10"% -18x107%
(1s3s) -1.6x107% -7.8x107°
(2s]3s) -8.9%x107% -25x1078
(2p|3p) -1.4x1078

Table 4.2 Results from Hartree-Fock calculations for lithium and sodium. Deviation from the accurate
value [23] is given in parentheses so that negative deviation means that the computed value

is less than the accurate value.

Li Na
E -7.4321(7) -161.3(6)
Riter 17 27
€1 -2.4775(3) -40.2(3)
62 -0.196309(14) -2.78(2)
£2p -1.521(-3)
£36 -0.1817(5)
(1s|2s) -5.7x107% -59x%x107
(1s3s) -1.4x107°
(2s]3s) -2.8x 1074
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5  EXACT PSEUDOPOTENTIAL

5.1  General

Suppose that we have a system consisting of a positively charged nucleus at the origin
and N electrons. In the exact pseudopotential method, we choose a small radius 7y
so that inside the sphere with radius y, the wavefunctions of the system are approx-
imated by hydrogenic wavefunctions, and the actual computations are performed
only for values » > 7ry. Actually, we define a basis set for the half-infinite interval

[0, o] and make a change of the variables s = » — 7). For Hartree-Fock calculations,

the Slater integrals are computed by

Qab +

s+ro Ss+nr

) 1 ) B
+/ - P,(sPy(s")ds (5.1)
s S+

)_’ab(f) = ‘/0 P,(sPy(s')ds'

where s > 0 and Q,}, is a system-dependent quantity that approximates the contribu-

tion of the EPP core region to the Slater integral.
Let v(f) denote the coefficient vector () Z:V 0_1 defined by Equation (3.64) and
define
W1, W -1

M(f) = (F7R) k) g (5.2)

for some function /' : R — R.

5.2 Hydrogen-like Atoms
The Schrodinger equation of the hydrogen atom and Hartree-Fock equations of

atoms [6] and their representation in the interpolating wavelet basis [1] denote our

starting point. With a change in variables s := » — 7, the Schrodinger equation of a
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hydrogen-like atom in interval » > 7y takes the form

2
R AN ((53)

2ds? s+r9 2G4 7)? P(s) = EP(s), s20 (5.3)
0

where Z is the charge of the nucleus, / is the angular momentum quantum number,
and P(s) = P(ry + ) for s > 0.
We define the second derivative filter by

ae = (3, Dp(- — b)) (5.4)

Matrix elements of the Laplacian operator L are computed by

-1
Ly = <¢j,/€’L¢ﬁl> =2% (ﬂl—/e + Z Kz’léla_/e) (5.5)
a=—D
for 0 </ < D and
Li = {0 Loyt) = 2 ari (5.6)

for D < [ < . Note that matrix L is generally not hermitian. The potential energy

operator is computed as a diagonal matrix

Ve =V (27k) (5.7)
where ,
ro=- (5.8)

for y > 0. The centrifugal potential is computed in the same way.

5.3  Hartree—Fock Equations for Helium Atom

Define the Slater integrals as

() = / PO ARG (5.9)

/ —
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where a and b denote the atomic orbitals and

1
nr')y=s ————. 5.10
y(nr) max{r, 7'} ( )
We use symbol y instead of ¥ to avoid confusion with spherical harmonics. By
carrying out a similar change in variables s := » — 7y, the Hartree-Fock equation of
the ground state of the helium atom in interval » > 7 takes the form
1d* 2

(_EE T —— +y) (s + ro)) Pis(s5) = e1sPis(s), s> 0. (5.11)

The Hartree-Fock equations for the helium 1s2s 'S configuration are

1 d* 2

242 s+n —— + 50,5+ 70) | Pis(s) = a1, L1 (5) (5.12)
142 2

(_Eéﬁ N 5+ 7o ylsls(‘f-'_ VO)) PZS(X) = EZSPZS(I) (513)

and for helium 1s2s 3S configuration

1d? 2 )
(_z ds? s+ 7 +_)’2325(5 + }"0)) Pls(-‘) = Elspls(-f) +
y?sZs (‘f + 7'0)]_)25(5) (514)
1 d? 2 )
(_Eﬁ s+ +)’1518(5+”0))P25(5) = eP(s) +

W+ 70)Pi(s)  (5.15)

54  EPP of Helium Atom

We define P,(7) to be the exact Hartree—Fock wavefunction of the orbital 2 of the

atom. We define the operators Uj and U, [1] by

06 = [ £ (5.16)

and

(Ueof) (5) = / ) F(Hds (5.17)
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Define Pis11(7") and Pag11(7”) to be the hydrogenic orbitals of the helium atom.

Then, we have

(B, Vo) = 27 (@I - D) - >-1) (5.18)
and
(B, Ungit) =27 (1= Ok = 1) (5.19)
where .
ot = [ oty (5.20)

The Slater integrals in the shifted variables are obtained from Equation (5.1)

where we set

Py(0) Py(0) [

b = P,u(r')P "dr'. 5.21
O = Do) Py Jo PO -2
for the helium ground state, and
70
Qo= [ Pl B (5.22)
0
for the excited states of helium. Define
(s) := ! (5.23)
79 = s+ 7y )
and
So == M(q) Uy + UM (g). (5.24)
Now,
v(5%,) = Quv(q) +So (0(P, * Py)) (5.25)

where Up and U, are the matrices of operators Uj and U, in the basis set constructed
in Section 3.7. We define v, = v(P,) and v;, = v(Pp). The matrix of the exchange

integral operator

(KaP2) (5) = 7, ()P (9) (5.26)

is computed by
K, = Wy + M(vy)SoM(vy) (5.27)
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The term W,v, approximates the first term in Equation (5.1) as a linear function

of v,. For this, we approximate the wavefunction P,(») in region » € [0, 7y] by a
linear function that is zero at the origin and P,(0) at »y. We have

Qab = 1

Py(s) ~
s+ b() s+

==

P,(0) (/0 (1 + i) Poy(s"+ ro)ds') Py (s) (5.28)
70 s 70

The wavefunction Py (s) is taken from the previous step of the Hartree-Fock
iteration. By approximating the wavefunctions by hydrogenic ones, we find the

hydrogenic Slater integrals

1 (1
y?sls,H(r) = ;—6 4 (; +Z) (529)
0 1o B 1 32 1
V2su(r) = L te e 4Z Tt T (5.30)
1

Masu () = %(1222““82) e (5.31)

for » > 0. The scalar products involving the Slater integrals are approximated as

01y [ 2a0) )2( Py(0) )2
<P3|yablpb> ~ (Pa,H(VO) Pb,H(VO)

40
- / Pt ()9 1 () P ()’

' =()

+ [ Pa(s)j/;)b (5) Py (s)ds (5.32)

0

for the helium ground state and

ro
(PLYIR) = / Puit (7)), 1 () Poss ()’

+ [ ]_)a(s)j/gb(s)l-)b(s)d;. (5.33)

0

for the excited states of helium.
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5.5  Total Energy of Helium Atom
The total energy of the ground state of the helium atom is

E(He 15%) = 2e15 — (Pis|yhy | Prs ) (5.34)
The total energy of the 1s2s 'S configuration of the helium atom is

E(He1s2s1S) = &+ e
1 1
_z <P15|.y2525|])15> - z <P25|.y?sls|P25> (535)

and for the 1s2s 3S configuration

E(He1s2s3S) = ¢4+ e

1 1
_z <P13|y2525|P18> - E <P23|y?513|P25>
+ <P15 |.y?525|P25> . (536)

5.6  Combination of EPP with Finite Difference Method

The Schrodinger and Hartree—Fock equations are converted to matrix equations
using the biorthogonality relations of interpolating wavelets [1]. We compare these
calculations with the Finite Difference Method, which is a straightforward method
for solving differential equations. The spatial and time domains are discretized, and
the derivative at a point is computed with a stencil applied to the nearby points.
This way the differential equation is converted to a matrix equation. The Laplacian

operator is approximated by

_u(x—=h) = 2u(x) + u(x+h)

u" (x) 7 (5.37)

where / is the discretization step size.
We discretize the Schrodinger Equation (5.3) at points p; = jb, j = 0,...,] +1,
where / is the number of actual numerical calculation points and » € R, is the grid

spacing. We define the discretized potential by v; = V(;j). The boundary condition
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at the end of the interval is set by p7.; = 0. We have

pm+ (2200 4 pe B,

e ) (5.38)

forj=2,...,/. We handle case j = 1 by extrapolating p linearly from p; and p,. We
obtain py = 2p; — p> from which it follows that p, + (-2 — 21920]')])1 +po = —219201])1.

Hence, the difference equation for j =1 is
upr = Epl (539)

In order to discretize the exchange operator K, we need to discretize the integral

operators

(6 = [ g()ras (5.40
and N
&6 = [ area (5.41)
We define
hoy;  k<j
(1) =={ “ ~ (5.42)
0; k>j
and
hgs k>
(Immpl(g))j;/e = [ e =7 (5.43)
0; k <j

where g, = ¢(s5;). When f is a real function, we define w(f) := (f(sk))izl. Now, the

matrix of the exchange integral operator is computed by
K, = W,+K? (5.44)

where 17, is computed as in the case of wavelets,

Kf = diag(w(ﬁ))[(i)b) +1C°mpl(f1 * DPp), (5.45)
and .
fi(s) = P s> 0. (5.46)
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5.7 Results

We demonstrate the EPP method by performing calculations where the EPP radius
7o and the basis size W are varied. We actually select a length scale # = R/ ¥ and
conduct a change of variables s = #s" in Equations (5.3) and (5.11)-(5.15). The
length scale # specifies how many atomic units of length a length unit in our own
coordinate system is. Here, R is the size of the computation domain. For hydrogen
1s, we have R = 15 a.u., for hydrogen 2s and 2p R = 25 a.u., for He 1s> R = 15 a.u.,
and for He 1525 'S and S R = 20 a.u.. We also set / = 0 for the basis set (see Section
3.7), and hence # is equal to the grid spacing bgpp.

The best of the calculated energies are presented in table 5.1. OIW means the
interpolating wavelet Galerkin method that uses a pseudopotential to handle the sin-
gularity of the Coulomb potential. Using 200 basis functions for the helium ground
state and computing the atom energies for 7y = 10%, £ = —10, ..., =1 shows that atom
energies are equal up to seven decimal places for 7y < 107°. Similar computation for
the hydrogen 1s orbital shows that the H 1s energy is equal to —0.5 Ha up to seven
decimal places for 7y < 0.01. For hydrogen 2s and 2p, the corresponding limit is
ro < 0.01, too.

We also found that when the number of basis functions is sufficiently large for a
given system, there is an approximate threshold value so that reducing 7y below it
does not make the accuracy of the computed energy better. When the number of
basis functions is sufficiently large and 7y is sufficiently small, the hydrogenic orbitals

are approximately continuous at 7.
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Table 5.1 Hartree-Fock total energies of H and He occupation configurations. E,.c are chosen refer-
ence values. Egpp is the energy given by the EPP-Galerkin-method, 4gpp is the grid spac-
ing in the EPP-Galerkin method, Eopyw is the energy given by the OIW-Galerkin method,
and Egpyy is the energy given by the Finite Difference Method. For EPP, the most accu-
rate results are given. For OIW approach, the number of basis functions is 201 and the
finest grid spacing is 0.00625 a.u.. The number of FDM computation points is 2001 for the
second and third systems and 1001 for the other ones.

System Ere/Ha  Egpp/Ha Jbppp/au.  Eorw/Ha  Eppm/Ha

H 1s —-0.5 =7 —0.500000 0.075 -0.50 -0.49803

H 2s —-0.125 =T —0.125000 0.125 -0.125 -0.124741

H2p —-0.125 «7 —0.125000 0.125 -0.124998 -0.124995

He 1s? —2.8616800 T [23] -2.862 0.075 -2.834868 -2.839
2.903724 % [24]

He 1s2s 1S —2.147 ° [25] -2.1531 0.1 -2.133579 -2.132
—2.145974 % [24]

He 1525 3S -2.171° [25] -2.174 0.1 -2.154536 -2.155

—2.175229 * [24]

* : exact energy; |: HF limit; °: HF result.

45



46



6  CALCULATIONS OF ATOMS AND MOLECULES
USING THREE-DIMENSIONAL
DESLAURIERS-DUBUC WAVELETS

6.1  Interpolating Wavelet Basis Set

Let n € Z, be the dimensionality of the basis set. We use here » = 3 but this
formulation works for other values of 7, too. Let jyin and jm.x be the minimum and

maximum resolution levels of the point grid. Let

k
= |ofrez] (6.1
and
V=2 (6.2)
where j € Z. Define sets Q; by
Qfmin = ijin (6'3)
Q = Vi\ V1 forj> jmin (6.4)

The point grid G shall be some finite subset of 7, . We define
G =GN, (6.5)

for j > jmin. The functions @;; and ¢ are scaling functions and wavelets belonging
to an interpolating wavelet family. Functions ¢ i and ¢ i are dual basis functions of

interpolating wavelets.
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Define

@j’k; ifs=0

Vijik
%',/e; lf.f =1

_ ¢j,le; ifs=0

%5,]‘,/6 = ~
%’,/& ifs=1

and
@jmin:/e; lf_] :jmin
Tk = Pi-1k/25 if /> jmin and k even

%’—1,(/«—1)/23 lf] > Jmin and £ odd

P ik’ if / = fimin
T = @1-_1,/6/2; if 7 > jmin and k even

%’—1,(/z—1)/23 if /> jmin and £ odd

When « € Q; and j > jmin define

o = 7ik(1] @+ ® 7ik[n]

and

Co = M) © 7 ® Tjiga)

where k = 2. We also define

Pik = Pik[1] ® -+ @ Pik([n]

where j € Z and k € Z".
We use notation

Zo(n) = {k € Z: k] < n}

in the definitions of basis functions sets.

Laplacian operator
, 0% 9* 07
=—t—+—
ox*  0y>  9z?
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is approximated by linear operator L = L¥) + L0) + L) where

SR
La,zx' - —/]Rg3 [az(x) axZZa’ (X)dT (615)
. 02
) = [ Lo gt war (6.16)
© - [
La,zx’ - -/R;3 ;az(x) 922 é;/ (X)dT (617)

fora, o € G.

6.2 Interpolating Wavelet Transforms

Let
f= ke (6.18)

aeG

where ¢, € R for all 2 € G. Let ¢ = (¢;)4eg- Define v = (v,),e¢ by setting

vy = f (@) (6.19)

We define forward wavelet transform U and backward wavelet transform 7 by
setting U(v) = ¢ and W (c) = v. Mappings U and ¥ are linear. We compute the
forward wavelet transform U using an algorithm somewhat similar to [26]. Define

matrix PY) by

()
Pa{ﬁ = dup (6.20)
where € G; and § € G and matrix EY) by
") _
Ea,ﬁ = dup (6.21)
where ¢ € G and 8 € G;. Define
W(]ﬂ] 0 (6.22)
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where 2 € G; and 8 € G;. See equation (6.5) for definition of G; and equation (6.10)
for definition of 3. We have

]max
w= > Z ED i) pli), (6.23)
]jmm] =/min

For forward wavelet transform we have

j ‘max

vo= Y EOuY (6.24)
j':jmin
j-1
v o= g9 (P(") - ). W(j’j')U(f")), (6.25)
j/:jmin
for j > jmin
U Umin) = plmin) (6.26)
. a1
j(l) = (W(]J)) (6.27)
When
f=) (6.28)
G
we have
= (Cuf) = <me(ﬂ>¢,m> S Coes) @ (629)
BeG; BeG;
Consequently

19 = (2. 0,20) (6.30)

and we do not have to invert matrix W /),
An operator representing pointwise multiplication of a function f by another in
the given computation grid is

M = UDW (6.31)

where D is a diagonal matrix with values of the function f at the grid points in the

diagonal.
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6.3  Constant and Interpolated Pseudopotentials

The Coulomb potential arising from a single nucleus is

Vi) = —g (6.32)

where Z is the charge of the nucleus.

We avoid the singularity by using a pseudopotential. We define ¢ to be the cutoff
point of the pseudopotential and D to be the degree of the interpolating polynomial
used in the pseudopotential. Actually we use ¢ = 27/m= where jmay is the highest

resolution level in the wavelet basis. Parameter D has to be an odd integer and we

define n = (D +1)/2. We define

V() = —;, >0, (6.33)
s:=(-n,—-(n-1)¢...,—2¢ —¢¢62c..., (n—1)g nc), (6.34)

and
t[7] := Vi(s[z]) (6.35)

where 7 = 1,...,2n. Let P be the interpolating polynomial of degree at most D
having value t[7] at point s[7] for 7 = 1,...,2n. Now we define the interpolated

pseudopotential with

i), r=c
Vinterp(r) = (636)
P(r), r<c

The actual pseudopotential of a nucleus with charge Z and location R is then
V(l‘) = ZVinterp(lr - R|) (637)

Function Vigerp with different values of ¢ is plotted in Fig. 6.1. We may also use the

cut pseudopotential defined by

Ve () = Vll(r)’ e (6.38)

- r<c
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Figure 6.1 Pseudopotentials Vi,.rp With D = 7. Parameter ¢ is the cutoff value, see section 6.3.

where ¢ = 2 /max~1,

6.4 HGH Pseudopotential

By using pseudopotentials the number of computed orbitals can be reduced and since
the pseudo wavefunctions are smoother than all-electron wavefunctions the basis
function set can also be reduced. In a pseudopotential computation only the va-
lence electrons are actually computed and the effect of the core electrons is handled
by replacing the nuclear potential with a pseudopotential. We use the Hartwigsen-
Goedecker-Hutter (HGH) pseudopotential [27, 28] in these computations.

The HGH pseudopotential consists of a local and nonlocal part. The local part
is a function of the position as the nuclear potential. The nonlocal part is a linear

operator and it is not a function of position. The local pseudopotential is given by

ine il
X(C”Cz(é)zwa (t)4+c4(i)6) (6.39)
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where 7 is the distance from the nucleus. Note that

lim ~Zion erf( i ) = ~Zion |2 (6.40)
r—0 7 V270c Moc V7

and the local pseudopotential is defined at the origin (nucleus), too.

The nonlocal pseudopotential is defined by

wal$] =1 € %00 3 [ 10 )g0)¢ (6.41)
/
where
3 3 /
Vier) =) Z Yo (P2 )Y, () (6.42)
=1 j=1 m=-/

for each nucleus. The origin of the coordinate system in (6.42) is located at the

nucleus. The functions pf are defined by

VA2 exp (_r_z)
Z

[+ (47— i—
O )

Pir) = (6.43)

where parameter 7; is given in Bohrs. The range of values/ is determined by the actual
pseudopotential. The spherical harmonics Y7, in equation (6.42) can be replaced by
orthonormal linear combinations of Y;,,, m = —/...,/. This allows us to avoid

computation with complex valued functions.

6.5  Atomic and Molecular Orbitals

The grid spacing for a wavelet basis is defined to be g = 27/m»4 where jn,x is the
maximum resolution level in the basis and 4 is the size of one unit in resolution level
0 in the wavelet basis in atomic units.

The data presented in the tables in this article was obtained from our own software
(denoted by TH), our own computations with BigDFT [28, 29], and CCCBDB
[30]. BigDFT is a quantum mechanical computation package using Daubechies
wavelets. CCCBDB is large database containing atomic and molecular data. The

CCCBDB energies and internuclear distances in this article use the STO-3G basis
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set. Quantity ¢ is the distance between grid points in the highest resolution level
and quantity 4 is the distance between the nuclei in the result tables. Ejem is the
total energy of the system and Epinding is the binding energy. Note that the total en-
ergy does not include the energies of the core electrons in the lithium hydride HGH
computations.

When binding energies of molecules were computed the energies of atoms were
usually computed with the same basis set as the molecule. When the basis was un-
symmetric it was modified. For example, grid Z.(4) X Z.(4) X Z.(10) becomes
Z.(4) X Z.(4) X Z.(4) for the atoms.

The results for hydrogen atom ground state are presented in Table 6.1. The
calculation of hydrogen excited states uses HGH pseudopotential and grid spacing
¢ =0.25 B. Results are presented in Table 6.2. The names of the excited states were
obtained by computing inner products between the computed states and analytical
states. The resulting orbitals are approximately orthonormal and the computed 2p
states are approximately linear combinations of the analytical 2p states.

Helium atom has been computed using the HGH pseudopotential. Results are
presented in Table 6.3. Grid spacing ¢ = 0.5 B does not give sensible results with the
HGH pseudopotential. We suppose that Froese Fischer’s results [23] can be regarded
as the Hartree-Fock limit for helium. The computed total energies of the helium
atom are quite good.

We calculated the hydrogen molecule with the interpolated and HGH pseudopo-
tentials. The computation results for the hydrogen molecule are presented in Ta-
ble 6.4. The resulting dissociation curve with the HF method, HGH pseudopoten-
tial, and grid spacing ¢ = 0.25 B is plotted in Fig. 6.2. When the HGH pseudopo-
tential was used the computation worked for grid spacing ¢ = 0.25 B but did not
work for spacing ¢ = 0.5 B. The minimum energy of the curve is £y = —1.188 Ha
and it is located at internuclear distance d = 1.398 B. The corresponding values for
the BigDFT reference curve are £y = —1.132 Ha and dy = 1.385 B. The results for
the hydrogen molecule ion are presented in Table 6.5.

The calculations for lithium hydride molecule are presented in Table 6.6. Grid
spacing ¢ = 0.5 B did not yield a physical dissociation curve for the HGH pseudopo-
tential. Neither ¢ = 0.5 B nor ¢ = 0.25 B yielded a physical dissociation curve for the
interpolated pseudopotential. The dissociation curve of lithium hydride computed

with the Hartree-Fock method and grid spacing ¢ = 0.25 B is plotted in Fig. 6.3.
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Table 6.1

Total energy of the hydrogen atom. Quantity ¢ is the distance between grid points in the
highest resolution level. “TH” means this work.

source ¢ (B) pseudopot. E (Ha)
TH 0.125 const. -0.496380
TH 0.125 interp. -0.493471
TH 0.125 HGH -0.499899
CCCBDB [30] -0.466582
BigDFT [28, 29] HGH -0.499969
exact none -0.5

Table 6.2 Hydrogen atom orbital energies with the HGH pseudopotential. We labelled the resulting
2p orbitals with a, b, and c. All the orbitals presented are approximately orthogonal.

Orbital Computed energy (Ha) Exact energy (Ha)
Is -0.499295 -0.5
2s -0.120957 -0.125
2p, -0.123045 -0.125
2p,, -0.123045 -0.125
2p, -0.123045 -0.125
The minimum energy of the curve is £y = —0.817 Ha and it is located at internuclear

distance dy = 2.880 B. The corresponding values for the BigDFT reference curve

are Ey = —0.760 Ha and dy = 2.921 B.

Note that having no more than two resolution levels in the basis makes the com-

putation of the Laplacian operator simpler and faster, because in that case the s(...)

terms in the Laplacian operator, formulas (60) - (62) in publication IV are either

Kronecker deltas or zero.
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Table 6.3 Energetics of the helium atom. All our and BigDFT computations use HGH pseudopotential.
“TH” means this work.

source ¢ (B) exchange potential E (Ha) E,, (Ha)
TH 0.25 HF -2.901180 -0.970247
TH 0.25 LDA -2.819951 -0.628152
TH 0.125 HF -2.916129 -0.974768
CCCBDB [30] HF -2.807584
CCCBDB [30] LSDA -2.809599
BigDFT [28, 29] HF -2.862303
BigDFT [28, 29] LDA -2.833895
HF limit [23] HF -2.862 -0.918
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Table 6.5 Hydrogen molecule ion. The analytical results are equal to the experimental results. “TH”

means this work.
source g (B) pseudopot.  Eggem (Ha)  Epinding (Ha) d (B)
TH 0.125 interp. -0.589135 0.101242 2.015143
TH 0.125 HGH -0.6024438 0.102549 1.999338
CCCBDB [30] -0.582697 0.116115 2.005
BigDFT [28, 29] HGH -0.602489 0.102520 1.995677
exp. [31] 0.103 2.00
0.5 I
\
o |
&
.05
- iy
=3
Ak -
@\%;@@@ =
-1.5 ‘
0 1 2 3 4 5
d(B)

Figure 6.2 Energy of H, as a function of internuclear distance calculated with Hartree-Fock method
and HGH pseudopotential. The solid line is our computation with interpolating wavelets

and grid spacing ¢ = 0.25 B and the dashed line is computed with BigDFT and (fine) grid
spacing ¢ = 0.225 B.
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Table 6.6 Lithium hydride molecule. All our and BigDFT computations were done with the HGH pseu-
dopotential. The CCCBDB all-electron total energies are not presented in the table. “TH’

means this work.

source a (B) g (B) exch. Esystem (Ha) Ebinding (Ha) d (B)
TH 1.0 0.25 HF -0.817030 0.116686 2.880018
TH 1.0 0.25 LDA -0.809904 0.109560 3.013474
TH 0.4 0.2 HF -0.817007 0.116370 2.863496
CCCBDB [30] HF 0.081274  2.855
CCCBDB [30] LSDA 0.135698 2.899
BigDFT [28, 29] HF -0.760938 0.059911 2.866004
BigDFT [28, 29] LDA -0.776416 0.075389 2.930745
0 \‘
0.2
—-04r7
©
= @
L :
0.6
S g8 25—
08 S Sapoces
A : : :
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Figure 6.3 Total energy of the lithium hydride molecule as a function of the internuclear distance
calculated with the Hartree—Fock method and HGH pseudopotential. The solid line has
been computed with interpolating wavelets and grid spacing ¢ = 0.25 B and the dashed
line with BigDFT and (fine) grid spacing ¢ = 0.225 B.
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7 FOURIER TRANSFORM AND WAVELET
APPROACHES TO THE PATH INTEGRAL
FORMULATION

7.1  Stationary State Energies and Wavefunctions

Fourier transform has been used to determine the energy spectrum of a quantum
mechanical system with path integral formulation e.g. by Gholizadehkalkhoran et
al. [32].

A stationary state ¥ of a quantum mechanical system can be represented by

[ee)

yx) =) afi(®) (7.1)

k=0

where functions f;, are the eigenstates of the Hamiltonian operator of the system and

¢ are complex numbers. The time evolution of the stationary states is given by

[ee)

PY(x, 1) = Z e exp(—iExt)fi (%) 7.2)

k=0

where E} are the energies of the eigenstates. Suppose that we have a fixed point
xo € R? and define ¢(2) := ¥(xo, £). By making a Fourier transform of eq. (7.2) we

obtain

2(®) = V27 )" afi(x0)d(w + Ey). (7.3)
k=0

Thus, we may compute the eigenenergies of the system from the Fourier spectrum
of function g.
The initial function of the time evolution should be chosen so that it has a broad

Fourier spectrum and it should also contain both even and odd terms. So we chose to
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approximate the sum of delta function and its derivative at the origin with a scaling
function centred at the origin and its derivative in the one-dimensional case. In
some calculations we use function —@; . _1+@;.. 1 instead of the derivative. In three
dimensions we use the tensor products of functions (=1 —i)@; . -1+ (1 +1)@;. 0+
(1+ i)pfmm;l'

Let X,j=1...,N be the points where we calculate the wavefunction of state £.
Let gi(¢) := ¥(x;,¢) and AE be the spacing between points in the Fourier spectrum
gj(E). Letdy,; = !ckfk(xj-)|2 be the undefined variables. Define

piy = g (—Eo) P (7.4)
and .
Py = 5 (1&(~Ee + AE) + g, (~Ee — AE)). (7.5)

Now, we fit peak # to the Lorentzian distribution

1 Vkj

Ly(E)= ————% 7.6
w(E) 7 (E+E)> +7, o
by setting
11
Prj = AiiLi;(—Ep) = dk,j;; (7.7)
)
and ]
’ 716"
lb/e,j = d}e’ij’j(—E/e+AE) = ko;AEz—-Z?/z (78)
oy
It follows that
di; = Typrg (7.9)
where
Gk
= / AE 7.10
Vkyj 1— iy | | ( )
and ,
Py
b= —. (7.11)
Gk Phy

Note that | fgj(E)lz is the Fourier transform of the autocorrelation function of g;(¢)
multiplied by a constant.

We assume that the potential 7 does not depend on time in the sequel. We ap-
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proximate the kernel (2.52) by setting N = 2 and we have

m

Ky (xp X56) = (—)d /R exp (iS2) dx (7.12)

27ie

We get

e @)dexp (i (2% (x; +x5) — gV(xb))) b (%(xb +xﬂ)) (7.13)

KZ(Xb) X5 5) = (m

where

h(x1) = exp (i (%XIZ - 5V(X1))). (7.14)

We call kernel (7.13) the midpoint kernel.
If function » is radially symmetric (i.e. the potential is radially symmetric) we

have _
b = - (F(B) — 7 (k) (7.15)
2k ’ ’
where f(7) = 7hrq(|7]) and b(r) = brq(|r|). Note that the Fourier transform of f in

equation (7.15) is one-dimensional.

7.2 Quantum Harmonic Oscillator and Hydrogen-like Atom

The potential of the one-dimensional harmonic oscillator is

Wl&.)z

Vi(x) = Toxz (7.16)

where  is the mass of the particle and wy is the angular frequency. The potential of

the isotropic three-dimensional harmonic oscillator is

m“)(z) 2
V(x) = T'Xl ) (7.17)

The kernel for the one-dimensional harmonic oscillator can be computed exactly

[10]. We have

ma(

1/2
K (xp, %,38) = ( ) exp(iSa), (7.18)

27i sin(wyt)
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where S is the classical action given by

ma

= i) sin(@0D) ((x} +x2) cos(wot) — 2x,) . (7.19)

cl

By substituting the potential of the one-dimensional harmonic oscillator to equa-

tion (7.14) we obtain

" 2,2
h(x1) = exp (i— (1 - —0) xf). (7.20)
£ 2
Define
" 2,2
a:=— (1 - —0) (7.21)
£ 2
and assume that 2 > 0. Now
\ 1.1 NZ
/9(/6) = 5(1 + I)$ exp (—Iz) . (722)
Similarly, in the three-dimensional case we have
h(k) = l(—1 +i)a? —iﬁ (7.23)
T4 P\ '
using equation (7.15).
The potential of a hydrogen-like atom is
V(x) = -2 (7.24)
||
in one dimension and 7
V(x)=—-—— (7.25)
Ix|

in three dimensions. Here Z is the atomic number.
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7.3  Wavelet Bases

7.3.1  Interpolating Wavelets

We construct the basis set as in section 6.1. The interpolating mother scaling function

can be represented as [16, 2]

o(x) = Z slalp(?x - a) (7.26)

a€l

where J is some nonnegative integer and s[z], @ € Z, are constants that depend on
the mother scaling function and /. We define so[#] to be the coefficients for / and
s1|a] for J —1.

The matrix of the time evolution operator in the interpolating wavelet basis is
Note that the dual wavelets 7, are finite sums of delta distributions and consequently

the integration over y is actually a weighted sum of values of the function

/ K (y, x){q(x)dx
R4

in finite number of points y. When r = 27/¢ € G; . we have

Keq = /R K @T 0 x) g (0)dx. (7.27)

In one-dimensional case the integral over x is approximated by

/ K (04 (x)dx ~ 27w~ 3" K (3, 2790 pys ) (p = 2/ 7D k) (7.28)
R

PEL

where k € Z, g = 27/mink € Glin O 4 = 2 min=1f ¢ Gpin+1> and

1 ifge G
tgq) = B Vil (7.29)
0 ifgeG;

'min*
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For the three-dimensional case define

1 if q € G;,,,+1 and 2min*lq[7] odd

t:(q) = (7.30)
0 otherwise
for7=1,2,3 and t(q) := (#1(q), £2(q), 3(q). Define also
5e(z) = si1)(2[1])s2) (2[2]) 52131 (z[3]). (7.31)

Now we can approximate

/ K(y, 0)fq(x)dx ~ 273Umin®/) Z K(y, 27/ p)se(q) (p — W - k) (7.32)
R3
p€Z3

where k € Z3 and q = 27/mnk € G, orq = 27Jmin=lk € Gpintl, and w =
(/1@ /2@ 2/-5@)T We pick some value J > 2 and for r € G+l We use
value / = Jy — 1 in equation (7.26) and J = J otherwise. The lower accuracy is used
because the matrix elements where q belongs to the finer grid are significantly more
complex to compute as the ones in the coarser grid.

We use 8th order Deslauriers—Dubuc wavelets for one-dimensional calculations

and 4th order functions for three-dimensional calculations.
7.3.2  Orthonormal Wavelets

See [15] for more information on orthonormal wavelets. We define the basis indices
by =1

]h]in

UL .1 where [; = {(j, k) : k£ € K;} and Kj is a finite set of integer numbers

(usually a range of integers). Now the basis functions are defined by

Plmink = 2j/2¢(2j - —k) J = Jmin

e = (=112 (21 o
%—Lk =2V %(2] : _k) J > Jmin

(7.33)

where (j, k) € I, ¢ is the mother scaling function of the wavelet family, and ¢ is the
mother wavelet of the wavelet family. The matrix elements of the time-evolution

operator are given by

Kk e =</R/R§};k(y)l((y,x)§}gk/(x)dxdy (7.34)
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Figure 7.1 Probability density function W(x)|2 of the one-dimensional harmonic oscillator computed
with the exact kernel.

with orthonormal wavelets. We use the 20th order Daubechies wavelets in this study.

We use only one-dimensional orthonormal wavelets.

7.4 Application to the Harmonic Oscillator and Hydrogen Atom

Unless otherwise stated the calculations use Deslauriers-Dubuc wavelets.

We make calculations for the one-dimensional harmonic oscillator with the exact
kernel, Trotter kernel, and midpoint kernel. We compute all these systems with
both one and two resolution levels of the basis functions for Ar = 1.0 a.u. and one
resolution level for Ar = 0.5 au and Az = 0.25 au. The mass of the particle is
1 a.u. and the angular frequency 0.1 radians. All these calculations yield the ground
state energy 0.050265 Ha and first excited state 0.150796 Ha or 0.149226 Ha. We
use the basis (1/4){—48,..., 48} for one-level calculations and (1/4){—48,...,48} U
(1/8){-5,..., 5} for two-level calculations. We use scaling function resolution J = 3.
Both of these calculations use two resolution levels. The wavefunction of the one-
dimensional harmonic oscillator calculated with the method described in section 7.1
is plotted in Fig. 7.1.

When the Deslauriers—Dubuc (interpolating) wavelets are used for the hydrogen
atom the calculations work for parameter Az = 1 au. but not for Az = 0.5 au

So we calculated this system with Daubechies (orthonormal) wavelets using both
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Figure 7.2  Radial probability density function | Py, ()|* of the hydrogen atom computed with the mid-
point kernel in one dimension.

Trotter and midpoint kernels. For one resolution level calculations we use the ba-
sis {(2, —48),...,(2,48)} and for the two-level calculations {(1, —24),..., (1,24)} U
{(2,-6),...,(2,6)} We set the mother scaling function resolution to/ = 5. We found
that for the same time parameter the midpoint kernel yields usually better energy
compared to the Trotter kernel but the Trotter kernel accepts smaller time parame-
ters. The best energy for the Trotter kernel is £y = —0.502655 Ha and if the energies
smaller that the exact energy are neglected we get £y = —0.494801 Ha. The best
energy for the midpoint kernel is £y = —0.496372 Ha. The radial probability den-
sity function of the hydrogen atom calculated in one dimension with the the method
described in section 7.1 is plotted in Fig. 7.2.

We make calculations for the three-dimensional harmonic oscillator using the
midpoint kernel and the Trotter kernel. The mass of the particle is 1 a.u. and the
angular frequency 0.1 radians. We use basis {~10,...,10}* and mother scaling func-
tion resolution / = 2. The resulting ground state energy for the midpoint kernel is
Ep = 0.150796 Ha and the first excited state £ = 0.249757 Ha for At = 4.0 a.u.. For
At = 2.0 a.u. the energies are Fy = 0.150796 Ha and E; = 0.251327 Ha. The energy
spectrum for Az = 2.0 a.u. is plotted in Fig. 7.3. For the Trotter kernel the energies
are Ey = 0.150796 Ha and E; = 0.251327 Ha for both At = 4.0 a.u. and At = 2.0 a.u..

We make three-dimensional calculations of the hydrogen atom using the mid-
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Figure 7.3  Energy spectrum of the three-dimensional harmonic oscillator calculated with the midpoint
kernel.

point kernel and the Trotter kernel. The basis function set is (1/2){-9,...,9} U
(1/4){—4,...,4}. The function b(k) for the midpoint kernel is calculated with for-
mula (7.15). We have to invert the sign of the midpoint kernel (7.13) in order to
get the energy computation to work. We get energy £ = —0.474380 Ha for the
midpoint kernel with parameter Az = 2.0 a.u. and value Ar = 1.5 a.u. does not yield
reasonable results. For the Trotter kernel we get £ = —0.477522 Ha with parameter
Ar = 0.2 a.u. and value Ar = 0.125 a.u. does not give reasonable results.

Note that we get exactly the same energy values for many different calculations
because the energy spectrum ¢(—E) is approximated by the Discrete Fourier Trans-
form, for which the energy values are discrete. Ruokosenmiki [13] has discussed
the behavior of the path integral kernel with small values of Az, too. It turned out
that when the time step parameter Az is the same the midpoint kernel gives usually
better energy than the Trotter kernel for the hydrogen atom (one and three dimen-
sions) but the Trotter kernel accepts smaller values for Az. The two kernels yield

approximately the same energy for the harmonic oscillator.
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8  CONCLUSIONS

We have solved numerically the radial Schrodinger equations of hydrogen-like atoms
and HF equations of several many-electron atoms: hydrogen, helium, beryllium,
neon, magnesium, argon, lithium, and sodium. The results were very accurate and
the approach worked for open-shell atoms, too, even though the nondiagonal La-
grange multipliers in the HF equations were neglected. We were able to derive ana-
lytical formulas for all the relevant matrix elements and we developed an algorithm
for converting a matrix in nonstandard operator form to the standard operator form.

Multivariate compactly supported interpolating multiresolution analyses of spaces
Cu(R*", K) and Cy(R”, K) were introduced. Here K = C or K = R. We also de-
fined compactly supported interpolating wavelets on the half-infinite real interval.
We generalized the Besov-space norm equivalence from Donoho [17] to multiple
dimensions, too.

The Exact Pseudopotential approach was applied to wavelet-Galerkin and Finite
Difference methods. We calculated ground states of hydrogen and helium atoms and
helium excited states He 1s2s 'S and He 1s2s 3S. The numerical results were good.
It turned out that the EPP Hartree-Fock energy of configuration He 1s2s 'S was
lower than the exact energy including correlations. This has been observed earlier in
Ref. [25], and Cohen and Kelly [33] have shown that the reason is the nonorthogo-
nality of this particular state and the ground state 1s* 'S. The EPP wavelet-Galerkin
method gave notably better results than the ordinary wavelet-Galerkin method de-
scribed in chapter 4 and the EPP Finite Differences method. We assume that the
reason for the first case is that we have computation grid points considerably closer
to the origin in the EPP wavelet-Galerkin method compared to the ordinary wavelet-
Galerkin method.

Atoms and diatomic molecules were calculated using three-dimensional Deslauriers-
Dubuc wavelet basis. We used dual wavelets to evaluate the necessary matrix ele-

ments, which allowed us to neglect the overlap integrals. We computed the energet-
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ics of the hydrogen and helium atoms, hydrogen molecule ion, hydrogen molecule,
and lithium hydride molecule. The internuclear equilibrium distance is determined
for the molecules, too. We obtained good numerical results for all the calculated
systems.

We developed the midpoint kernel and an algorithm to compute the wavefunction
of a system using path integral formulation. The energies of one and three dimen-
sional harmonic oscillator and hydrogen atom in one and three dimensions were
calculated using the path integral formulation. For the one-dimensional systems we
computed the wavefunctions, too.

We conclude that the Deslauriers—Dubuc wavelets form a good basis set for calcu-
lations of wavefunctions of electronic systems using the Galerkin method. In some
cases the Daubechies wavelets give better results but calculation of matrix elements
of the potential energy operator is faster with the Deslauriers—Dubuc wavelets. This
is significant in three-dimensional simulations. We also conclude that Daubechies
wavelets are a good basis set for path-integral calculations. The most important chal-
lenge in this study turned out to be handling the singularities of the nuclear potential
at nuclei. Another issue was the slowness of the three-dimensional computations due
to the large number of basis functions.

Making the self-consistent field iteration with Deslauriers—-Dubuc wavelets as
fast as the one implemented by the BigDFT software package using orthonormal
wavelets is one challenge for future research. Another thing to study is computing
three-dimensional systems with more than two valence electrons with HF and DFT
methods and Deslauriers—-Dubuc wavelets. Molecules with more than two nuclei and
more than two valence electrons are examples of this kind of system. The remaining
challenge in this topic is the calculation of the exchange operator for the HF method

in three dimensions.
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The Schrodinger equation of hydrogenic atoms and the Hartree-Fock equations of some many-electron
atoms are solved using interpolating wavelets as basis functions. The nonstandard operator form is used to
compute operators in basis sets including multiple resolution levels. We introduce an algorithm for converting
matrices from nonstandard operator form to standard operator form. We also consider the different components
of the Hamiltonian and Fock operators separately and derive analytic formulas for their evaluation. Extension
to many-electron atoms is done within the Hartree-Fock formalism. Convergence of atomic parameters such as
orbital eigenvalues with respect to the number of resolution levels is inspected numerically for hydrogenlike
atoms (ions) and some light many-electron atoms (helium, lithium, beryllium, neon, sodium, magnesium, and

argon).

DOI: 10.1103/PhysRevE.70.066701

I. INTRODUCTION

Use of wavelets for solving differential equations and par-
tial differential equations in physics has recently been inves-
tigated in the literature [1-8]. One particular application is
solving the Schrodinger equation of a quantum mechanical
system using wavelets as basis functions. Fischer and De-
franceschi have used Daubechies wavelets [9,10] to solve the
Schrodinger equation of hydrogenlike atoms [2] and they
have also analyzed the Hartree-Fock method with continuous
wavelet transform [6]. Electronic structure calculations with
the Hartree-Fock (HF) method and wavelets have also been
done by Yamaguchi and Mukoyama [11].

Most authors have used compactly supported orthonormal
wavelets for electronic structure calculations. Daubechies
wavelets have been used by Fischer and Defranceschi [2]
and Wei and Chu [3], Meyer wavelets by Yamaguchi and
Mukoyama [4], and Mexican hat wavelets by Cho et al. [5]
Orthonormal wavelet families provide several useful
properties—they possess recursive refinement relations [10],
and they lead to fast discrete wavelet transform for multi-
resolution analysis.

Interpolating wavelets are a biorthogonal wavelet family.
They are not an orthonormal basis of L?(R). Interpolating
wavelets enable simple computation of matrix elements and
expansion of functions in a basis function set because of the
special form of the dual scaling functions and dual wavelets
[8,12]. Since the dual scaling functions and dual wavelets are
sums of & functions the integrals involving these functions
usually require evaluating some function in a finite set of
points. Goedecker and Ivanov [7] have used interpolating
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wavelets to solve the Coulomb problem. Wavelet methods
are closely connected to point-grid based methods that also
generalize to higher than one dimension [13,14]. Lippert et
al. [12] have used interpolating wavelets in point-grid based
methods. Mann has done Hartree-Fock calculations using
point sets with logarithmic scaling [15]. The basis function
sets that we have used, where the accuracy is increased by
adding basis functions of finer resolution levels near the
nucleus, resemble this kind of point grid. In our treatment of
the HF method matrices of all the necessary operators are
computed and calculations are implemented as matrix and
vector operations. We are able to derive analytic formulas for
the matrix elements. We handle the various singularities in a
similar way as Johnson et al. [16].

Representation of operators in orthonormal wavelet bases
has been studied, for example, by Beylkin et al. [17-19]. We
introduce an algorithm to compute the standard operator
form (SOF) of an arbitrary operator from its nonstandard
operator form (NSOF). The nonstandard operator form de-
couples different resolution levels, which is an important as-
pect for numerical approaches. We chose to use standard
operator form because it enables the direct use of standard
matrix and vector algorithms (e.g., solution of the matrix
eigenproblem). However, for large basis sets and several
resolution levels the SOF computations become slow and
taking advantage of the special structure of NSOF matrices
might make the computations significantly faster.

In the next section we first present the relevant concepts
of hydrogenlike atoms. Then the Hartree-Fock formalism for
many-electron atoms is briefly summarized. We present de-
tails of the basis set in Sec. III and the formulation of HF
equations using interpolating wavelets in Sec. IV. The struc-
ture of matrices in standard and nonstandard operator form is
presented in Sec. V [8,17,19]. Section VI discusses details of
the computation of various operators and some other compu-
tational aspects. We give some numerical results in Sec. VII
and conclusions are presented in the last section.

©2004 The American Physical Society
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We use atomic units [20,21] throughout this article (e
=m=h=41ey,=1). We use the symbol 4 to denote a matrix
of an arbitrary linear operator A in the given basis. The vec-

tor space spanned by the basis function set S is denoted by
L(S).

II. SCHRODINGER EQUATIONS OF ATOMS
A. Schrodinger equation of a hydrogenlike atom

Due to the spherical symmetry of atoms the three-
dimensional one-electron Schrédinger equation ﬁwzszﬁ of
hydrogenlike atoms is separated into a one-dimensional ra-
dial part and a two-dimensional angular part. The exact so-
lutions to the latter are spherical harmonics Y¢n, where ¢ and
m, are the orbital quantum number (angular momentum
quantum number) and orbital magnetic quantum numbers,
respectively. Writing R,, for the radial wave function, the
hydrogenlike orbitals are (,//,,(,,,[(r,a, ®)=R,(r) Yemé(e, b),
where n is the principal quantum number. The radial
Schrodinger equation for a hydrogenlike atom is

1d* Z €(+1)

+
24 - 2,2

Po(r) = £,¢Pye(r), (1)

where Z is the atomic number, €,, are the orbital energies,
and P,¢(r)=rR,(r) are the radial wave functions multiplied
by r. The functions P,,(r) are called wave functions too. In
general, the radial wave function P,, has n—¢—1 nodes [22].

The Hamiltonian H consists of three parts as

H=T+V+C,, 2)
where
L1 dP
T=-—=—— 3
2dr¥’ ®
) VA
==z, 4)
”
. L+ 1)
Co= 5
€ 27‘2 ( )

With a finite basis function set {{1,(;’)}1’”\]:l the approximate
solutions P; of Eq. (1) can be expanded as

N
P=2 Vg, (6)
p=1

In case a finite biorthogonal wavelet basis set is used Eq. (1)
is represented as a matrix eigenproblem

Hc=¢gc, (7)

where H is given by
H=(H,)) = j i L,(NHL,(Ndr ®)

and

PHYSICAL REVIEW E 70, 066701 (2004)

¢ = (C?))f:p )

The functions Zp(r) are so called dual basis functions (see
Sec. III). Equations (7) and (8) are consequences of the bior-
thogonality relations (26)—(29). Diagonalization of the eigen-
problem (7) for each orbital i yields N eigenvectors

&= (e (10)
and the corresponding eigenvalues &; as a solution. We
choose the eigenvalue g; of eigenvector ¢; so that the wave
function corresponding to the eigenvector has n,—€;—1
nodes and satisfies the boundary conditions at zero and in-
finity. Note that all functions P,(r) vanish at both limits. If
we change the unit system so that the new unit of length is u
atomic units of length and the energy is not changed, the

Schrodinger equation (1) of the hydrogen atom becomes

(-LLd iz, Laeed
2% dr? 2

+ Poi(r) =P,
IR R >ne(r) ,0P (1)

(11)

and the Hamiltonian A and its components are changed ac-
cording to Eq. (11).

B. Hartree-Fock equations

The Schrodinger equation HY=EV¥ of a many-electron
atom leads to Hartree-Fock equations in the central field ap-
proximation and with Slater determinant wave functions
[20-22]. The Slater integrals between the two radial wave
functions P; and P; are defined as

Yi(r) = f: P )y (r,r )P(r)dr’ 12)
where
Y(rr') = :51, (13)
r<=min{r,r'}, (14)
7> =max{r,r'}. (15)

The HF equation for the orbital P; with the principal
quantum number 7; and orbital quantum number ¢; is

1d _Z 4+ )
<_ 207 s TPO)RO)
o
e PN+ 2 w;Sg £y Py(r) + Efr),  (16)
J(#i)=1 /

where

o
Dy(r) =2 (w;= )Y} (r) = (wi= DA, (17)
j=1
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[
Efr)= E WfBg/(r)Pj("), (18)
J(#Fi=1
and

20,+1 ¢ K e,.)
A(r)= Yi(r 19
) 4€i+1§)<0 N R CREND

6 ok 4
Byj(r)= E ( 0 0 0 ) Yi(r), (20)
Z is the atomic number, (21)
Q is the number of orbitals, (22)
w; is the number of electrons in orbital i, (23)
(Jl 2 ) ) is the Wigner 3-j symbol. (24)
my mp my

The wave functions Pj(r) are normalized with the condition
f [P(r)Pdr=1. (25)
0

The nondiagonal Lagrange multipliers &, i# j, that en-
sure orthogonality of the orbitals may be neglected for
closed-shell atoms. We neglect the nondiagonal Lagrange
multipliers for open-shell atoms, too, and the exact orthogo-
nality of atomic orbitals is not preserved for them.

III. INTERPOLATING WAVELETS AS BASIS SET
A. Biorthogonal wavelet families

For a more detailed description of the biorthogonal wave-
let families and interpolating wavelets, see Ref. [8]. A bior-
thogonal wavelet family of degree m is characterized by four

filters 4, g;, l~tj, and g;. The degree m is chosen to be even
and large enough so that all the nonzero elements of the

filters are included by the indices j=—m,...,m. The two-
index basis functions are

@) =e(2x =), (26)

Yhte) = 2 =), 27)

Fw) =232k - ), (28)

) =242k — ). (29)

The index £ is called the scaling index and the index i the
translation index.

The functions ¢, ¥, @, and ;b satisfy the following refine-
ment relations:

o) = > hip(2x-J), (30)

J=—m

PHYSICAL REVIEW E 70, 066701 (2004)

)= 2 ge2x-)), (31

0= 2 hg(2x—)), (32)
J=m

W)= X gx—)). (33)
J=m

The basis functions defined by Eqs. (26)—(29) satisfy the
biorthogonality relations

f F@efdx=5;, (34)
H@elx)dx=0, k=g, (35)
J Y@@ ()dx=0, k=g, (36)
f YO P dx = 8,8, (37)

B. Construction of the basis function set

To preserve the orthogonality relations of the basis func-
tions the scaling functions and wavelets in the basis cannot
be chosen arbitrarily. The basis set B={{;, ..., {y} consists of
scaling functions <pf-‘ of resolution level k=k,;, and wavelets
z//[ of resolution levels A=k, .. . ,kmax- The dual basis func-
tions are defined by

~k . k
Z IDRL if é/] =%

J7 ks _
it = o

Different resolution levels of the basis are denoted as Sk
ki Pk, , where S means a set consisting of scalmg
functlons and D a set consisting of wavelets. This kind of
basis is used directly for the standard operator form. For the
nonstandard operator form, S; parts with indices A=k,
+1,...,kyay are inserted in the basis. We define N, to be the

number of basis functions in S, and M} to be the number of
basis functions in D,. For S;= {cpll .. ,‘Pi\,} we define gy ,

=i, and for D= {t,{/f t,{/‘ } we define v, ,=i,. The NSOF

basis function set Bygop= {51,...,{NNSOF} consists of parts
Skmm,ka, yeen ,Skm Dk . The basis functions in the parts
Skmm Dy »---sDy  are “the same as in the corresponding
parts of the basis set B. The basis functions in the parts
Sk 1>+ »Sk,, are chosen so that L(Sy,Dy) CL(Sy+). The
radial wave function we want to expand should be zero at the
nucleus. We exclude the function @fmin from the basis in or-
der to force the wave functions P, to be zero at »=0. This

(38)
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also makes the matrix of operator R, defined by

RN =S, (39)

nonsingular (an empirical observation). See also Ref. [16]
for the handling of singularities. The projection of an arbi-
trary function f in L?(R) to the space spanned by a finite
number of basis functions is

kmax
fx) = 2 vlfmin) glwin) + X D wikmdyh(x). (40)
i ki i
In this article, a vector consisting of coefficients of S; basis
functions is denoted by v and a vector consisting of coef-
ficients of D basis functions by w®.

We use a similar basis set, denoted by B, for Hartree-Fock
calculations. The scaling function gfmin is excluded from B
due to the boundary conditions of wave functions at zero and
singularities of the potential, the centrifugal potential, and
the functions 1/7*! (occurring in Slater integrals) at »=0.
However, since the Slater integrals do not generally vanish at
r=0 we include @mn in the basis set By=BU{gkmin}
={ 10), ’QVE\(/)')}‘ The basis change matrix from B to B, is
denoted by L;_,q and the basis change matrix from B, to B
by Ly_,;.- We do not need to compute the matrix of operator
}3,] (corresponding to division by r) in basis B,. We also use
the basis set

By={¢g™"li e I} (41)

consisting of scaling functions of resolution level k. +1
where k., is the maximum resolution level in basis B and
[,C7 is finite. The basis set B, is constructed so that
L(B)CL(B,) and L(B,) CL(B,). Expansion of an arbitrary
function f in the scaling function basis B, is given by

1) =2 aifm (7). (42)

ielg

C. Forward and backward wavelet transforms

The forward wavelet transform is defined by the equations

(8]

m
S{'H = E ’?,‘Sﬁzp (43)
j=

—m

a7 =2 gt (44)

where s¥ is the coefficient for the basis function ¢f and d* is
the coefficient for the basis function /. The backward wave-
let transform is defined by the equations [8]

m/2
shil= 2 (st gdl), 45)
Jj=—ml2
m/2
shili= 2 (hapast  + gapnd? ). (46)
Jj=—m/2
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The forward wavelet transform defined by Egs. (43) and
(44) can be written in matrix form as

o0 =Z, (47)
w1 =2§’k"*‘v<k), (48)
where
ngl - (}N’#k,gﬂﬂﬂa)kl',bj\ikl’ (49)
Z9 = @y ron, e (50)

The backward wavelet transform defined by Egs. (45) and
(46) can be similarly written in matrix form as

(k+1) — BSk+14,(k) Sk 14, (k)
v Bsk v +BDk w, (51)
where [8]
St — (7S
Bg=(zg )T, (52)
St — (7D,
B =28 ), (53)
and
Sk NipNir 1 (54)

Se (h/"'kJrl,/fz/"'k,a)ﬂ’:lv[’El >

Dy _ MNs
Zsfﬂ - (gm.‘ lﬁprkyakal,/é:ll' (55)

We use the symbols Z and Z for the forward wavelet

transform instead of F and F (as in Ref. [8]) to avoid confu-
sion with the Fock operator F.

D. Interpolating wavelets

Interpolating wavelets are one biorthogonal wavelet fam-
ily [8,12]. For an interpolating wavelet family of degree m,
the mother scaling function ¢ is constructed by recursively
applying polynomial interpolation of degree m—1 to data s;
=3, and the mother dual scaling function is

#(x) = 8x), (56)

where 6 is the Dirac delta function. For interpolating wave-
lets the coefficients /; satisfy

hi=(ji2), j==—m,...,m. (57)

The following symmetry equations hold for interpolating
scaling functions and wavelets:

@) = ¢t (), (58)
l/,((x) = l//:i—l(_ x). (59)

IV. SOLVING HARTREE-FOCK EQUATIONS

For an arbitrary operator A, we denote the matrix of 4 in
basis B by 4 and the matrix in basis B, by 4”. We define
some operators to be used:

066701-4
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(RA() =), (60)
RN =fP)/|r], (61)

. [r]
ON) = | fG"dr, (62)

0
(TN = ‘ ‘f(r’)dr’, (63)
S,.= RO RS + RRULRS, (64)

where ke Z, k=0, and A"f:AAf where 4 is applied n
times. Let /e L*(R). We define the multiplication operator

A;[(f)=/i by setting

(Ag)(r) = f(r)g(r) (65)

for an arbitrary function g e L>(R). If f is a vector (function)
in a wavelet basis B’ we define the matrix M(f) to be the

matrix of operator M (f) in the basis B’ (f is kept constant).
Let f and g be arbitrary vectors (functions) in the wavelet
basis B'. We define f*xg to be the projection of the function
h(r)=f(r)g(r) to L(B").

We omit the nondiagonal Lagrange multipliers and Eqgs.
(16) can be written as matrix eigenvalue equations [23]

Fici=gx;, (66)
where the Fock operator F; for orbital i is defined by
Fi=H'+J,—K,. (67)
The wave functions P; are given by
N
Pi=2 g, (68)
p=1
The single-electron Hamiltonian operator is defined as
H=T+V+C,, (69)
where the components are defined as in the case of hydro-

genlike atoms, Egs. (3)—(5).
The Slater direct integral operator is defined by

q 2
. . 2¢;+1 ok €\
J,=2(wj—5,,.)Jj?—(w,—1) 2( )J,-,

= 4¢;+1,o\0 0 0
(70)
where
(JP)(r) = YS(r)P,(r) (71)
and the Slater exchange integral operator by
P 6ok €\
K== > w2< ! f) K, (72)
' 2 jz-1 N0 0 0/

where
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(KSP)(r) = Y(r)P,(r). (73)

Note that in the definition of operator K* the argument of the
operator occurs only in the Slater integral Y ,’;(r) This opera-
tor is linear, though. For matrices of direct Slater integral
operators we have

TE =L MO(S (P> P)L o (74)
and for matrices of exchange integral operators
K =Lo MO(P)SOMOP)L (75)
where
S =Ly R 'UpLoyy + UPLy 4R 'Ly, (76)
and
SO =Ly oR ) TUR Ly + (ROYUYL, (R ) Ly,
(77)
for k>0.

The HF equations are solved by an iterative procedure.
We use the standard procedure given in [22] modified for the
matrix form of the HF equations presented in this section.
The following input parameters are needed for the HF itera-
tion algorithm: the weight coefficients «;, i=1,...,0 [see
formula (78)]; the precision parameter z, characterizing the
desired accuracy of the solution [see formulas (79) and (80)];
and the type of matrix norm |||, used to test the convergence
of the iteration [see formula (79)].

The algorithm for HF iteration is as follows.

(1) Compute the Fock matrices F; for each orbital i with
formula (67). We set J;=0 and K;=0 in the first step, i.e.,
hydrogenic wave functions are used as the first trial wave
functions.

(2) Solve the matrix eigenvalue equations (66) for each
orbital i. Each eigenvalue equation yields N solutions, where
N is the number of basis functions. We choose the solution
satisfying the following conditions: the wave function is odd
with respect to inversion: P,(r)=—P;(—r); the wave function
has n;—€;—1 nodes, where n; and ¢; are the principal quan-
tum number and orbital quantum number of the orbital i;
and, we choose the solution with lowest possible eigenvalue
g; among the solutions satisfying the other two conditions.

Normalize the wavefunctions with Eq. (25). Let ¢; be the
eigenvalue and P;*" the normalized wavefunction for each
orbital i. We need not explicitly test the boundary conditions
of wave functions at zero and infinity in the method de-
scribed in this article.

(3) Let PP be the old output wave functions from the
previous iteration. Compute the new output wave functions
as normalized linear combinations of the new wave functions
and the old output wave functions as

Pi=Cla;P™™ +(1 - a)PP™], i=1,...,0. (78)

The normalization coefficients C; are determined by Eq.
(25). According to Ref. [22] the values of «; are usually
about 0.5 but they may be anywhere from 0.05 to 1.1.

(4) Compute the matrices J; and K} for all the necessary
combinations of 7, j, and k. Use the wave functions com-
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puted in step 3. Compute the matrices J; and K; with Eqgs.
(70) and (72), substituting matrices in the place of operators.
(5) Compute the quantity

z= max [|F; = F7",, (79)
i=1,...,0

where F?™ are the Fock operators from the previous itera-
tion. If

z<z, (80)

we have obtained self-consistent solutions for the HF equa-
tions and the iteration is stopped.

(6) Return to step 1.

Finally, we evaluate the total energy of the atom with the
self-consistent solutions for the wave functions P; and ener-
gies g; from the formula

0
1
52 Wi<Pi‘Ji_Ki|Pi>a (81)

=1

Q
E= 2 wiE; —
i=1

where w; are the occupation numbers.

V. STANDARD OPERATOR FORM AND NONSTANDARD
OPERATOR FORM

The eigenvalue equations are solved using the standard
operator form, which represents the operator in the chosen

basis. The elements of matrix 4 of an operator A in the SOF
are defined by

A= f L)AL (x)dx, (82)

where ¢, j=1,...,N, are the basis functions and ¢, i
., N, are the dual basis functions defined by Eq. (38).

The standard operator form of an operator can be obtained
from the matrix elements in nonstandard operator form. The
nonstandard operator form decouples different resolution
levels in the basis set and makes derivation of explicit for-
mulas for the matrix elements easier [8,17,19]. The nonzero

blocks of nonstandard operator form 4 of the operator A are
defined by

Ai%mskmm = f mm (X)A ‘P Fmin (x)dx

> B=L ... .N (83)

and

Ailé)k = J:x (’ND];"k,n(x)A l//,‘,k)ﬁ(x)dx, a=1,...,N,

.My, (84)

B=1,....N,, (85)
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Ala)ff)k - J’ lﬂ’{’k a(x)Azﬂ‘ (x)dx, a= My,

B=1,.... My, (86)
where k=kpi,t1,....k

max-

We introduce an algorithm for converting a matrix from
NSOF to SOF. The NSOF blocks (SiSy, SiDy, DiSp, and
D;Dy) are computed on the fly. The algorithm is as follows.

Input

The NSOF basis B=(S; Dy, ka -

The function M that calculates the NSOF matrix elements
according to formulas (83)—(86).

Output. Matrix in standard operator form.

Algorithm

(1) If the basis contains only parts S; _and D, _ the SOF
matrix is
Atk Ak
SRV, (87)

where the blocks are computed with formulas (83)—(86).

Else

(2) Compute matrix 4., by calling the algorithm recur-
sively with basis Bprsv—(Skmm Dy oeeesSk —1:Dr 1)

(3) Compute A ke With functlon M accordlng to for-
mula (84).

(4) Compute APk with function M according to for-
mula (85).

(5) Compute AP%wPkn with function M according to for-
mula (86).

(6) Calculate matrices A fms and 424 % where ¢
=Knins - - - skmax— 1 by applying forward wavelet transforms to
matrix A%mkm using the formulas

At Pt = Zibwn Z b - Z 2 Z o A5 P,

Sk 1 Sk 2 Skl Pk

‘min min ‘max ‘max

(88)

APD ,mx—zD Zgr1 - zskmﬁzskm 145 (89)
q+2 ~1

(7) Calculate matrices AP%muSkmn and APkw.Ls where ¢
=Kinins - - - skmax— 1 by applying backward wavelet transforms
to matrix APkmSkme using the formulas

AP Sty = APy St B s Bk - Bl 2 B

Sk ~1 Sk 2 kin™1 7k,

‘max ‘max ‘min min

(90)

D, Sk~
APkt = APk St B s B ™!
1

max ‘max_

. -ngjBf,«qﬂ. (91)

(8) Construct the result 4 from matrices calculated in
steps 2, 5, 6, and 7 using the formulas

APk
APhiiPkie

Avert= 5 (92)

Dy D
A b hma
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APk, Sk T
AP
Ahoriz = .. 5 (93)
APk Pkt
_ Aprev Averl
A= o b | (94)
Ahoriz A Kinax Finax

VI. EVALUATION OF MATRIX ELEMENTS AND OTHER
COMPUTATIONAL ASPECTS

A. Notation

We use the following notation for matrix elements of an
operator 4 in nonstandard operator form [17]:

o= f:c YAy (x)dx, (95)
By= P Agjx)dr, (96)
V= f P Agk(x)dx, 97)
5= f FlWAg(dr. (98)

In this section we denote the matrix of an operator A in an
arbitrary wavelet basis B (with or without the function <p’6‘“'")
by 4.

B. Differentiation operator

The basic integral for a differentiation operator d”/dx” is
defined as

» &
a;= J,x TP(X)ﬁ(P(x —i)dx. 99)

The matrix elements of operator ¢”/dx” in nonstandard op-
erator form in an interpolating wavelet family are

m

=20 X Fay o, (100)

Bi=2%r 3 D E s s (101)
r=m ,u,:*m

3/1, =- z(kﬂ)paz_/—zt'ﬂ , (102)

sh=2"a; . (103)

See Ref. [8].
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C. Function operator

By a function operator we mean multiplication by a given
function f as defined by Eq. (65). The NSOF matrix elements
of a function operator in the interpolating wavelet basis are

2i+1
k_
oA 5 1oy
j 2i+1
,Bf,-: haiajn [f(?) *f( S )} ) (105)
=0, (106)
r i
5= ? Sj- (107)
D. Operator R
The operator R is a function operator with
(Rg)(r) =Irlg(r). (108)

Its NSOF matrix elements are obtained from formulas
(104)—~(107) where we set f(r)=|r|. If the basis does not con-
tain the function @fmn the matrix R does not become singular
and we can compute R™' as an inverse matrix.

We obtain the potential energy operator as

y=—R"! (109)
and the centrifugal potential operator as
€(€+1
c=%(13")2. (110)

E. Operator 00
The matrix elements of operator 00 in the nonstandard
operator form are

m

afy==271 3 gLO(2i+ 1] -2/~ 1) - (-2~ 1)],

(111)
g2t gl[fb( e ,j>,¢(,j)] (112)

Yi=— 2 @i -2/ - 1) - D(-2/ - 1], (113)

st =2 [@(i] = /) = 2= ))],
where ®(x) is the integral function of the mother scaling
function ¢(x). We evaluated the function ® with numerical
integration using the fourth-order Runge-Kutta method. The

function ® can also be calculated analytically using the re-
finement equation (30). When the distance between adjacent

(114)
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TABLE 1. Effects of operators on the parities of functions (“0”
means odd and “e” means even).

Poe, Pot. TPue, VPuo CePug JuePue, KioPug,
o o o o o o o
o (5] o o o o €
€ o € € € € (8]
[§] [§] [§] [§] e € €

points in numerical integration is 27 the maximum deviation
of the numerical result from the analytical one is of the order
of magnitude 107"

F. Operator U,
The matrix elements of U, in the nonstandard operator
form are

m

di=—241 S g D)~ D20+ 1]~ 2j - D],

v=—m

(115)

—jﬂ, (116)

Yi=— 271D (=) - 0(2]i] -2/ - 1)],

Y

2itv

p=2" 2 gﬂ[@(m)—@(

(117)

sk =27 (o) — (|i] - )]. (118)

G. Multiplication operator

The multiplication operator M (/) is defined in Sec. IV. Let
f be a vector (function) in an arbitrary wavelet basis B. We
first convert the vector f in basis B to a scaling function basis
B, using formula (42). Here B, is defined according to Eq.
(41) so that L(B) C L(B,). Conversion is done with backward
wavelet transforms. The matrix M(f) is computed using the
formulas for matrix elements of a function, Egs. (104)—(107),

where we set
i
? T A2kt 1k

TABLE 1I. Parameters used for ls orbitals of hydrogenlike
atoms.

(119)

and

VA u Knin B
1 1.0 0 10
2 1.0 1 8
10 0.25 2 12
50 0.03125 1 10
100 0.031 25 2 20

PHYSICAL REVIEW E 70, 066701 (2004)

20 T T T T T T
] Pysir)
e p—

15 1 _

10F ¢ J

FIG. 1. Computed 1s radial wave functions P (r) and R,(r) of
the hydrogen atom with L=8. There is no visible deviation from the
exact wave functions.

i
/<2k+ 1 ) = A (2kmax k) -

H. Product function fxg

(120)

The product function fx g is defined in Sec. IV. The vec-
tors f'and g in the arbitrary wavelet basis B are converted to
the scaling function basis B, where L(B) C L(B,), so that we
have

Jr) =2 aggim(r) (121)

and

8(r) =2 bigm (). (122)

The expansion of the product function 4(r)=f(r)g(r) in the
scaling function basis B is given by

h(r) = 2 cgfmt(r), (123)

where ¢;=a;b; for all i. To compute f* g, the vector represen-
tation for the function A(r) given by Eq. (123) is converted to
the basis B using forward wavelet transforms.

80 T

40

P1s(n)

20 |

00 s
10°  10* 0001 001
r/ag

FIG. 2. Radial 1s wave functions P, (r) of hydrogenlike atoms
computed with L=8. Note the logarithmic scale for r.
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1.05 ———
LRl g B Bl
e Z=1 O
g o] Z=2 2
u 095 A %:;8 7]
o & Z=100 &
090 | 4
085 S S T

2 3 4 5 6 7 8
resolution levels (L)

FIG. 3. The 1s eigenvalues of hydrogenlike atoms with Z=1, 2,
10, 50, and 100. Ratio of the computed and exact values is shown.

I. Basis change matrices L,_,y and Ly_,;

The matrices L;_,, and L,_,; occur only in products with
other matrices. This kind of matrix products is computed by
removing the row or the column corresponding to basis func-
tion @fmin or inserting a zero row or a zero column corre-
sponding to that basis function.

J. Evaluation of scalar products

When normalizing wave functions or evaluating the ex-
pectation values of operators we encounter integrals of the
type

1= fmf(r)g(r)dr (124)
0

or

= f F0)(Ag)(rdr. (125)
0
We first compute the expansion (¢;) of the product function

h(r)= f(r)(/ig)(r) in the scaling function basis By (as in the
case of a product function). The integral is then given by

1.05
T T T <Toeqy O
<V>/<Voga0 O
100 g @ a8 a--8
H 8
% 095 E
2 o}
3
0.90 = E
0.85 L L L 1 L 1 L L

2 3 4 5 6 7 8 9
resolution levels (L)

FIG. 4. Expectation values of the kinetic energy and potential
energy operators for the hydrogen 1s orbital. Ratio of the computed
and exact values is shown.
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1.02 T T T T T T T
1.00 oo B e g E @ E
g & 5 3
uf oss | o 32 2
~ \
. R
o9 2 .

S I - R

2 3 4 5 6 7 8

resolution levels (L)

FIG. 5. Energy eigenvalues of 2s, 2p, 3s, 3p, 3d, and 4f orbitals
of hydrogen with B=15, 20, 30, 30, 30, and 45, respectively. Ratio
of the computed and exact values is shown.

1
1= ﬁE ¢;. (126)
=0

‘max

See also Refs. [24] and [25].

K. Negative values of r

A negative r coordinate has no physical meaning for ra-
dial wave functions. However, interpolating wavelets consti-
tute a basis set for functions space L*(R) and their domain is
the whole real axis. Interpolating wavelets and scaling func-
tions that are located near zero (i.e., nonzero values of the
functions are concentrated near zero) do not generally vanish
on the negative real axis, so we are not able to exclude the
negative real axis by choosing a suitable basis set. We choose
the basis set so that it is symmetrical around zero, so that for
each basis function {(x) the function {(—x) is also in the basis
set; see Egs. (58) and (59). We actually solve the eigenprob-
lem in both the positive and negative real axies, i.e., if P(r),
reR, is a solution of the eigenproblem then both P(r), r
=0, and P(-r), =0, are wave functions. We may generally
get either odd or even solutions to the eigenproblem, i.e.,
P(r)=P(-r) or P(r)=—P(-r). For hydrogenic computations
we simply neglect the negative r part of the wave function
but the situation is more complex when HF equations are
solved. The operators used in HF computation yield either

10 T T

-1% -0.1%

o (-] ~ -] ©
T

[ 2N
T
L

FIG. 6. Relative error of the hydrogen ls orbital eigenvalue;

unit of length #=0.6.
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10 T T T T T
9
-0.001%
8} 4
7F 1% -0.1% -0.01%, A
2]
6l 0%
5} 4
4 F 4
0.1%

3 1 ' P e

2 3 4 5 6 7 8 9

L

FIG. 7. Relative error of the hydrogen ls orbital eigenvalue;
unit of length u=1.0.

odd or even functions. The parity of the function AP depends
on the parity of the function P and in the case of the direct
integral and exchange integral operators also the parities of
the wave functions from the previous iteration that are used
to compute these operators themselves. Table I shows how
the operators needed in HF computations affect the parities
of the functions. The functions yielded by the exchange in-
tegral operator and the other operators would have different
parities if we chose a wave function with parity different
from the output wave functions of the previous iteration (sec-
ond and third lines of the table). Consequently, the compu-
tation would be wrong on the negative real axis (the ex-
change integrals would have the wrong sign). We have to use
either odd or even wave functions during the whole HF it-
eration. We have chosen to use odd wave functions, which
have continuous first derivatives at the origin.

VII. NUMERICAL RESULTS
A. General

We use eighth-order interpolating wavelets for numerical
results. The unit of length is the atomic unit unless otherwise
stated. We examine the convergence of the essential physical
quantities toward the known exact or accurate values when
the number of resolution levels in increased. We also exam-
ine the effect of the number of basis functions in each reso-

10 T T T T T

- 1% -0.1% -0.01% [+

w o o (-] ~ @ ©
T
1

FIG. 8. Relative error of the hydrogen ls orbital eigenvalue;
unit of length u=1.4.
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30 T
25 |
0.1% 0.01%
o 20 |
15
10 L
2 3

FIG. 9. Relative error of the hydrogen 2p orbital eigenvalue;
unit of length u=1.0.

lution level. Various parameters affecting the computations
are also reported.

The basis sets were formed so that there are S type basis
functions <p1f"2‘§, ,wé'g'" in resolution level £k, and D type
basis functions ¢ p,..., ;I/é,] for k=kpin, -+ »kmintL—2.
Here L is the number of resolution levels and B is a param-
eter describing the number of basis functions in each resolu-
tion level. We count Sk and Dy, . astwo separate resolution
levels. The total number of basis functions is

N=4B+2(L—1)B=2B(L+1). (127)

In principle, the number of resolution levels L determines the
maximum possible accuracy of the computations with fixed
kmin and unit of length u.

B. Hydrogenlike orbitals

We solved the 1s orbitals for hydrogenlike atoms for
atomic numbers Z=1, 2, 10, 50, and 100 using the basis sets
and length units u given in Table II. The basis sets were
chosen large enough to cover the relevant radial range of the
wave functions. The resulting 1s radial wave functions are
shown in Figs. 1 and 2. There is no visible deviation of these
wave functions (computed with L=8) from the correspond-
ing exact wave functions. Convergence of the eigenvalues
g,¢ as a function of resolution level is presented in Fig. 3.
The exact values are

35 T
30 }
1%
m 25|
20.
15 .
2 3

FIG. 10. Relative error of the hydrogen 3s orbital eigenvalue;
unit of length u=1.0.
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TABLE III. Parameters for HF computations.

Atom @ Knin B L
He 1.0 1 10 2,...8
Li 1.0 1 20 2,...,8
Be 1.0 1 15 2,...,8
Ne 0.6 1 10 2,...,8
Na 0.7 1 20 2,...,7
Mg 0.7 1 20 2,...,7
Ar 0.7 2 25 2,...,7
ZZ
Ep =" ﬁ (128)

We see that accuracy within 1% is achieved already at L=4.
Expectation values of the kinetic energy and potential energy

operators 7T and V for the hydrogen 1s orbital (Z=1) are
shown in Fig. 4. The most accurate (L=9) numerical values

are £,,=—0.499 996, (T),,=0.499 98, and (V'},,=—0.999 98,
the exact values for Z=1 being —1/2, 1/2, and —1, respec-
tively. Other orbitals of the hydrogen atom (2s, 2p, 3s, 3p,
3d, and 4f) were also calculated. We used a unit of length
#=1.0 and minimum resolution level k,,;,=0. The resulting
orbital eigenvalues are shown in Fig. 5. Accuracy better than
1% is achieved at L=4 for all the computed orbitals. As the
orbital quantum number ¢ increases the results get more ac-
curate.

We also made a set of computations for hydrogen 1s, 2p,
and 3s orbitals where both the number of resolution levels L
and basis width B were varied. The hydrogen 1s orbital was
computed with unit of length ©=0.6, 1.0, and 1.4, and the
other orbitals with unit of length u=1.0. We used k,;,=0 in
these computations. The relative error of the hydrogen ls
eigenvalue (compared to the exact analytical result) is plot-
ted as a contour plot in Figs. 6, 7 and 8, where the length
units u are 0.6, 1.0, and 1.4, respectively. Similar plots for 2p

PHYSICAL REVIEW E 70, 066701 (2004)

TABLE V. Results from Hartree-Fock calculations for lithium
and sodium. Deviation from the accurate value [26] is given in
parentheses so that negative deviation means that the computed
value is less than the accurate value.

Li Na
E —7.4321(7) -161.3(6)

Riter 17 27

15 -2.4775(3) -40.2(3)

&35 —0.196 309(14) -2.78(2)

&, -1.521(-3)

&3, -0.1817(5)
(1s]2s) -5.7%X1074 -5.9%1078
(1s]3s) -1.4x107°
(25]3s) -2.8X107*

and 3s are presented in Figs. 9 and 10. The relative error is
computed by A=(x—x,)/x, where x is the computed quantity
and x, its exact value. For each orbital, the Schrodinger
equation was solved using all combinations with L
:LminaLmin+ 1 LR vLmax and B:BminsBmin+1 LR sBmax to
cover the ranges of L and B.

Note that for fixed L the limiting value for the orbital
eigenvalue as B tends to infinity is not the (physically) exact
value but one with a L dependent shift. Therefore, the 0%
contour appears in Figs. 7, 8, and 9.

C. Hartree-Fock results for many-electron atoms

We carried out HF calculations for helium, lithium, beryl-
lium, neon, sodium, magnesium, and argon atoms. Lithium
and sodium are open-shell and the others are closed-shell
atoms. The relevant computation parameters are given in
Table III. The basis sets were formed the same way as for the
hydrogen atom. The same value of the weight parameter «;
defined by Eq. (78) is used for all orbitals, a;=«. The unit of
length was u=1 in all HF calculations. A matrix one-norm

TABLE IV. Results from Hartree-Fock calculations for helium, beryllium, neon, magnesium, and argon.
Deviation from the accurate value [26] is given in parentheses so that negative deviation means that the

computed value is less than the accurate value.

He Be Ne Mg Ar

E -2.86157(11)  —14.571(3) —128.45(10) —-198.8(9) -525.8(11)

Riter 21 23 31 27 25

£1, 0.917 93(3) —4.7318(9) —-32.73(5) —48.7(4) —-118.2(5)

£24 -0.309 25(2) -1.928(3) -3.75(2) —12.29(4)

&, -0.850(—4) -2.287(-5) -9.577(—6)

£35 -0.2525(6) —-1.274(4)

&3, -0.5916(—6)
(1s|2s) -2.6x1077 —42X107° -5.6x1078 -1.8x1078
(1s|3s) -1.6X1078 -7.8%107°
(2s|3s) -8.9%x1078 -25%x1078
Qp|3p) -14%1078
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1.05 T T T T T T T
1.00 a| @ @ ----- g R
0] He [
095 = % Ee 2-
= & e
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0.80 4
A
075 Q | L L L L '
2 3 4 5 6 7 8

resolution levels (L)

FIG. 11. Computed total energies for helium, beryllium, neon,
magnesium, and argon. Ratio of computed and accurate [26] values
is shown.

was used to compute the quantities z defined by Eq. (79).
The value of the precision parameter z, was 107'% in all HF
computations.

The orbital eigenvalues and total energies from the most
accurate computation for each atom are given in Tables IV
and V. These values are compared with the values from stan-
dard HF calculations obtained from Ref. [26]. Total energies
of atoms are plotted in Figs. 11 and 12. For helium, four
resolution levels are needed to reach an accuracy of 1% with
kmin=1. For argon, six resolution levels are needed for this
with k,;,=2. The HF calculations converged in 16 to 31
steps depending on the number of resolution levels L and
weight parameter a.

The effect of neglecting nondiagonal Lagrange multipliers
can be seen from the overlap integrals between orbitals. For
the open-shell atoms (lithium and sodium) the largest overlap
integral is of the order of magnitude 107 whereas for the
closed-shell atoms all the overlap integrals are of the order of
magnitude 107 or smaller.

VIII. CONCLUSIONS

We have demonstrated that interpolating wavelets can be
successfully used to solve the atomic orbitals and the elec-
tronic structure of atoms. We are able to systematically in-
crease the accuracy of the calculations by choosing the num-
ber of resolution levels and the number of basis functions in
each level.

In this study we have concentrated on the basic formalism
and developed it down to practical computations. Our study
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FIG. 12. Computed total energies for lithium and sodium. Ratio
of computed and accurate [26] values is shown.

involves both development of algorithms, e.g., for conver-
sion of matrices from nonstandard operator form to standard
operator form, and testing with calculations. We have shown
how to consider the singularity of the nuclear Coulomb po-
tential and the centrifugal potential as well as the Slater in-
tegrals in evaluation of Hamiltonian and Fock matrix ele-
ments (see also Ref. [16]).

We have tested numerically the computation methods for
the ground state of the hydrogen atom and hydrogenlike at-
oms, for excited states of hydrogen, and for some many-
electron atoms. The numerical results converge to the accu-
rate or reference values as the number of resolution levels
increases. In principle, we should be able to make the error
arising from the wavelet approximation arbitrarily small by
enlarging the basis function set. Our numerical HF results
support this. With a large number of resolution levels (about
eight-or more) the computation time grows considerably. De-
pending on the properties of the algorithms we can use basis
sets with fewer resolution levels (possibly only one), higher
minimum resolution, and more basis functions in each level.
However, the possibility of using several resolution levels is
one important benefit of wavelets. It might also be possible
to optimize the computation by using convolutions in the
computation of backward and forward wavelet transforms
and products of operators with vectors instead of simply us-
ing matrix products as done in this study.

A noticeable feature in our development for the Hartree-
Fock formalism is that all relevant operators, including those
representing the two-electron integrals, can be evaluated ana-
lytically.
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1. Introduction

Chui and Li® have constructed a one-dimensional MRA of function space C,(R)
(bounded and uniformly continuous complex valued functions on R) for interpolat-
ing wavelets. Donoho'” has derived convergence results for interpolating wavelets
on space Cp(R). Goedecker’s book?? contains also some material about multidimen-
sional interpolating wavelets. Goedecker?® uses the term interpolating wavelets to
mean Deslauriers—Dubuc wavelets whereas some other authors such as Chui and
Li® use the term to mean roughly wavelet families whose mother scaling function
has the cardinal interpolation property ¢(k) = 0y, for all k& € Z (one-dimensional
case). We follow the latter convention in this paper. Chui and Li® have also con-
structed a general framework for multivariate wavelets. However, the theory in that
paper uses function space L?(R™) and so it is unsuitable for the approach in this
paper. Dubuc and Deslauriers'?1® have investigated interpolation processes related
to the Deslauriers-Dubuc fundamental functions. Han and Jia?? have discussed
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fundamental functions (see the paper for a definition) satisfying the cardinal inter-
polation property. Numerical values for the wavelet filters of the Deslauriers—Dubuc
wavelets have been given in Refs. 20 and 30.

Theory for orthonormal wavelets has been developed e.g., by Daubechies,”®
Meyer,3® and Wojtaszczyk.*® Kovacevi¢ and Sweldens® have investigated the use
of digital filters for multidimensional biorthogonal wavelets. Lewis®® has constructed
a MRA of function space L?(R) for interpolating wavelets in one dimension. Lawton
et al.?® have presented conditions for the refinement mask of an orthonormal MRA.
Ji and Shen®” have given a condition for the refinement mask to be interpolatory
and a condition for a dual refinement mask. Krivoshein and Skopina®! have pre-
sented convergence results for frame-like wavelets that are not frames. Karakaz’yan
et al.?® have described symmetric interpolatory masks generating dual compactly
supported wavelet systems and they have also given formulas for dual refinement
masks. Shui et al.*® have shown how to construct M-band wavelets with all the
following properties: compact support, orthogonality, linear-phase, regularity and
interpolation. This kind of scaling functions exist only when M > 4. Dahlke et al.”
have developed a new method to construct higher-dimensional scaling functions.
Their method is based on solutions to specific Lagrange interpolation problems
by polynomials. Han?? has investigated symmetries of refinable functions. DeVore
et al.'®> have developed some theory for multidimensional orthonormal MRA of
space LP (Rd), 0 <p<oo,d¢€ Z,. He and Lai?® have constructed nonseparable
box spline wavelets on Sobolev spaces H*(R?). Wavelets have also been discussed
in Ref. 24.

The theory about tensor products of Banach spaces has been presented e.g., in
Ref. 41. We use the notation from Ref. 41 for Banach space tensor products in this
paper. Schaefer’s book?? contains some material about tensor products of topolog-
ical vector spaces. Reference 37 contains also an introduction to tensor products of
Banach spaces. Domariski et al.'®'6 have done some research on them. Michor3? has
represented tensor products of Banach spaces using category theory. Grothendieck?!
gives a classical presentation for tensor products of locally convex spaces. Theory
for tensor products of Banach spaces can also be found in book.!'! Kustermans
and Vaes®? have developed some theory for space Cy(G) where G is a compact or
a locally compact group and for the tensor products of Cy(G). Daws'® has pre-
sented some material on tensor products of Banach algebras. Glockner!'® has shown
that the tensor products of topological vector spaces are not associative. Reinov*®
has investigated Banach spaces without the approximation property. Brodzki and
Niblo* have done some research on the rapid decay property of discrete groups and
the metric approximation property.

An introduction to Besov spaces can be found e.g., in Ref. 3. An introduction
to Besov spaces using the Fourier transform based definition of these spaces can be
found in Ref. 44. DeVore and Popov!'? have investigated the connection of Besov
spaces with the dyadic spline approximation and interpolation of Besov spaces.
Kyriazis and Petrushev?? have given a method for the construction of unconditional
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bases for Triebel-Lizorkin and Besov spaces. The relationship between orthonormal
wavelets and Besov spaces has been discussed by Meyer.?® Almeida' has investi-
gated wavelet bases in (generalized) Besov spaces.

Section 2 introduces some definitions used in the rest of this paper. We give
some general definitions needed by the MRA’s in Sec. 3. A multivariate MRA of
Cyu(R" K), K = R or K = C, is constructed in Sec. 4. A multivariate MRA of
Co(R",K), K = R or K = C, is constructed in Sec. 5. The interpolating dual
MRA is presented in Sec. 6. The Besov space norm equivalence from Donoho!7 is
generalized for the n-dimensional interpolating MRA’s in Sec. 7. A longer version
of this paper with more detailed proofs can be found at Ref. 26.

2. Preliminaries
2.1. General

The set of all positive real numbers is denoted by Ry and the extended real line by
R.. The set of all positive integer numbers is denoted by Z,. We define Ry := {x €
R:z >0} and Ro, := {z € R, : © > 0}. When A and B are arbitrary sets, f is a
function from A into B, and X C A the image of X under f is denoted by f[X].
The set-theoretic support of a function f : X — C where X is a set is denoted by
SUpPeet f- The topological support of a function f : T"— C where T is a topological
space is denoted by supp f. When FE is a metric space, x € E, and 7 € R, the
closed ball of radius 7 centred at x is denoted by Bg(x;7).

Definition 2.1. When n € Z define
Z(n):={ke€Zs:k<n}.

We define the differences A}' and Ay as in Ref. 44 and Definition V.4.1 in
Ref. 2.

Definition 2.2. Define
(ALS) (%) := (Anf)(x) := f(x+h) = f(x)
for all x € R*, h € R", and f € C*" and
AR f = An(AFTH)
forall m e N+2, h € R”, and f € CR".

Definition 2.3. Let K =R or K = C and n € Zy. Let f be a function from R"
into K. Define

Noover (f) := max #{k € Z" : f(x — k) # 0}.

Definition 2.4. Let F and F' be normed vector spaces. When f is a compactly
supported function from FE into F' define

Tsupp (f) = Inf{r € Ry : suppy, f C FE(O; r)}.
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Definition 2.5. Let n € Z, . Define

Tivans(f,x) == {k € Z" : f(x —k) # 0}
for all f € CR" and x € R™.

2.2. Sequences and Cartesian products

Definition 2.6. When n € Z define
0n := (0)kez(n)-
Definition 2.7. When n € Z define Jy(n) := {0,1}"\{0,}.

Definition 2.8. Define &, := (0;x);jez for all k € Z. When n € Z, define egcn] =
ef(n) for all k € Z(n).

2.3. Vector spaces

Suppose that A and B are topological vector spaces. We define L(A, B) to be the
set of all continuous linear functions from A into B.

The term operator shall mean a bounded linear function from a normed vector
space into another one. The term projection shall mean a linear projection of a
vector space onto a vector space. The topological dual of a Banach space A is
denoted by A*. Unless otherwise stated A* is equipped with the norm topology.

When A and B are Banach spaces we use the notation A C; B to mean that
A is isometrically embedded in B, i.e. A C B and the inclusion map is distance
preserving. When A and B are topological vector spaces we define A =,s B to
be true if and only if A and B are equal topological vector spaces. When B is a
Banach space we use the notation A C.s. B to mean that A is a closed subspace
of B. When E is a Banach space, A C E, and B C E* we define B1 A to be true
if and only if (b,a) = 0 for all a € A and b € B.

When FE is a normed vector space and € E we may use the notation ||z|E]|
to mean the norm of z in . When B is a normed vector space and we write
A=, {x € B: P(z)} we assume that |z|A| := ||z|B|| for each z € A.

When FE is a Banach space and A and B open or closed subspaces of E the
topological direct sum of A and B is denoted by A + B.

Definition 2.9. Let E be a set and A be a vector space so that A C E. Suppose
that || - || 4 : £ — Ro« is a norm on A. We say that the norm || - || , characterizes A
on E if and only if ||z|| , < oo for all z € A and ||y||, = oo for all y € E\A.

2.4. Function spaces and sequence spaces

When p € [1,00], B is a Banach space, and I a denumerable set we denote the (P
space consisting of a subset of B! by IP(I, B). As usual, [P(I) :=, 4. [?(I,C). When
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K=Ror K=C,ne€Z4, and p € [1,00] we denote the LP space consisting of a
subset of the Borel functions from R™ into K by LP?(R", K). As usual, LP(R") :=, 4.
LP(R™,C). When X and Y are Borel spaces define bor(X,Y’) to be the set of all
Borel functions from X into Y.

Let K =R or K = C. When T is a topological space we denote the space of
K-valued bounded and continuous functions on 7' by Cy (7T, K). When E is a metric
space the space of K-valued bounded and uniformly continuous functions on F is
denoted by Cy(F, K). When T is a locally compact Hausdorff space the space of
K-valued bounded and continuous functions vanishing at infinity**17 is denoted by
Co(T, K). The space of K-valued compactly supported and continuous functions
on T is denoted by Ceom (T, K).

Definition 2.10. Let K =R or K = C and I be a denumerable set. Define
co(1, K) = {(ax) g : (ag(k))zozo € ¢o(N, K) for some bijection o : N — I'}
laleo(T, K)ll == lall, & € co(Z, K).

Banach space ¢o(I, K) is isometrically isomorphic to ¢o(N, K).

Definition 2.11. Let K =R or K = C and n € Z4. Let E be a closed subspace
of Cp(R™, K) for which the following condition is true:

Vie Cpy(R", K),ceR,deR": fe E< f(c-—d) € E.

Let a € R4, b € R", and f € E*. The a-dilatation and b-translation of f, denoted
by f(a - —b), is defined by®

)

Definition 2.12. Let f € C*", ) e Ry, and f € C(Bgn(0;71))". Let m € N. We
say that pair (f, f) spans all the polynomials of degree at most m if and only if

D Fon(+X) g o)) f(x — k) = p(x)

kEZ"

for all f € E.

for all x € R™ and for all polynomials p of n variables that are of degree at most m.

We define the modulus of continuity in the standard way (see Definition V.4.2
in Ref. 2):

Definition 2.13. When n € Z,, m € Z,, and p € [1, 0] define
wy'(f31) = sup{[|AR' fILP(R™)|| - h € Br~(0;1)}
and
w(fst) = wao(f3)
for all f € bor(R™,C) and t € Ry.
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The Besov spaces on R" are denoted by B,  (R"). We have Z°(R") =ty
B, o (R") for all s € Ry where Z°(R™) are the Holder-Zygmund spaces.** We
also have C*(R") =5 Z°(R") =¢vs B3, oo(R") when s € R{\Z where C*(R"),
s € Ry\Zy, are the Holder spaces on R™.** When m € N we denote the Banach
space of functions with bounded and uniformly continuous partial derivatives up

to mth degree equipped with the usual norm by C™(R™), see Ref. 44.

Definition 2.14. Let n € Ry, s € Ry, p € [1,00], and g € [1,00]. Let m € Z4 and
m > s. Define
() - —s— %, m( g
IF1) g = gy + €10, 16 £ (£50)l L0
for all f € bor(R",C).

g}%)q ®R")sm is an equivalent norm on B, ,(R") for the range of param-
(c)

Bqu(R“);m
B; ,(R™) on bor(R",C) for the given range of parameters. Note that LP(R™) C
S’(R™) for all n € Z4 and p € [1,00]. See Definition V.4.3 in Ref. 2.

Norm || - ||

eters given in Definition 2.14. Norm || - | characterizes the Besov space

2.5. Tensor products

Definition 2.15. When n € Z define

éE’ = ®ék[l]
=1
for all k € Z™.

When n € Z, , a is a uniform crossnorm, and Ay, ..., A, are Banach spaces then
the completed tensor product of several Banach spaces is defined by the recursive
formula

A1®a e ®O¢An ‘=n.s. (A1®a e ®aAn—1)®aAn-

The indexed completed tensor product is defined by

n nrl
®a Aj ‘“—n.s. ®a Aj ®o¢An7
Jj=1 j=1

where n > 1. When n = 1 define
1

®o¢ A]' ‘=—n.s. Al.
J=1

Uniform crossnorms do not generally respect subspaces. However, when X is a
closed subspace of a Banach space E, Y is a closed subspace F', and « is a reasonable
crossnorm on F ® F' it is possible to use the norm inherited from F ®, F' on vector
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space X ®Y (see Chap. 1 in Ref. 37). We give the following definition for this kind
of construction.

Definition 2.16. Let ' and F' be Banach spaces and a a norm on £ ® F. Let
X be a closed subspace of £ and Y a closed subspace of F'. Define X ®,. e rY
to be the normed vector space formed by using the norm inherited from E®yF
in the vector space X ® Y, i.e. ||u||X®a;E®aFY = app(u) for all u € X ®Y.
Define X®Q;E®QFY to be the closure of X ®,. pg p Y In space E®.F. The
notations X ®q.rgr Y and X®a;E®FY may also be used for the aforementioned
definitions.

Now X ®,.pg_rY is a normed subspace of E®F and X®Q;E®QFY is a closed
subspace of EQ,F.

Definition 2.17. Let n € Z,. Let A4,..., A, and By,..., B, be Banach spaces
so that A; is a closed subspace of By and By ® Ag41 is a linear subspace of By
for k € Z(n —1). When k > 2 define

k
® Aj ‘=n.s. ClOSBk Tk,

(Bj)
=1
where
k—1
Ty :=ns ® Aj | @By A
(Bj)
j=1

When k£ = 1 define

.
Il
—

=1

<.

is a closed subspace of Banach space By, for all k € Z(n).

Definition 2.18. Let n € Zy. Let Ay,...,A,, Bi,...,Bn, E1,...,E,, and
Fy, ..., F, be Banach spaces so that

e A, is a closed subspace of E; and Ey ® Ag41 is a linear subspace of Fy for all
k=1,...,n—1.

e B is a closed subspace of F; and Fj, ® By is a linear subspace of Fj,y; for all
k=1,...,n—1.
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Suppose that Py : Ay — By, k=1,...,n are operators. Let S1:=P;, Ty :=51 =P,
and Sk =T 1@ P for k=2,...,n. When k € {2,...,n} and Sj, is continuous let

(Bp) (Fy)

k
Tk : ®
=1

be the unique continuous linear extension of Sy to

k
® A.
=1

k
Al — ® Bl,
=1

(Ep)

If k € {2,...,n} and S is not continuous let T, = 0. When all of the functions S,
Ty, k=1,...,n are operators define

n

® P, =T,.

(Ey,Fg)
k=1
If any of the functions Sk, Tk, k = 1,...,n is not an operator then
n
X, B
(B, Fi)
k=1

is undefined.
There is an isometric embedding
X*Ras Y1 (X ®aY)" (2.1)

for tensor norms « and Banach spaces X and Y ,*! see also Ref. 11. When K = R
or K =C,neN+2, and X1,...,X, are closed subspaces of C,(R, K) the tensor
product X;®. ---®.X,, is a closed subspace of C,(R", K).

3. General Definitions for a Compactly Supported Interpolating
MRA

3.1. Mother scaling function

Definition 3.1. Let K = Ror K = C and n € Z;. A compactly supported
interpolating mother scaling function is a function ¢ € Ceom(R™, K) satisfying the
following conditions:

(MSF.1)
VkeZ": pk) =dko
(MSF.2)
Vx e R": p(x) = Z @ (g) o(2x — k).

kezn

The Deslauriers-Dubuc fundamental functions satisfy these conditions.'”
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3.2. General definitions for the univariate MRA’s

We shall denote the function space for which the MRA is defined by E in this
section. We have either £ = Cy (R, K) or E = Cy(R, K) where K = Ror K = C. We
shall assume that ¢ € Ceom (R, K) is a compactly supported interpolating mother
scaling function throughout this subsection.

Definition 3.2. Define function 1) € Ceom (R, K) by
B(2) = o2 — 1)

for all z € R. Function ¥ is called the mother wavelet.
Definition 3.3. Define
@ik = (27 - —k)

and
Wik = (27 - —k)
for all j € Z and k € Z.
Definition 3.4. Define
_Jy =0,
G 1= {w; s=1,

where s € {0,1}.
Definition 3.5. When k € Z define

k
hy :SO<§>>

gk = Ok, 1,
hi, := 00,
g = (71)k_1h1_k.
Definition 3.6. Define ¢ := ¢ € E* and ¢ € E* by
=2 Gep(2- k). (3.1)

keZ
Define ¢; 5 := 273(27 - —k) and ¢, 1, == 274p(27 - —k) where j,k € Z.

As ¢ is compactly supported only a finite number of numbers hy, k € Z, and the
other three filters defined by Definition 3.5 are nonzero. Consequently the series in
Eq. (3.1) has a finite number of nonzero terms.

- oy s=0,
(s =19 -
P, s=1,

1550010-9
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3.3. General definitions for multivariate MRA’s

We will assume that n € Z and either K = R or K = C throughout this subsection.
We will also assume that £ =, s Cy(R, K) or E =, 5. Co(R, K). Furthermore, ¢ €
Ceom (R, K) shall be a compactly supported interpolating mother scaling function
throughout this subsection.

We set

. Co(R", K); E = Cy(R,K),
T Go(RY K E = Co(R, K).

Definition 3.8. Define function @™ € Ciom(R™, K) by

Function ™ is called an n-dimensional tensor product mother scaling function
generated by ¢. Define also gogﬁ}( = @™ (27 . —k) where j € Z and k € Z".

Function ¢! is a compactly supported interpolating mother scaling function
on R™.

Definition 3.9. When s € {0, 1}" define function wén] € Ceom(R™, K) by

B = Q) G
k=1

and ¢l = (27 - k).

The domain of the Dirac § functional varies in this paper. That is, we may keep
0 as an element of different dual spaces A*. When z1,..., 2, € R we will identify
0(-—21)®@ - ®0( — 2zm) With §(- — (21,...,2m)).

Definition 3.10. Define ¢[™ € F* by
= Q¢
=1

and gbgnl]{ € F* by cﬁgnl}{ = 27p["(27 . —k) where j € Z and k € Z". Define also
B e P by

M= &) s
=1

where s € {0,1}" and @nj]k € F* by z/;inj]k = 23‘1[)31}(23‘ - —k) where s € {0,1}",
j€Z,and k € Z".

Goedecker?? gives formulas for wavelet filters, too.
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Lemma 3.1. Let f € C, meN, r, € Ry, and f € C(Br(0;71))". Let
n
-
=0
and
n
=@
=0

If (f, f) spans all polynomials of degree at most m then (fI", fI") spans all poly-
nomials of degree at most m.

Proof. Let

n n

p(x) == [T patxlil) = TT (xliD)™,

i=1 i=1
where a[i] € Zy(m),i=1,...,n. Define r, € R, so that (ER(O;rl))n C Bgrn(0;72).

Now

Z <f[n](' - k)yp‘ERn (k;r2)>f[n] (x—k)

kezn

=y > H 1), 9315, (igors ) (x10) — K[

k1€Z kn€Z1=1
HZ<JZ< k), pz|BR(k T1)> sz = p(x)
i=1k€eZ
for all x € R". O

In particular, if ¢ spans all polynomials of degree at most m then ™ spans all
polynomials of n variables and of degree at most m.

4. Compactly Supported Interpolating MRA of C,(R", K)

We will assume that n € Z; and K = R or K = C throughout this section. We will
also assume that cp[”} € Ceom(R™, K) is an n-dimensional tensor product mother
scaling function in this section. Unless otherwise stated, we shall assume that the
same values of n, K, and ¢[" are used throughout this section. Chui and Li® have
developed a MRA in the univariate case Cy(R).

Definition 4.1. Define

Vé? = {x eR"— Z K] (27x — k) 1 a € 1°(Z", K)} (4.1)
kezn

IV = I f s feEV
for all j € Z.

1550010-11
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Definition 4.2. Let spaces Vn(f;), j € Z, be defined by Definition 4.1. We call
{VTEZ) : j € Z} an interpolating tensor product MRA of C,(R™, K) generated by
¢l provided that the following conditions are satisfied:
) VieZ: V,ff;) C Vn(fﬁl
) Ujez V') = Cu(®". K)
) Njez Vrf,uj) =K
MRA14) VjeZ fe K¥ : fe Vi & f2)evi,
Y VjezZkeZ fe KR fe VTE? & f(-—277k) € Véf})
) Vk € Z": (k) = Sy o

Our requirements for the definition of interpolating multiresolution analysis
are stricter and simpler than those in Ref. 6. Condition (MRA1.6) is replaced
by a weaker condition for ¢ in Ref. 6 but it is possible to construct function
o1, that satisfies condition (MRA1.6) and generates the same subspaces Vl(f;) as
function ¢.

Under the conditions given at the start of this section (o[ is an n-dimensional
tensor product mother scaling function) the conditions (MRA1.1), (MRA1.4),
(MRA1.5) and (MRA1.6) are true. We will show later that conditions (MRA1.2)
and (MRA1.3) are true, too.

Spaces VWEZ-), Jj € Z, are topologically isomorphic to [*°(Z", K). It has been
proved in Ref. 28 that

> ety — k) = ¢l (0)
kezn
for all y € R™. Tt follows from the cardinal interpolation property (MSF.1) that
> iy -k =1 (4.2)
kezn
for all y € R™.
Remark 4.1. The series in Eq. (4.1) converges (pointwise) for all a € [*°(Z", K)
but the series Yy ;. alk]p™(27 - —k) need not converge in the norm topol-
ogy of Cy(R™ K). For example, consider sequence alk] = 1, k € Z". Now

S kezn aklel(27x — k) = 1 for all x € R™ but the series Yy ;. alk]p™(27 - —k)
does not converge in the norm topology of C,,(R™, K).

Theorem 4.1. We have

NV =K.
JEZ
Proof. The proof is similar to a part of the proof of [6, Theorem 3.2]. O
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Definition 4.3. When j € Z and s € {0,1}" define

Wi, = {XeR”H 3 alkpll (x) rae =@, K)}

kezn

AW =1 f s f € WY

n,s,7"

Spaces wW o se {0,1}™, j € Z, are topologically isomorphic to [*°(Z"™, K).

n,s,j’
Definition 4.4. When s € {0,1}" and j € Z define
QLN0) = 3 (Wl DY)
kezn

for all x € R" and f € C,(R", K). When j € Z define Pr(;g) = QM

n70’nij :

Operator Qgg j 1s a continuous projection of Cy(R", K) onto Wrgus)] for each

s€{0,1}" and j € Z.

Definition 4.5. When j € Z define

and

o= X A,

s€Jy(n)

Spaces W( J), J € Z, are topologically isomorphic to [*°(J4(n) x Z™, K). When
j € Z we have

VWEZ)JA = V(u) W(u) —_— V(u) Z W(U) = Z W(U) (43)

n,s,j n,s,j"
seJy(n) 56{0,1} "

Operator Qilu; is a continuous projection of Cy(R™, K) onto W}Luj) for each j € Z.
We also have Q = nuj) +1 Pfluj) for all j € Z.
Theorem 4.2. There exist c; € Ry and ca € Ry so that
If = P fl, < crw(fi27es)
for all f € Cy(R™) and j € Z.

Proof. Let f € Cy(R") and j € Z. Define 1 := rqupp(¢™). Let x € R™. Define
I := Tipans(pl™, 27%). Now by Eq. (4.2) we have

7PN = X (1007 (5) ) eMex -1

keznr

=5 (1001 (55) ) eieix -
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Let £ € I. Now 2/x — { € Bga(0;71) from which it follows that x — 277/ €
B~ (0;27971). Hence

‘f(x) —f <2—]>‘ <w(f;277r). (4.4)
Let ¢1 := Neover(9™)]|l™[| and co := 11 = 75upp (™). By Eq. (4.4) we have
(f = PRI D] < ewlf:277ca). 0

Theorem 4.3. Let f € Cy(R™). Now
lim ||f = P fl =0
j—o0 > o0

Proof. See also Theorem 3.2 in Ref. 6 and Theorem 2.4 in Ref. 17. Let j € Z.
By Theorem 4.2 we have ||f — Péuj)fﬂoo < ciw(f;279¢y) where ¢; and ¢y do not
depend on j or f. Since f is uniformly continuous

lim w(f;t) =0
and hence

lim ||f— Pl =o0. 0
]—)OO

Corollary 4.1.

v = Cu®™, K).

JEL
Theorem 4.4. Lett € Ry. There exists a constant c; € Ry, which may depend
on t, so that

VfeCuRY), jeZ:wPl)f;27t) < cw(f;277vn).

Proof. The proof of case n = 1 is similar to the proof in Sec. 7.1 in Ref. 17.
We will assume that n > 2 in the sequel. Define bijection a([;n] : N — Z" so that
Ho([;n} (p+1)— ol (»)|loo = 1 for all p € N. It can be proved that this kind of
bijection always exists.?6 Define

!
vj1(x,h) Z (2% — oM (p) — |27x] 4 27h)
p=0

(2% — ol"l(p) — [27x]))),

where 7,1 € N, x € R", and h € By~ (0;277t). Using Eq. (4.2) it can be proved that
there exists ¢c; € R4 so that

> v h)| < e

=0
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for all j € N, x € R", and h € Bgn(0;277t). Let f € Co(R"), j1 € Z, x; € R", and
h; € Brn(0;277t). Let a := (f(277'k))kezn. Now

z = (P(u) f)(x1+hy) - (P( ! F)(x1)

= Z(a[agﬂ(l)] — a0y (L + 1)])vj, (%1, hy)
=0

from which it follows that

oo

2] < (?Eg lalol" ()] — alol (1 + 1>H) D Mgl )| S w(fi277 V) e

=0

|

Theorem 4.5. Let jo € Z. Suppose that the mother scaling function @ is Lipschitz
continuous and let o™ be the tensor product mother scaling function generated by
@. Then

v E ST W £ CuR K.
J=jo

Proof. Let

=Vl Z

J=jo
Define function f € Cy(R, K) by
Vs z € [0,1],
fl@) =3 -z+2; z€l,2],
0; r<0Vzx>2
and function f" € C,(R™, K) by

Functions f and fI") are not Lipschitz continuous. As ¢ is Lipschitz continuous
all the functions P(u) g are Lipschitz continuous for each g € Cy(R", K). A is a
locally convex space w1th an inductive limit topology. It follows from Theorem 6.2
in Ref. 42 that the space A is complete.

Suppose that A would be equal to C,(R", K) as a set. Then we would have
fl"l e A. Tt follows from the definition of the locally convex direct sum that

fMev i Z w)

j=jo
for some j, € Z, j; > jo. Now fl = 7511])1 11 fM. Tt follows that fI™ is Lips-
chitz continuous, which is a contradiction. Hence A is not equal to Cy(R", K) as
a set. |
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The definition of locally convex direct sums from Ref. 42 is used here. An exam-
ple of a Lipschitz continuous mother scaling function is a Deslauriers—Dubuc funda-
mental function with Holder regularity greater than 1. By Eq. (4.3) and Corollary
4.1 we have

= 4
Cu(R”v K) =n.s. clos U Vn(j;?) + Z WT(L‘:IJ)
1=jo J=jo

for all jg € Z.

5. Compactly Supported Interpolating MRA of Co(R", K)

A MRA of space Cyp(R", K) can be developed in the same way as the MRA of space
Cu(R", K). Donoho'” has developed a MRA for the one-dimensional case Cp(R).
We will assume that n € Z; and K = R or K = C throughout this section. We will
also assume that go["] € Ceom(R™, K) is an n-dimensional tensor product mother
scaling function in this section. Unless otherwise stated, we shall assume that the
same values of n, K, and ¢[™ are used throughout this section. Note that many
of the series that are pointwise convergent with C,(R"™, K) converge in the norm
in Cy(R™, K). We are also able to represent many subspaces and operators related
to the MRA of Cy(R"™, K) as tensor products of the corresponding one-dimensional
cases.

Definition 5.1. Define

AVES { > alklp(27 - ~k)ra€ cO(Z”,K)}

kezn (5.1)

1AV = flle, FeV
for each j € Z.

Definition 5.2. Let spaces Véf)j), j € Z, be defined by Definition 5.1. We call

{Vé?j) : j € Z} an interpolating tensor product MRA of Cy(R", K) generated by
o™ provided that the following conditions are satisfied:
. 0 0
) ViEZ: Véyj) C VWEJ-)H
) UjezVay = Co(R", K)
0

MRA2.3) (e, V" = {0}

) VieZ feKE : fe V,ff}) & f(2) € Vn(?j)ﬂ

) VieZkez" fe KF : feV & f(-—277k) eV
MRA2.6) Yk e Z": ol"(k) = b

Note that in this definition the intersection of spaces Vn(?j) is {0} instead of C
(all complex valued constant functions on R™) as in Ref. 6 since here the MRA
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is constructed for functions vanishing at infinity. Donoho!” does not require the
mother scaling function ¢ to be compactly supported but ¢ has to be of rapid
decay in his construction. He also includes requirements for the regularity and
polynomial span of ¢, which are needed for the norm equivalences to Besov and
Triebel-Lizorkin spaces, into the definition of the MRA. Under the conditions given
at the start of this section (p[™ is an n-dimensional tensor product mother scaling
function) the conditions (MRA2.1), (MRA2.2), (MRA2.3), (MRA2.4), (MRA2.5)
and (MRA2.6) are true.

Definition 5.3. Let j € Z and s € {0,1}". Define

WO, { S alul?, ac w,m}

keZn

AW =1l fEeWO

n,s,j n,s,j-
Definition 5.4. Let j € Z. Define operator P( e (R”,K) — V(O by
0)
Pl f = Z<¢Jk,f>
kezn

for all f € Cy(R™, K). Define operator QY :Co(R™, K) —» W' by

n,s,j n,s,j

QL= Wl nolly

KezZn
for all f € Ch(R™, K) and s € {0,1}".

We now have
n

(0) > 1/(0) o _ . (0)
v, nis_®vlj, Wr) o =ns. ®EW1,SW

k=1
P = ® P and QUL = ® Qo

We give now a general result on the tensor products of the function space
Co(R, K) with itself.

Theorem 5.1. We have

). Co(R, K) =ns. Co(R", K).

Jj=1

Proof. Define
Fil= ® Co(R, K).

We have FI"l ¢ Cy(R™, K). Let ¢ be the Deslauriers-Dubuc fundamental function
of some degree m and ¢! the n-dimensional tensor product mother scaling function
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generated by . Let spaces V1(2')7 j € Z, belong to the interpolating multiresolution
analysis generated by ¢ and spaces V,ff)j), j € Z, be the corresponding tensor product
spaces. Let f € Co(R"™, K). It follows from Theorem 4.3 that P,(L?} f— fasj— oc.
Now P\” f € V% < Fl"l for all j € Z from which it follows that f € FIl = Flr,
Consequently FI"l = ( Cy(R", K). O

For example, Co(R) ®. Co(R) =,.5. Co(R?). As in the case of C,(R", K) we get

VO £35S w9 % R K)

n,J0
J=Jo

when the mother scaling function is Lipschitz continuous. We also have

oo 4
Co(R", K') =p.. clos U v 1 Z WT(L?J)

n,Jo
l=jo J=Jo

for all jo € Z.

6. Interpolating Dual MRA

We shall have K =R or K = C and n € Z throughout this section. We shall also
have £ = C,(R",K) or E = Cy(R", K).

6.1. General

Definition 6.1. When j € Z define
Vi =ns, { S dkgl de ll(Z”,K)}
kezn
£Vl = IFICa @™, K) || = | /ICoR™, ), f € V.

We may identify Banach space f/n,j for both £ = C,(R", K) and E = Cy(R", K)
for each j € Z. It follows also that function i, ; : ['(Z", K) — V,, ; defined by
]

fnj(d) == > d[k]gl

kezn

for all d € I'(Z", K) is an isometric isomorphism from I'(Z", K) onto V,, ;. We
have

feVu; & f(2) €Vayn
and
feVi;e f(-—277k) € V.
for all f € Co(R™, K)*, j € Z, and k € Z™.
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Definition 6.2. When j € Z and s € {0,1}" define
Whsj =n { S Ay, cde zl(zn,K)},
keznr
1FWassll = IFICa(R™, K)*|| = [ fICoR™, K)"|l, [ € W,

Spaces Wn,s,j, s € {0,1}", j € Z, are topologically isomorphic to I}(Z", K).
Assume that j €7, d € ll(J+(n) x 7", K), and

Z stk SJk

s€Ji(n) kezn

Now || f|Cu(R™, K)*|| = || f|Co(R™, K)*||. Consequently we may identify the Banach
space Wy, s ; for both E = Cy(R", K) and E = Cy(R", K) for each s € {0,1}" and
jez.

Definition 6.3. When n € Z, and j € Z define
Pof =" (Fele,

for all f € E*.
Definition 6.4. When n € Z, s € {0,1}", and j € Z define
Qn,s,jf = Z <f winj] k>¢ tlj k
kez™

for all f € E*.

We have Q. 0, ; = Py for all j € Z.
Lemma 6.1. (i) Vj € Z,s € {0,1}"t € {0,1}" : s # t = V[ € Wyq, :

Qn,tjfz 0.

(i) Operator Qu s ; is a continuous projection of E* onto W, s ; for all j € Z. and
s € {0,1}".
(iti) Qnsj = Qns;jo Puj forallj,j' €7, j<j', ands € {0,1}"

For example, when n = 2 and t = (0, 1) we have Q,, ¢ ;0 = 0 for all j € Z. When
JE€Z,s,t€{0,1}", and s # t we have W, s ; N W,, ¢ ; = {0}.

Definition 6.5. When j € Z define

Wn,j =n.s. E Wn,s,j-

S€J+(7’L)
Definition 6.6. When j € Z define
Qn,j = Z Qn,s,j-
s€J4(n)
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Assume that j € Z. Now operator Qn ,j is a continuous projection of E* onto
an and anf 0 for all f € an We also have an = Ppj+1 — Pn,j and
V%J+1 HSAV%J_+LVhJ
Theorem 6.1. (i) Vj € Z,s € {0,1}",t € {0, 1}"'s#t<:>Wnst_W7§ut)],
(i) V1,0 € Z: j1 < jo & Vi jy LW

n,j2’

(ifi) Vj1,jo € Z: ju > jo & Wi, LV

n,J27

(iv) Vji,j2 € Z: 1 # j2 & Way, LW

n,J2°

Proof. Let j € Z, s,t € {0,1}", and k,¢ € Z". Proposition (i) follows from

@Lnj]é,wt]k) = Js40¢ k. Suppose that ji,j2 € Z and ji; # jo. If j1 > jo then

W,(Lu])2 C V(u) and Wn ]1J_V(u) and hence W, JIJ_W(u) If j; < jo then W, ;, C

Vo jo and Vp, j, J_W , and hence anJ_WT(L’j)Q. So proposition (iv) is true. O

Theorem 6.2. Let f € Co(R™, K)*. Then Pn,jf — f in the weak-* topology of
Co(R", K)* as j — oo.

Proof. Let f € Co(R", K)*. Suppose that f € Co(R", K). Then

(P £ POFY = 3" (ol @l PO f)

keznr

<f, K j"i7f>90§"i>

= (P01,
There exists ¢ € Ry so that ||P, ;|| < ¢ for all j € Z. Consequently
(Fo ) = (Bag B D < I 1) = (F PO 1))
+ (P s P f) = (Poi £ )]
= (. f = PO+ (PasF, P f = £
< AllLF = B FI+ ell 7l = B £Il =0,

as j — oo. O

For example, let

x_kl; T € P_lvob
fl):=¢—2+1; z€l0,1],

0; otherwise
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and
—2x—2; ze€[-1,0]
flz)=4q2x—-2; =x€]0,1],
0; otherwise

for all z € R. Now
<p17jfvf> - <f7f> = /Rf(:r)f(:r)dx = —%

as j — oo.

6.2. Tensor product representation of the dual MRA

It follows from Eq. (2.1) that Cp(R", K)*®.:Co(R, K)" is a closed subspace of
Co(R™1 K™,

Definition 6.7. Let j € Z. Define

>3

Mn,j “=n.s. Vi,j-
(Co(®F,K)™)
k=1

Banach space Mn,j is a closed subspace of Co(R", K)".

Definition 6.8. Define function

gl Q) 1Mz, K) - 1Mz, K)
k:lﬁ
by

enlel) :=ex, kezm,
and extending by linearity and continuity onto whole ®Z:1WZI(Z, K).

Function ¢ is an isometric isomorphism from Banach space ®Z:17rl1(Z, K)
onto Banach space [}(Z", K).

Lemma 6.2. When j € Z
®ﬂ_ ‘71,]' —n.s. Vn,j'
k=1

Proof. Let

n
E::n‘s. ® Vl’j
™
k=1
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and
Let

Function « is an isometric isomorphism from F onto E. Let § := a o (£/")~1. Now
f3 is an isometric isomorphism from ['(Z", K) onto E and (&) = gégnl]{ = I, ;(€k)
for all k € Z". When d € [*(Z",K) we have 3(d) = i, ;(d) and [|8(d)||z =

1205 (D)l o @, 1y )

Lemma 6.3. When j € Z
7} n
Vn,j =n.s. Mn,j —n.s. ®ﬂ_ ‘71,]' —n.s. ®E"’ f/l,j~
k=1 k=1

Proof. Use induction by n, metric approximation property of /', and Proposi-
tion 7.1 in Ref. 41. O

Definition 6.9. Define

n

Nn,sg’ n.s. ® Wl,s[k],jv

(Co (R™, K)*)
k=1

where j € Z and s € {0,1}".

Definition 6.10. Let j € Z and s € {0,1}". Define operator Ry, s; : Vi j+1 —
Nn,s,j by

Rusi= ) (@851 Vi41)-
(Co(RF,K)* ,Co(RF ,K)™)
k=1
Assume that j € Z, and s € {0,1}". Now
Rossf = 3 (F w00l (6.1)

kezn

for all f € ijﬂ. The series in Eq. (6.1) converges absolutely for all f € Vn,j+1-
We also have W, s j =n.s. Nns,j and Qs j = Rusj o Py jy1.

7. Besov Space Norm Equivalence

7.1. Norm equivalence for the Besov spaces in the n-dimensional
case

This derivation is based on the corresponding one-dimensional derivation in Ref. 17.

The cases p < 1 or ¢ < 1 yielding quasi-Banach spaces By , are not discussed in
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this paper. We assume that n € Z, throughout this section.
We give first some definitions similar to those in Ref. 38 related to orthonormal
wavelets.

Definition 7.1. Let ¢ : R” — K be a mother scaling function of an orthonormal
wavelet family. When j € Z, k € Z", and f € L>°(R") define

ax(f) =2" / ¢*(29x — k) f(x)dr.

x€R”

The spaces V;(p) that are defined in Ref. 38 are denoted by V;(p) in this docu-
ment. Space V;(p) is a closed subspace of LP(R") for each j € Z and p € [1,00] at
least when the mother scaling function ¢ is continuous and compactly supported.

Definition 7.2. Let ¢ : R® — C be a scaling function of an orthonormal wavelet
family. Let p € [1,00] and j € Z. Define operator ]5]-(p) : LP(R") — V;(p) by

(PP H(x) =3 au(f)e2'x k)

kezn
for all f € LP(R™) and x € R™. Define also Q (), P(p)

When ¢ is a compactly supported and continuous function operator ]5]»(1’ ) is a
continuous linear projection of LP(R™) onto V;(p) for each j € Z and p € [1, o).

Definition 7.3. Letp € [1,00],q € [1,0], and 0 € R;. Let jo € Zand 7 € Zy, 7 >
0. Let ¢ : R™ — C be a mother scaling function of an 7-regular orthonormal MRA
of L?(R") and Pj(p ) and Qgp ), j € Z, be the corresponding projection operators.
When f € LP(R™) define

17152 @nyego = 1P FILP@™)] + | BIN + o)
where
hy = 27QP ALY Rl € N+ o
= (h)) -
Norm || - Hg;)q (Rn).j, 1S an equivalent norm for the Besov space Bj  (R") and

characterizes By (R™) on bor(R™, C). This has been proved in Chap. 2.9, Proposi-
tion 4 in Ref. 38.

Definition 7.4. Let p € [1,00], ¢ € [1,00], and ¢ € Ry. Let jo € Z. Let Péuj)
and Qn i J € Z, be the projection operators belonging to a compactly supported
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interpolating tensor product MRA of Cy,(R™). When f € C,(R") define
IFI5% o = PR FILP ™)+ [BJ(N + o),

n,Jo

where
hy = 27)|QW FILP(R™)|l,  § € N+ jo,
h:= (h;)72

Jj=jo*
Definition 7.5. Let p € [1,00], q¢ € [1,0¢], and o € R,. Let jo € Z. Let cp[n] and

@Lt;l’k, JjE€Z,s € Jir(n), k € Z", be the dual scaling functions and dual wavelets

belonging to a compactly supported interpolating tensor product MRA of C,(R").
When f € C,(R™) define

IS @onyigo = (B F)rezn
FIE@ BN 0 aermseean )00

Definition 7.6. When j € Z and p € [1, co| define

Véz)(p) = {XER”*—) Z cpjk aelp(Z")}

keZzn
and || |V, (p)]| := [If|L7(R™)]| for all f € V(%) (p).
Definition 7.7. Let j € Z and p € [1,00]. When T' € £(LP(R™), LP(R™)) define
170y gy = 1Ty VL (), L2 R

Definition 7.8. Let j € Z and p € [1,00]. When T € L(Cu(R"),Cy(R")) and
T[V;(p)] € LP(R™) define
171, ) = 1T 1o, ) )|£(V5 (p), LP(R™))].
Definition 7.9. When p € [1, oo] define
L pell oo,

Cinterp(p) =4qP— I
1; p=1Vp=oc.

Lemma 7.1. Suppose that q € [1,00] and t € Ry. Let a(j,j') := 9= i'—ilt for all
J,j" € N. Define

oo

Ab = (Y alj, i)y
J'=0 jEN

for all b € l9(N). Then A € L(I19(N),[9(N)).
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Proof. Cases ¢ = 1 and ¢ = oo can be proved by starting from the expression of
Ab where b € 19(N). When ¢ € |1, 0o[ the proof is based on interpolation of Banach
spaces, see Ref. 2. O

Theorem 7.1. Let p € [1,00], ¢ € [1,00], jo € Z, 0 € Ry, and n/p < o < r9.
Let (p["] be a scaling function of a compactly supported interpolating tensor product
MRA of Cy(R™) and @ : R™ — C a compactly supported and continuous mother
scaling function of a (|o] + 1)-regular orthonormal wavelet family. Suppose that
@l e CTo(R™). Suppose also that (¢!, o) and (277 @*, @) span all polynomials
of degree at most [o] — 1. Let B be the normed space By (R™) N Cy(R") equipped

with some Besov space norm. Then || - ||B, (]R") o and || - ||§30;?’,(I(R”');J‘o are equivalent
norms on the vector space B and norm || - ||BU JE) o characterizes B on Cy(R™).
Proof. Let 7y := |o| + 1. We prove first that ||f||Bc, SR S c\|f||g2 JE)io for
all f € B and for some ¢ € R,. Define ¢’ by
1 1
- =1
¢ q
There exists ¢; € Ry so that
HPT(L‘:I ||V ) <e- on(3’'=3)/p (7.1)
for all j, 5" € Z, j/ > j. There exists co € Ry so that
17— P 4 < e Cinterp(p) - 20797 (7.2)

for all j,j’ € Z, 3/ < j. These two results can be proved by Banach space interpo-
lation between cases p =1 and p = co. Let f € B. We have

W [ 50 . = A®)
Pn’jo Pjop f+ Z ij f

J=Jjo

(u)
1P 7,

n,jo

p

< 1Py, 1P +ZHP(?}O||Vj+1(p)||(2§p)f||p

J=Jo

< el PP FI| + g - 20 N 0TI R,
J=Jo

where h := (2ja\|@§.">f||p)9<>_. . Let

J=Jo

4 = cg - 20MI/P (27 (U—*))] _m” /

Now

1225, < esll P F1, + eallbll, < max{es,ca} - IF1E) gy,

n,930
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where c3 and ¢4 do not depend on f. We have

W A [ 5@, = AW
lQuisl, = [l@sy | B s+ > Qs

.
J =Jo p

P+ > e P o7 A0

J’'=jo

< QM

19, !

for all j € Z, j > jo. It follows from Eq. (7.2) that

271N, PP S < e - 2790 PP )

Vj (p)|

for all j € Z, j > jo, where c5 is independent of f. Consequently

11Ny (1P F1,)5250 1 < esll @752 1P 51,

= cllB SN < esllfIS) @y (T)
When j’ < j it follows from Eq. (7.2) that
o)) (W ~(p) Co—|i'—i|(Fo—a) 1,
27N, I - < er - 27 P Il (7.4)
When j’ > j it follows from Eq. (7.1) that

271Q g, o 1QF 1], < s -27W DR, (7.5)

. n o _
w:=minqgo — —,7g — 0
p

and cg := max{c7,cs}. Now by Egs. (7.4) and (7.5)

Let

o= | (27 210N, 100,
¥'=do j=jo llg
< ¢ Z 217" =ilwR(j]
J'=Jo =jo llg
It follows from Lemma 7.1 that
a < o[, < cwll FI5) o (7.6)

Where c10 depends only on w and jy. By Equations (7.3) and (7.6) we have

IS @oro < 1017152 camyo
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We prove then that ||g||55,ogw(Rn);j0 < c||g||BU J(®)io for all ¢ € B and for some
c € Ry. Now

1P, + > 1001, = 1B, + > 12757 27l

J=Jjo J=jo

< PO gl + 127 1Rl )3, Z? ”

] Jo
< cullglgy oy < c12llgllisy ey € Ros

where c¢1; and c¢12 do not depend on g. Consequently

P g+ Z QMg — g

J=jo
in LP(R™) as m — oo. We have
123" gll, = |2 | Praos + 22 Qug
J=Jo »
< |1PNIP gl + Z I 11Q4gll,
i'=Jo
< e Pl +c1322 J7n[j)

J=Jjo

IN

cis| P gl + ensl|(2797)3 1 I,

IN

Cl4||g”§;;q(R")§jo’
where h := (2jUHQ7(1‘3-9Hp)?ij:' There exists c15 € Ry so that
17 = By, S €15 Cimerp(p) - 2097 (7.7)

for all j, 5" € Z, j/ < j. This can be proved by Banach space interpolation between
cases p = 1 and p = co. Furthermore,

o (#as T o

J'=jo

~(p)
1%l

p

IN

11175, 91, + Z 1@ gl

J’'=Jo
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It follows from Eq. (7.7) that
271QPNIP 9N, < s - 277 gl
for all j > jo where ¢y is independent of g. Consequently

1@ 1RS IR 01,)35 ) < exsll 2770 m)52, 1 1P, 9l,
= el Pl < earllglBy @y (78)
When j’ < j it follows from Eq. (7.7) that
271NN gl < ers - 271 =l0 = m 1. (7.9)

When j' > j it follows from uniform boundedness of the projection operators that

27PN gl < ero - 27 1R . (7.10)
Let
z :=min{o,rg — o}.
Now by Egs. (7.9) and (7.10) we have

H §jww@mm@ 9l

J'=jo J=jo g
< c20 Z 27|j,7j‘zh[j/]
J'=go =jo Il
It follows from Lemma 7.1 that
b < eanllbll, < eanllfIIB) ey (7.11)

where c9; depends only on z and jo. By Egs. (7.8) and (7.11) we have
19155 , ey < 2200l &

Suppose then that ||g||BC, (Rn)jo = O~ Liet
p,q ?

o0
Ab = Zz |7"=il=p ] . be N+,
7'=Jo =jo
Now
0o = (Z71Q 9l )32, < err|lPLgll, + caol ARl
By the continuity of Alj(ntj,) Wwe must have [h[, = oo. Consequently
919 gy = o0 0
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It is possible to construct an orthonormal compactly supported Daubechies
wavelet family with arbitrary high regularity 7 € R and polynomial span (number
of vanishing moments) d € N.8 Consequently, when jo € Z, 0 € Ry, p € [1,00],
q € [1,00], n/p < o < 79, pl"l € CTo(R™), and (@™, ™) spans all polynomlals of

degree at most [o] — 1 function @[ defines an equivalent norm || - on

HBU Rn)v]O
Banach space B.

Theorem 7.2. Let p € [1,00], ¢ € [1,00], 0 € Ry, jo € Z, 19 € R4, and n/p <
o <rg. Let gp["] be a scaling function of a compactly supported interpolating tensor
product MRA of Cy(R™) and suppose that oI € C™(R"). Let B be the normed

space By [(R™) N Cy(R™) equipped with some Besov space norm. Then || - ||B<, J(®) o

and | - ”BU S0 OTE equivalent to the norm of B and they characterize B on

Cu(R™).

O

Proof. Define

aj(f) = (<¢s gk >)seJ+(n),keZ"7

where f € B and j € Z. By applying Banach space interpolation to cases p = 1
and p = oo we get

njo

e 27 (@ fkezn |,

IN

12 f||

n,jo

e 27 ||(<<P]0k7f>)keZ"H (7.12)

IN

and

e3- 277 |lag (), < QU < ea-275 as (£,
for all j € N+ jg and f € B. Consequently

sl (27 g (F)1,)520, < N NQRSAN)5Z 0,

el lay (N5, (7.13)

IN

for all f € B.
Let ¢5 := min{c; - 9~ ndo/p, cs} and cg := max{cs - 2_”j°/p,04}. It follows from
Egs. (7.12) and (7.13) that
sllF 55, ey < 1% oyio < €sllF 155 nyiso
for all f € B. O

It is possible to construct Deslauriers—-Dubuc wavelet families with arbitrary
high regularity 7 € Ry (i.e. ¢/ € C"(R™)) and polynomial span d € N 17 As a
: (w)
direct consequence of Theorems 7.1 and 7.2 norms || - HBqu(R");]o and || - ||BU (B0
are equivalent to the restriction of some norm of Besov space Bqu(R") onto the
vector space By (R") N Cy(R") and these norms characterize By  (R™) N Cy(R™)

on Cy(R™).
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7.2. Consequences of the Besov space norm equivalence

In particular, the Besov space norm equivalence holds for Holder spaces C7(R"™)
for 0 € Ry\Z. When n € Z,, 0 € Ry, and ¢ € [1, 00] we have B,  (R") C C,(R™)
(see Proposition 2.3.2/2(i) and Eq. (2.3.5/1) in Ref. 44).

Definition 7.10. When n € Z4 and jo € Z define
Q(n,jo) = {(On,jo. k) : ke Zyu | |J {(s,4 k) :kez"}.
j=jo s€Jy(n)

As the Banach space BZ, . (R") =¢s Z7(R") is isomorphic to I* (see Sec. 2.5.5,
p. 87 in Ref. 44) the set {), : a € (n, jo)} cannot be a Schauder basis of B, ., (R")
with any summing order.

Remark 7.1. Suppose that n € Z,, jo € Z, 0 € Ry, and ¢! € C"(R") where
r € Ry, r > o. There exists r; € Z, so that supp gp[”] € Bgn (0;71). Consider

Fm SSa-Ureyll

Pt idotkn(k)’
where
c:=2r + [27°7(2[0] + 1),
n(k) :=c- Qkke[ln]
for all k € Z, k > jo, and the series converges in Co(R™). Let m := [r] and

.— 9—(jotk)o [n]
9k =2 Vel ot

for all £ € N. As w[?,]l] € BZ . (R™) it follows that there exists ¢; € Ry so that
e; ’

w2 (g t) < ext? (7.14)

t)
for all k € N and t€]0,1[. Define S;¢(y) := Bgn(277¢;279r1 + y), where j € Z,
¢ e Z™, and y € Ry. Suppose that ¢; €10, 1[. We have

SUPPget A?gk C Sj0+k,n(k) (m) (715)
for all h € Bg«(0;t1) and k € N. Furthermore,

Siotkeme) (M) NS 41n@y(m) =0 (7.16)
for all k,1 € N and k # [. Using Egs. (7.15) and (7.16) we obtain
wie(fit1) < sup{wii(grsta) : k € N} (7.17)

We have f € L*>°(R") and by Eqs. (7.14) and (7.17) wZ(f;t1) < cot{. Thus f €
B oo (R™).
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Suppose that

[= Z d[e(k)]Y. )

for some sequence d € C(™70) where the series converges in BZ, «(R™). Define

b
&= _dk)]b)

where b € N. Let b; € N. Define
J1i=max{j(u(k)) €Z ke Zy(br)} + 1.

There exists k1 € N so that (k1) = a(j1 — jo). Now j1 # j(u(k)) for all k € Zy(by)
and consequently «(k1) # u(k) for all k& € Zy(by). It follows that k; > by. Let
ko = jl —jo. Now

(k) = (el g1, e - 252 kgel™).
We have
(Wugienys £ = &) < NG, 1o £ = €0))seay ezl

and |<7/1L(k1) f—&.)| = 2~ Uo+k2)o Hence
1 < 9Uotka)o ( 77Z[n] — &)
— H < S?]lvk’f é—bl )SEJ+(T‘L),kEZ”||OO
< ||(2j‘7”(< s]k,f €b1>)SEJ+(n) kEZ"H )j:j()Hoo
<N = &llSe _@myo
Thus & # f in Banach space BZ, (R") as b — oo.

Theorem 7.3. Letn € Zy, 0 € Ry, q € [1,00], and jo € Z. Let ™ be a mother
scaling function of a compactly supported tensor product MRA of Co(R™). Suppose
that ™ € CT(R™) for some r € Ry, r > o. Then {1 : a € Q(n,jo)} is an
unconditional basis of Banach space BZ, ,(R™) N Co(R") equipped with a norm of

ngq(R”) and the coefficient functional corresponding to basis vector 1)y is 1;04 for
each o € Q(n, jo).

Proof. Let
Si(m) :={(0n,j,k) : k€ Z", |[k|, <m}, j€Z, meN,
Ds j(m) :={(s,j,k) : k € Z", [k[l, <m}, se€{0,1}", j€Z, meN,

U Dejm), jezZ, meN.
seJi(n)
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Let
my == min{m € N:Vk € Z" : (|[kl| .. >m = V¥s € {0,1}": Iy = 0)},

ma = [miyv/n],
Jo+k—1
A(k) == 8;,(2°k)U | Dilma+27% k), ke
I=jo
Define s(a) = ¢/, j(a) = j/, and k(a) = k' for alla = (§/, 5/, k'), s’ € {0,1}", j' € Z,
and k' € Z™. Let f € BZ, ,(R™) N Co(R™). Let i : N — Q(n, jo) be a bijection. Let
Bo = (tha, f) for all a € Q(n, jo). Define
ﬁ(m) . <1[}om i agnlZo(m)],

“ 0; otherwise

for all m € N and a € Q(n, jo). Define
Eni= > BU¢a
a€Q(n,jo)

for all m € N. There exists ¢; € Ry so that

for all f € Co(R™) and o € Q(n, jo).
Let h € Ry. Choose ji € Z, j1 > max{jo,0} so that

- h
127 (4 seroxezll )izl < 5 (7.19)
Choose 1 € Ry so that
h
sup{|f(x) : x € R", [[x]| = 7} < (7.20)

2nF24519 () — jo)e
and let m3 := max{j1 — jo, [71]}

Choose my € Z4 so that A(mg) C n[Zo(ma)]. Let I € N, 1 > my. If s(n(l)) = 0,
we have

h
1(Bo ) shezn . < 7 (7.21)

If s(n(l)) # 0,, we have
o1l a(m g 1
17N se s mxezn | )50 1Go + )] < 2 (7.22)
Thus by Egs. (7.21) and (7.22), we get

o ays h
)izl Go + NI < 5 (7.23)

177 1B ) se.r (n) ez

By Egs. (7.21) and (7.23) we have ||£m4||(w) S0 < h. It follows that

)ido

Sm = Zﬁn(l)d)n(l) —9g

=0
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as m — oo where the series converges in Banach space B, ,(R"). We also have
Sm — g as m — oo in Banach space Co(R™). If we had g # f we would have

@w’f —g) = (W, f) — (b, g) # 0 for some v € Qn, jo). Now (4, g) = 8, =
(1, f), which is a contradiction. Hence f = g. O

Theorem 7.4. Letn € Z4 and jo € Z. Let 0 € Ry, p € [1,00], and q € [1,00]. Let
o™ be a mother scaling function of a compactly supported tensor product MRA of
Cu(R™). Suppose that ©l"l € CT(R™) for some r € Ry, r > 0. Let f € BS ,(R").
Then

F = > (e Nalx)
a€Q(n,jo)

for all x € R™ and the series above converges absolutely for each x € R™.

Proof. Let
a = QUL o se ezl )il
Now
|02 40 )] < 275N (7.24)
for all s € Ji(n), j € N+ jo, and k € Z". Let
Ap(x) :={(0y,, jo, k) : x € supp go%k,k YA

for each x € R™ and

Ap(x) = {(s.jo+ k- Lk) :x esuppy'} |, | s € Jy(n) kez"}
for each x € R™ and k € Zy. Let n : N — Q(n, jo) be a bijection and define

(Yo, )7 @ ¢ n[Zo(m)),
(m) . 7.25
& {0; a € n[Zy(m)] (7:25)

for each m € N and a € Q(n, jo). Let

m

gm (%) =D Wy, £ (%)

k=0
for all x € R™ and m € N. It follows from Theorem 4.3 that

FE) =" (Yo Fa(x)
k=0 a€ Ay (x)

for all x € R™. Define ¢; := max{||¢£n}||oo :s€{0,1}"}. Let y € R™ and h € Ry..
Define my := max{#Ax(x) : x € R"}. Let

o : 1 n _11 ama
=g +1 | (o= ) lom T Soo | ¢

Choose mg € N so that Ai(y) C n[Zo(me)] for all k € Zy(j1 — jo). Suppose that
m € N, m > mg, and ag € Aj 4 for some ko € Zo(j1 — jo). By Egs. (7.24) and

1550010-33



T. Héyndlanmaa

(7.25) we have

@) =gmMI<erd ) D BM™M = D> > 1B

k=0 acAk(y) k=j1—jo+1 acAr(y)
<cimia- 2_]1("_5)—7, < h.
1— 2*(0*?)
Thus g, (x) — f(x) as m — oo for all x € R™. O
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Abstract: Electronic structure calculations are mostly carried out with Coulomb potential singularity
adapted basis sets such as STO or contracted GTO. With another basis or for heavy elements, the
pseudopotentials may appear as a practical alternative. Here, we introduce the exact pseudopotential
(EPP) to remove the Coulomb singularity and test it for orbitals of small atoms with the interpolating
wavelet basis set. We apply EPP to the Galerkin method with a basis set consisting of Deslauriers—
Dubuc scaling functions on the half-infinite real interval. We demonstrate the EPP-Galerkin method
by computing the hydrogen atom 1s, 2s, and 2p orbitals and helium atom configurations He 1s2,
He 1525 S, and He 1s2s 3S. We compare the method to the ordinary interpolating wavelet Galerkin
method (OIW-Galerkin), handling the singularity at the nucleus by excluding the scaling function
located at the origin from the basis. We also compare the performance of our approach to that
of finite-difference approach, which is another practical method for spherical atoms. We find the
accuracy of the EPP-Galerkin method to be better than both of the above-mentioned methods.
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1. Introduction

The Coulomb singularity in the hamiltonian may appear as a challenge in electronic
structure calculations. Singularity-adapted Slater type-atomic orbitals (STO) basis is the
usual solution to this, and Gaussian-type contracted basis functions (GTO) have turned
out to be useful with sufficient accuracy. The latter one is more popular due to other
practical advantages.

Pseudopotentials removing the singularity are another possible solution to this prob-
lem. In this case, the core electrons do not play an essential role in the problem at hand or
valence electrons are expanded in plane waves, like with heavy elements or periodic crys-
talline systems. In those cases, the pseudopotentials typically replace the nuclei and a number
of core electrons with their charge distribution, and possibly, some other core properties.

One-dimensional interpolating wavelets have been used for atomic computations, for
example, in Ref. [1]. Fischer and Defranceschi [2] have also solved hydrogen-like atoms with
wavelets. In Ref. [1], we used ordinary Deslauriers—-Dubuc interpolating wavelets [3-5]
defined on the whole real axis, so including the negative real axis in the computations. We
handled the singularity at the origin by excluding the scaling function at the origin from
the basis. We used the nonstandard operator form for the various operators needed in the
computations. We computed the Schrédinger equation of hydrogenlike atoms (ions) and
Hartree—Fock equations of some light many-electron atoms (helium, lithium, beryllium,
neon, sodium, magnesium, and argon). In this article, we repeat similar computations for
hydrogen and helium atoms, but using a different method to handle the singularity of
the potential and only one resolution level. We handle the singularity by computing the
Schrodinger and Hartree-Fock equations for a range of variables r € [, o], which does
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not contain the origin. Here, r is the position coordinate. The range r € [0, a] is neglected
for hydrogen, and for helium, its contribution to the Slater integrals is computed using the
hydrogenic orbitals.

Arias [6] developed formalism for electronic structure calculations with interpolating
wavelets so that matrix elements of the operators are computed as usual, and overlap matri-
ces are used in the matrix form of the Schrodinger equation. On the other hand, we use the
interpolating dual scaling functions and wavelets for the computation of matrix elements.

One-dimensional interpolating multiresolution analysis in space Cy(R) consisting of
uniformly continuous bounded functions in R was conducted in Ref. [4]. One-dimensional
interpolating multiresolution analysis in space Co(R) consisting of continuous functions
in R and vanishing at infinity was constructed in [5]. Both of these constructions are
based on Deslauriers—Dubuc functions [3]. Donoho [5] constructs wavelets on a finite real
interval, too. We compute the eigenenergies of hydrogen atom 1s, 2s, and 2p orbitals and
helium atom configurations He 1s2, He 1s2s 1S, and He 1s2s 3S with the EPP method Exact
Pseudopotential Method (EPP) using both the Galerkin method with interpolating wavelets
and the finite difference method.

We denote the pointwise product of functions f and g by f x g. We use atomic units
throughout this article (e = m, = I = 47reg = 1) and denote the atomic unit of energy by
Ha (Hartree).

2. Interpolating Wavelets on Half-Infinite Interval
2.1. Interpolating Wavelets

Interpolating wavelets are a biorthogonal wavelet family. Since the dual scaling
functions and dual wavelets of these functions are finite sums of Dirac delta functions, the
matrix elements involving interpolating wavelets usually require evaluating some functions
in a finite set of points. An interpolating wavelet family is defined by a mother scaling
function ¢, mother wavelet ¢, and four finite filters h]-, 8js Fz]-, and g wherej = —m,...,m.
The functions ¢, ¥, ¢, and ¢ satisfy equations

p(x) = ), hjp(2x—j), )
j=—m
p(x) =} giox—j) @
j=—m
p(x) = Y. hip(2x —j), ©)
j=—m
and .
P(x) = Y} gp2x—)). )
j=—m
The two-index basis functions and dual basis functions are
k(%) = 9(2x k), ®)
Pik(x) = p(@x k), ©)
Pix(x) =2¢(2/x — k), )
and

Pix(x) =2§(2x —k). 8)
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A wavelet basis consists of scaling functions Pio ks k € Z, and wavelets Yk j = Joo
k € Z, where jy € Z is the minimum resolution level. The expansion of an arbitrary (regular
enough) function f : R — R in the wavelet basis is

flx)= kEZSk(Pjo,k(x) + ) Y diie(x). )

j>jo k€Z

2.2. The Basis Set

This derivation is based on Section 3 in [5]. We construct a basis set on half-infinite
interval Ry = {r > 0|r € R}. We define ¢ to be a Deslauriers-Dubuc scaling function of
some order D and @;(x) := ¢(2/x — k) for j, k € Z.

Suppose that we are given samples B = f (277k) for k € N and f is some func-
tion from [0, 0] into R. We define nf to be the polynomial of degree D for which
nf(Z‘fk) = f(2‘fk) forallk =0,...,D. We define

Bk = (27k) (10)

fork < 0and
Bix = Bjxk (1)

for k > 0. Now, f can be extrapolated onto the whole real line by
f=Y Bixojx (12)
k=—cc

As each coefficient jk is a linear functional of coefficients f; 1/, we may define extrap-
olation weights e}f © SO that

D
Bix=Y. éirBix (13)
K=o

fork < 0. When f := ¢;;, we have
Bix=¢f, (14)

where | € {0,...,D}. Consequently, the quantities e;l can be computed by polynomial
interpolation of functions ¢;;. As

supp ¢« C 27/[k — D,k + D] (15)

we need only values k € {—D, ..., —1}. We define
Pik = Pik + L €lxgjl (16)

1<0

fork =0,...,D. Note that
<<Pj,k, (Pﬁ1> = 0x; (17)

fork>0and0<I<D.
We define a wavelet expansion of function f by

D [
F=Y B+ L Bixoix (18)
k=0 k=D+1

When we use a finite basis of size W, we have

D , e
f=YBix@l+ L Bixjk (19)
k=0 k=D+1
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We must have W > 2D so that functions q)ﬁk(x), 0 < k < D, vanish for x > 27/W.
This kind of truncation of the basis requires that the function f approximately vanishes for
x> 27TW.

Let A be a linear operator from Cy(R) to Co(R). The matrix elements Ay;, [ =0,...,D
are given by

<¢j,k/Aq’f,1> = <fl3j,krA€0j,l> +) €§,1<¢j,k/14¢j,a>~ (20)

a<0

Let v(f) denote the coefficient vector ( ﬁj,k),‘:\;?)l defined by Equation (19) and define

W-1,W-1

M(f) = (f2Tk)du ) 2y

kk'=0
for some function f : R — R.

3. Schrodinger Equations of Hydrogen-like Atoms and Helium Atoms in the
EPP-Wavelet Basis

3.1. General

Suppose that we have a system consisting of a positively charged nucleus at the
origin and N electrons. In the EPP method, we choose a small radius r( so that inside the
sphere with radius ry, the wavefunctions of the system are approximated by hydrogenic
wavefunctions, and the actual computations are performed only for values r > r(. Actually,
we define a basis set for the half-infinite interval [0, co] and make a change of the variables
s = r — rq. For Hartree-Fock calculations, the Slater integrals are computed by

_0 _ Qab 1 /s- ND (o /
() = 3t s | Pl R(s)ds

*© 1 ) "\ND / /
+ [ g PR @2)

where s > 0 and Q,p, is a system-dependent quantity that approximates the contribution of
the EPP core region to the Slater integral.

3.2. Hydrogen-like Atoms

The Schrodinger equation of the hydrogen atom and Hartree-Fock equations of
atoms [7] and their representation in the interpolating wavelet basis [1] denote our starting
point. With a change in variables s := r — rg, the Schrodinger equation of a hydrogen-like
atom in interval r > r( takes the form

(71127 z  I(i+1)

i e et )P S EFO, 520 ®

where Z is the charge of the nucleus, | is the angular momentum quantum number, and

P(s) = P(rp +s) fors > 0.
We define the second derivative filter by

ax = (§,D%(- = K)). (24)
Matrix elements of the Laplacian operator L are computed by
# 2j Sl
Ly, = <(Pj,k, Lqﬂj,1> =27+ Y, € a, (25)
a=—D

for0 << Dand
Ly == <§‘~’j,er4’j,l > = 2%y (26)
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for D < I < W. Note that matrix L is generally not hermitian. The potential energy

operator is computed as a diagonal matrix
Vi = V(277k)
where

Z

V) =5

for y > 0. The centrifugal potential is computed in the same way:.

3.3. Hartree—Fock Equations for Helium Atom
Define the Slater integrals as
V) = [ PR
where a and b denote the atomic orbitals and

1

N
v(rr) = max{r,7'}

27)

(28)

(29)

(30)

We use symbol y instead of Y to avoid confusion with spherical harmonics. By carrying
out a similar change in variables s := r — r(, the Hartree-Fock equation of the ground state

of the helium atom in interval r > ry takes the form

1 d2 2 _ _
<_*7 + ylsls(s + 70)>Pls(5) = e1sPis(s), s> 0.

242 s+r1p

The Hartree-Fock equations for the helium 1s2s g configuration are

1 d? 2 5 p
242 s+ +0s(s +70) ) Prs(s) = e15Prs(s)

12 2 ; :
2452 s+ + 13515 (5 +70) ) Pas(s) = €25 Pas(5)

and for helium 1s2s %S configuration

142 2 _
(<30~ 5o+ el 1)) Pute)

S +1’
Yos (5 +70) Pas (5)
1d? 2 5 5
_Eﬁ_sﬁ»r +y1515(5+r0) PZs(S) = 525P25(5)+
Yas1s (S +70) Ps (5)

3.4. EPP of Helium Atom

e1sP1s(s) +

3D

(32)

(33)

(34)

(35)

We define P,(r) to be the exact Hartree-Fock wavefunction of the orbital a of the atom.

We define the operators Uy and U, [1] by

(Uof) (s / f@s

and

(oo f) (5 / F(s)ds'.

(36)

(37)
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Define Pigy1(1') and Pog11(7') to be the hydrogenic orbitals of the helium atom. Then,
we have

(§ixlogjr) =27/ (D(|k| — 1) — @-1) (38)
and
(@leogjr) =277(1 = (k| 1)) (39)
where N
o) = [ o(wdy. (40)
The Slater integrals in the shifted variables are obtained from Equation (22) where we
set

P,(0)  By(0)
P, (o) Pou(ro)

for the helium ground state, and

Qab = /0 K Py (r') Py (r)dr’ (41)

Quv = [ Post)Posa ()7 )

for the excited states of helium. Define

1
q(s) == Py (43)
and
So := M(q)Up + U M(q). (44)
Now,
(7o) = Qab0(q) + So(0(Pa* By)) (45)

where Uy and Ux are the matrices of operators Uy and U, in the basis set constructed
in Section 2. We define v, = v(P,) and v, = v(B,). The matrix of the exchange integral
operator
(RaPa)(s) = y'gb(S)Pb(S) (46)
is computed by
Ky := Wa + M(v) SoM(vp). (47)

The term W,v, approximates the first term in Equation (22) as a linear function of v,.
For this, we approximate the wavefunction P,(r) in region r € [0, 7] by a linear function
that is zero at the origin and P,(0) at ro. We have

Qab 5 1 5 ( -/0 ( Sl) ’ /) o)
Py(s) = P, (0 14+ — |Pou(s’ +ro)ds | Py(s). 48
st b~ Ra(0) o \LH 5y )Pl +10)ds" ) Py (s) (48)

The wavefunction P, (s) is taken from the previous step of the Hartree—Fock itera-
tion. By approximating the wavefunctions by hydrogenic ones, we find the hydrogenic
Slater integrals

1 1
y(l)sls,H(r) = v —e (; + Z) (49)
1 z, 1 3Z 1
ygsZs,H(r) = 7 +e7 % <—§1’2 — ZZZr 7 ;> (50)
0 _ 1! 2 —32r/2
ylsZs,H(r) - 27\/2 12Z°r +8Z )e (5])
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for r > 0. The scalar products involving the Slater integrals are approximated as
5 2, 5 2
(rain) = (gaw) (to)
: /:io Pt ()y3n, 1 (') Poa (1) dr’
+ [ P (5 R0 2)
for the helium ground state and
(PalslP) = [ Pust) ) Posa ()
+ [ PR (s)ds 53)
for the excited states of helium.
3.5. Total Energy of Helium Atom
The total energy of the ground state of the helium atom is
E(He 15) = 2¢1, — (Prolyloss Pro ). (54)
The total energy of the 1s2s 'S configuration of the helium atom is
E(He 1s2s 1S) = &5+ &
(Pl Prs) — 3 {Paclyl|Pas) (55)
and for the 1s2s 3S configuration
E(He 1s2s3S) = 14+ €26
_%<Pls \ygszs|Pls> - %<P2s \y?sls|P2s>
+(Prolyas P )- (56)

4. Combination of EPP with Finite Difference Method

The Schrodinger and Hartree-Fock equations are converted to matrix equations using
the biorthogonality relations of interpolating wavelets [1]. We compare these computations
with the Finite Difference Method, which is a straightforward method for solving differen-
tial equations. The spatial and time domains are discretized, and the derivative at a point is
computed with a stencil applied to the nearby points. This way the differential equation is
converted to a matrix equation. The Laplacian operator is approximated by

u(x —h) —2u(x) + u(x+h)

u”(x) = 2

(57)

where & is the discretization step size.

We discretize the Schrédinger Equation (23) at points p; = jh, j=0,...,] +1, where |
is the number of actual computation points and & € R is the grid spacing. We define the
discretized potential by v; = V(s;). The boundary condition at the end of the interval is set
by pj+1 = 0. We have

 pi (2 -200)pi+pia Ep:
202 =5

(58)
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forj = 2,...,]. We handle case j = 1 by extrapolating p¢ linearly from p; and p;. We
obtain pg = 2p; — p2 from which it follows that py + (—2 — 2h2v]-)p1 +po = 72h201p1.
Hence, the difference equation for j = 1is

(%1 p] = Ep] (59)

In order to discretize the exchange operator K, we need to discretize the integral
operators

T NE) = [ g6)7(as (©)
and
™)) = [ 8Fas @D
We define ‘
(teDisi={ ¥ §5] @
and
(10mPl(g)) 1= { (]’)l;gk; ii ; .

where g = g(sx). When f is a real function, we define w(f) := (f (Sk))1]<:1~ Now, the matrix
of the exchange integral operator is computed by

K, =W, +K° (64)

where W, is computed as in the case of wavelets,

K9 := diag(w(f1))I(P,) + I°™P!(f1 % D), (65)
and 1
fi(s) :== stre s> 0. (66)
5. Results

We demonstrate the EPP method by performing computations where the EPP radius
ro and the basis size W are varied. We actually select a length scale u = R/W and conduct
a change of variables s = us’ in Equations (23) and (31)—(35). The length scale u specifies
how many atomic units of length a length unit in our own coordinate system is. Here, R is
the size of the computation domain. For hydrogen 1s, we have R = 15 a.u., for hydrogen
2s and 2p R = 25 a.u,, for He 1s2 R = 15 a.u., and for He 1s2s 'S and 3S R = 20 a.u.. We
also set j = 0 for the basis set (see Section 2), and hence u is equal to the grid spacing hgpp.
The relative errors of the quantities are given as

¢ — | Tcomputed T Yexact| )
Xexact

The amount of discontinuity of a computed wavefunction at point r = r( is measured
by computing the relative error of the computed wavefunction value P(0) compared to the
hydrogenic wavefunction value Py (r9).

The results for the ground state of the hydrogen atom are presented in Figures 1 and 2,
for the 2s state in Figures 3 and 4, and for the 2p state in Figures 5 and 6. The results of the
ground state of the helium atom are presented in Figures 7 and 8. The results for He 1s2s 'S
are given in Figure 9 and the results for He 1s2s 3S in Figure 10. As expected, the energy
results are best for large values of W and small values of rg. Using 200 basis functions for
the helium ground state and computing the atom energies for ry = 10k, k = —10, ..., —1
shows that atom energies are equal up to seven decimal places for ry < 107°. Similar
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computation for the hydrogen 1s orbital shows that the H 1s energy is equal to —0.5 Ha up
to seven decimal places for ry < 0.01. For hydrogen 2s and 2p, the corresponding limit is
ro < 0.01, too.

We also found that when the number of basis functions is sufficiently large for a given
system, there is an approximate threshold value so that reducing ry below it does not
make the accuracy of the computed energy better. When the number of basis functions
is sufficiently large and ry is sufficiently small, the hydrogenic orbitals are approximately

continuous at ry.

200 [ ‘ |
| |
[ |
180 | o
[ ] | |

|
160

1077 [ | |

‘ |
140 | \J F
/ /] |

120 - / |
/ / |

100 E 1078 — )

80 | O /7 /]

N /
60 |- o /] H .
107° — )
40 F 0.0001 - - / E
0.001 — B
20 —0.0t—0.]
-10 -8 -6 -4 -2 0

logqo(ry/ a.u.)

Figure 1. Hydrogen 1s orbital eigenenergy relative error. The r( is the EPP radius in atomic units and

W is the basis size.
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4or 0.01 /7{1 T
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Figure 2. Relative error of the wavefunction value at the core radius for the hydrogen 1s orbital.

Notations as in Figure 1.
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Figure 3. Hydrogen 2s orbital eigenenergy relative error. Notations as in Figure 1.
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Figure 4. Relative error of the wavefunction value at the core radius for the hydrogen 2s orbital.
Notations as in Figure 1.
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Figure 5. Hydrogen 2p orbital eigenenergy relative error. Notations as in Figure 1.
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Figure 6. Relative error of the wavefunction value at the core radius for the hydrogen 2p orbital.

Notations as in Figure 1.
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Figure 7. The ground state energy of helium atom. The HF limit is given in Table 1. Notations as in

Figure 1.
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-10 -8 -6 -4 -2 0
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Figure 8. Relative error of the wavefunction value at the core radius for the 1s orbital of the ground

state of the helium atom. Notations as in Figure 1.
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Figure 9. Helium 1s2s 1S total energy. The HF limit is given in Table 1. Notations as in Figure 1.

200
180
160 —2.1742
140 |
21741
= 120 2174
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2172
80 - 247
60 -2.15
,2.1
40 L L L
~10 -8 -6 -4

logqo(ry/ a.u.)

Figure 10. Helium 1s2s 35 total energy. The HF limit is given in Table 1. Notations as in Figure 1.

The most accurate computations are in the upper left corners of the figures. The
orbitals of He 1s2s, except He 1s2s 35 1s, are not continuous at all at rp, and no continuity
plots are presented for them. The computation results and exact results are given in
Table 1. For the EPP-Galerkin method the best energies (largest basis and smallest rg) of
the computed systems are presented. The OIW-Galerkin results with same number of
basis functions and grid spacing the same order of magnitude as for the most accurate EPP
results are given, too. The accuracies of both of the methods depend on the grid spacing.
The EPP-Galerkin method gives better results with the same number of basis functions and
larger grid spacing. The results of the Finite Difference Method are also given. Note that for
He 1s2s systems, the OIW-Galerkin method with a basis set of 601 functions and finest grid
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point distance 272 a.u. gives Ejj, 115 = —2.153 Ha and Eyy, 10635 = —2.174 Ha, which
are approximately the same as the results of the EPP-Galerkin method.

Table 1. Hartree—Fock total energies of H and He occupation configurations. E.. are chosen reference
values. Egpp is the energy given by the EPP-Galerkin-method, hgpp is the grid spacing in the EPP—
Galerkin method, Egpy is the energy given by the OIW-Galerkin method, Erpy is the energy given
by the Finite Difference Method, and Ngpy is the number of grid points in the Finite Difference
Method. For EPP, the most accurate results are given. For OIW computations, the number of basis
functions is 201 and the finest grid spacing is 0.00625 a.u..

System E,ef/Ha EEpp/Ha hEpp/a.u. EOIw/Ha EFDM/Ha Nrpm

Hils —-0.5 " —0.500000 0.075 —0.50  —0.49803 1001

H2s —0.125 " —0.125000 0.125 —0.125 —0.124741 2001

H2p —0.125 " —0.125000 0.125 —0.124998  —0.124995 2001

He 1s? —2.8616800 T [8] —2.8617 0.075  —2.834868 —2.839 1001
—2.903724 * [9]

He 1s2s 1S —2.147 © [10] —2.1532 0.1 —2.133579 —2.132 1001
—2.145974 % [9]

He 1525 3S —2.171° [10] —2.1742 0.1 —2.154536 —2.155 1001

—2.175229 * [9]

*: exact energy; . HF limit; °: HF result.

Some of the computations using the diagonalization of the Hamiltonian operator yield
an unphysical state for the minimum eigenvalue. For 1s and 2s orbitals, this eigenvalue
seems to be about —Z/r( (in atomic units) and the corresponding eigenvector v(P) =
(—0k0)k>0- For the hydrogen 2p orbital, the unphysical eigenvector does not appear. The
unphysical state remains the same during the HF iteration of He 1s?, He 1s2s 'S, and
He 1s2s 3S. The physical admissibility of the wavefunctions P, (r) was characterized by
the condition

lim P,,;(r) = 0. (68)
r—0

We checked this condition by extrapolating solutions P,;(r) polynomially at » = 0.
Actually, we extrapolate polynomially P(s) ats = —rp using some points s near 0. Note
that Fischer and Defranceschi [2] also find unphysical states in wavelet computations of
hydrogen-like atoms. Their iteration scheme yields an unphysical result that is actually the
mathematical ground state corresponding to the pseudopotential.

6. Discussion

The EPP-Galerkin method gives seven correct decimal places for the hydrogenic 1s
orbital, six correct decimal places for the hydrogenic 2s and 2p orbitals, and four correct
decimal places for He 1s2. For He 1s2s 'S and 3S, we obtain energies close to the HF limit.
The OIW-Galerkin method with the finest grid spacing 0.0625 a.u. gives energies with
two to five correct decimal places. The grid size of OIW-Galerkin calculations is smaller
compared to the EPP-Galerkin calculations. The Finite Difference Method yields rather
inaccurate results even though the grid spacing is considerably smaller compared to the
EPP-Galerkin calculations.

To our surprise, the EPP Hartree—Fock total energy of the He excited state configuration
152s 1S is lower than the exact energy including correlations. This has been observed earlier
in Ref. [10], and Cohen and Kelly [11] have shown that the reason is the nonorthogonality
of this particular state and the ground state 1s? 'S. Thus, the kind of "orbital relaxation" of
the excited HF state 1s2s 'S lowers the total energy by mixing a little of the ground state
with the excited state wave function. In the present case, the EPP overlap integral of these
two states is 0.0274, and there are obvious ways to work out the pure excited states, but
this is out of the scope of this study.
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We were able to obtain results near the Hartree—Fock limit by using a large enough
basis and small enough parameter rg. It turns out that the EPP-Galerkin method yields
better methods than the OIW-Galerkin method and considerably better results than the
Finite Difference Method.
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EPP  Exact Pseudopotential Method

OIW  Ordinary Interpolating Wavelet Method
FDM  Finite Difference Method

HF Hartree—-Fock
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We introduce a basis set consisting of three-dimensional Deslauriers-Dubuc wavelets and solve numerically
the Schrédinger equations of H and He atoms and molecules H,, H;, and LiH with Hartree-Fock and density
functional theory (DFT) methods. We also compute the 2s and 2p excited states of hydrogen. The Coulomb
singularity at the nucleus is handled by using a pseudopotential. The eigenvalue problem is solved with Arnoldi
and Lanczos methods, Poisson equation with generalized minimal residual method and conjugate gradient on
the normal equations methods, and matrix elements are computed using the biorthogonality relations of the
interpolating wavelets. Performance is compared with those of CCCBDB and BIGDFT.

DOI: 10.1103/PhysRevE.108.025307

I. INTRODUCTION

Standard approaches to assess properties of atoms,
molecules and models of nanostructures in quantum chem-
istry are Hartree-Fock (HF) and density functional theory
(DFT). Both of these invoke numerical solutions of the
Schrodinger differential equation of the many-body system of
electrons. Thus, controlled approximations are inevitable and
practical numerical algorithms are necessary.

The vast majority of the algorithms are based on finding the
solutions or orbitals as series expansion of basis functions, the
basis set. A finite basis set leads to the Roothaan-Hall equa-
tions, a generalized matrix eigenvalue problem. Gaussian-type
basis functions are the most popular due to their advanta-
geous analytical features. Here, we introduce a different type
basis set, wavelet functions, point out their advantages and
drawbacks, and consider a few test cases and compare their
performance with conventional approaches.

Wavelets and related scaling functions are functions gen-
erated by translations and dilatations of the so-called mother
wavelet and mother scaling function. Interpolating wavelets
use a mother scaling function satisfying the cardinal interpo-
lating property ¢ (k) = & o where £ is an integer. Orthonormal
wavelets form an orthonormal basis in function space L?(R).
Both of these wavelet types can be generalized to multivariate
functions.

Studies of wavelets have been active, and new ones with
various properties have been found during the past tens
of years [1,2]. One-dimensional interpolating wavelets in
function space C,(R) consisting of bounded and uniformly
continuous functions on R are defined in Ref. [2]. One-
dimensional interpolating wavelets in function space Cy(R)
consisting of functions on R vanishing at infinity are de-
fined in Ref. [3]. Deslauriers-Dubuc wavelets have also been
discussed in Refs. [4,5]. Compactly supported interpolating
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wavelets have been generalized to multiple dimensions in
Refs. [6,7]. Fukuda, Kinoshita, and Suzuki [8] have studied
unconditional convergence of wavelet expansions. They have
shown that uniformly convergent wavelet expansions even for
continuous functions do not always converge unconditionally
in L% (R). Pathak [9] has investigated translation and convo-
lution associated with discrete wavelet transform.

Arias [10] and Engeness and Arias [11] have developed
formalism for electronic structure calculations with interpo-
lating wavelets so that matrix elements of the operators are
computed as usual and overlap matrices are used in the matrix
form of the Schrodinger equation. Lippert et al. [12] introduce
a Lagrangian based formalism for the multiresolution analysis
(MRA) of electronic structure. Arias [10] uses a carbon atom
and a N, molecule as examples. Engeness and Arias [11] use
both calcium and aluminum atoms and molecules O, and H,O
as examples.

Fischer and Defranceschi use Daubechies wavelets [1]
for computation of hydrogenlike atoms [13]. They have de-
veloped an iterative method based on nonstandard operator
form of the Schrodinger operator. Their work shows that
this method is well suited for computations of hydrogenlike
atoms. Fischer and Defranceschi have presented Hartree-
Fock equations in an orthonormal wavelet basis [14]. They
have also analyzed the Hartree-Fock method with a contin-
uous wavelet transform [15] and demonstrated it using the
hydrogenic Schrodinger equation with an iterative solution
scheme.

Wei and Chou [16] have used orthonormal wavelets in
self-consistent electronic structure calculations within the
local-density approximation and demonstrated their method
with H, and O, molecules. Tymczak and Wang [17] have
used orthonormal Daubechies wavelets for quantum molec-
ular dynamic simulations and developed a wavelet selection
scheme for computations. They used a hydrogen atom and
a H, molecule as examples. Their method shows system-
atic convergence with increasing grid size. Yamaguchi and
Mukoyama [18] have carried out electronic structure calcu-
lations with the Hartree-Fock method and Meyer wavelets.

©2023 American Physical Society
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Our earlier contribution [19] is use of one-dimensional
interpolating wavelets to solve the Hartree-Fock equations in
the central field approximation for orbitals of several test case
atoms. We were able to derive analytic formulas for all the
relevant matrix elements of Hamiltonian and Fock operators.
We also developed the exact pseudopotential method [20]
for one-dimensional calculations of atoms and applied it to
the hydrogen and helium ground states and for some excited
states.

Iyengar and Frisch [21] have studied relationship between
Gaussian basis sets and wavelets. They use a time-dependent
basis function set: Gaussian functions centered at nuclei of the
system. When the nuclei move the basis functions move, too.
Gaussian functions are an example of multiwavelets [21-23]
for which the Jth level scaling space is decomposed into N-
scaling spaces via

SV eV evP e vV e v s
Comparative studies of wavelets and Gaussian functions are
presented, e.g., in Refs. [24,25]. Harrison et al. [26] use
multiwavelets for quantum chemistry computations. Yanai
et al. [27] present a numerical algorithm to evaluate Hartree-
Fock exchange in the self-consistent field method. Yanai
et al. [28,29] develop a method to do time-dependent
Hartree-Fock and density functional theory computation
with multiwavelets. Jensen et al. [30] perform multiwavelet
computations of total energies with generalized gradient
approximation-Perdew-Burke-Ernzerhof (PBE) and hybrid-
PBEO density functionals for 211 molecules. Jensen et al. [31]
compute some magnetic properties with multiwavelets.

Han et al. [32] have developed an all-electron density-
functional program using the Mexican hat wavelets. They
analyze H,, CO, and H,0 molecules and 1s core-ionized C*O
and CO* molecules. Their method shows very good perfor-
mance over the plane-wave-based methods. Genovese et al.
[33] and Mohr et al. [34] have composed a software package
BIGDFT that implements the DFT method for quantum phys-
ical systems using three-dimensional Daubechies wavelets as
a basis function set.

In three-dimensional space, the number of basis functions
may grow relatively large to give sufficient accuracy. There-
fore, we do not construct the Hamiltonian matrix explicitly.
Instead, we use iterative algorithms in solving the Roothaan-
Hall equation, though correspondingly, the computation gets
slower in self-consistent iteration of Hartree-Fock or DFT
orbitals for many electron systems.

In this paper, we demonstrate evaluation of electronic
structure with three-dimensional interpolating tensor product
wavelets and use of dual multiresolution analysis in computa-
tion of the matrix elements of the various operators. We make
calculations for the hydrogen and helium atoms, the hydrogen
molecule ion, the hydrogen molecule, and the lithium hydride
molecule. Self-consistent iteration, Hartree-Fock, and DFT
methods are used for many electron systems. Pseudopotentials
are used for two different purposes to handle the Coulomb
singularity at nuclei and also as the frozen core. We use the
data from BIGDFT as the reference for our calculations with the
interpolating tensor product Deslauriers-Dubuc wavelet basis
function set.

An advantage of the interpolating wavelets compared to the
orthonormal wavelets is that computing a wavelet expansion
of the function does not require numerical evaluation of inte-
grals since the dual wavelets are weighted sums of § functions.
In case the interpolating wavelets are compactly supported,
these sums are finite, too. We have to choose the wavelet
family so that its Holder regularity is, at least, 2 in order
to enable the evaluation of the Laplacian operator. BIGDFT
uses Daubechies orthonormal wavelets for the computation of
atomic orbitals and scalar products and interpolating wavelets
for charge density, function products, and the Poisson solver.
We use a rectangular computation grid, whereas, BIGDFT uses
a spherical one.

From now on, we use atomic units throughout this article
(e = me = h = 4mgg = 1). Thus, units for energy and length,
“Hartree” and “Bohr” are used and abbreviated as (Ha) and
(B). Notations for wavelet basis functions and filters is similar
to that in Ref. [6] and computation of matrix elements is
similar to that in Ref. [7].

II. SOLVING THE SCHRODINGER EQUATIONS
A. General

Consider a system with n electrons and m nuclei with
atomic numbers Z; and locations R;. Within the Born-
Oppenheimer approximation, dynamics of electrons and
nuclei are independent, and then, the wave function sepa-
rates to two factors, correspondingly. Here, we consider the
electronic part, the orbitals, only, and keep the nuclear confor-
mation {R;} fixed.

With the fixed nuclear conformation, the Coulomb poten-
tial for dynamics of electrons is

m
Zi

WO == TR @)

and the internuclear repulsion energy,

m—1 m

72,
ER=227|RI__IR]|- 3

i=1 j>i

For an atom, we have Eg = 0.

Let us denote the orbitals by ¢ as symbols ¢ and v are
used for scaling functions and wavelets.

If the spacing between grid points is a (usually negative)
power of 2, we can handle this by choosing jmin in Egs. (25)
and (26) properly. Otherwise, we have to make a change in
variables r = ar’ in the Schrodinger equation. Here, one unit
in the computation grid corresponds to a Bohrs.

B. Single-electron system

The Schrodinger equation of a single-electron system is
(—1V2+ ) = e, e))

where ¢ is the orbital energy and the total energy including
nuclear repulsion is

Eiotal = € + ER. (5)
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The wave equation of a single-electron system is solved by
the implicitly restarted Arnoldi method [35,36]. The Arnoldi
method is able to find also other than the lowest eigenvalue.

C. Hartree-Fock method

The HF equation for an n electron system is
(=3V2+ A+ Vi + V)i = &gy, (6)

where the Hartree potential is given by

/ ] /
) = [ o). ™
R3 r—r/|
and the charge density by
p(r) =Y Ig:(r). ®)
i=1
The exchange potentials ¥/, i =1, ..., n, are defined in

Ref. [37], Sec. 2.2 but not needed in our paper. For a
two-electron system with both electrons occupying the same
orbital as the singlet state HF equation can be written as

(—3V2+ T+ )1 = €191 ©

The Hartree potential is computed by solving the Poisson
equation,

V2V = —4np, (10)

numerically.

In this case where there are more than one resolution
level in an interpolating wavelet basis, the matrix L of the
Laplacian operator is not generally Hermitian, so we cannot
solve Eq. (10) directly with the conjugate gradient method.
The non-Hermiticity arises because our matrix elements are
not computed as ordinary inner products between functions.
In this case, we use one of the following two methods:

(1) conjugate gradient on the normal equations (CGNR):
solve

LTLVy = —4nL7p, (11)

with the conjugate gradient method.
(2) Generalized minimal residual method (GMRES) [38].
When the basis set consists of a single resolution level, we
may the use ordinary conjugate gradient method to solve (10).
The total energy of a two electron system is

1
Fuw =261~ / PN+ B (12)
R

In this paper, we consider restricted Hartree-Fock approach,
only.

D. Density functional theory and local density approximation

Suppose that we have a system with M electronic orbitals
whose total wave functions are W. The Kohn-Sham equa-
tion [37,39,40] for the electronic structure is

(=392 + WAy + Vit + Vaelpl)di = Eipr, (13)

where the charge density is

p= M [100x xR

s1=£1/2
(14
and the Hartree potential,
/ 1 3.
Yu(r) = | p(r) a’r’, (15)
RS [r—r|

and V[ p] is the exchange-correlation potential. We have

Vaelp] = Vxlp] + Velpl, (16)

where Vx[p] is the exchange potential and V [p] is the cor-
relation potential. In this article, we set V;[p] =0. The
exchange-correlation energy is defined by

Ex[p] = Ex[p] + Ec[p], amn

where Ex[p] is the exchange energy and E.[p] is the correla-
tion energy. In this article, we ignore the correlation energy.
Within the local density approximation (LDA), we define

Elp] = / (eI, (18)

where ex[p](r) is the exchange energy per particle of a uni-
form electron gas at a density of p. It follows from the
Kohn-Sham theorem [37], Sec. 3.1 that the exchange potential
is

SEy
AN (19)
o
‘We have
3 3 ]/3
Eylp] = ‘Z(E) / e, Q0)
and

3 1/3
Vilpl(r) = —(;p(r)) . (21)

The total energy of the system is

Exs= Y Ei— %/p(r)VH(r)d»‘r + Exc[p]
i=1

- / (Wil P10 @2)

The Kohn-Sham equations are solved by a similar self-
consistent iteration as the HF equations.

I1I. THREE-DIMENSIONAL WAVELET BASIS SET
A. The basis set

Let jmin and jmax be the minimum and maximum resolution
levels of the point grid. Let

k
ij{y‘keZ}, 23)
and

V=1, (24)
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where j € Z. Define sets Q; by

Ojin = Vins 25

Q; =Vj\Vj1 for j > jimin. (26)

The point grid G will be some finite subset of V. We define
G =GN, 27)

for j > jmin. The functions ¢; ; and v ; are scaling functions
and wavelets belonging to an interpolating wavelet family.
Functions ¢, and 1/;” are dual basis functions of interpo-
lating wavelets.

Define
@ik, ifs=0,
s ik = . 28
w‘ ‘j’k {Wka’ lfS = 1, ( )
N @ik ifs=0,
k=1 5 29
Vs [w,-,k; ifs=1, 29)
and
Pijmin k> if J = Jmins
Njk = Pj-1.k/25 if j > jmin and k even, (30)
Vit k=1)2, if j > jmin and k odd,
(Z)/.mmvk’ ifj = jmins
fjk == Pi-1.4/2> if j > jmin and k even, (31)
'/;/71,(1(71)/2, if j > jmin and £ odd.

When o € Q; and j > jnin define
Ca = Mjx[1] @ Njk2) D Njk[3] (32)

and

Co i= k1] @ k2] @ k31> (33)

where k = 2/a. We also define

Qik = @ik Q k2] D @) k3]s (34)
where j € Z and k € Z>.

B. Backward and forward wavelet transforms
Let
=) cabas (35)

aeCG

where ¢, € R for all @ € G's. Let ¢ = (cy)ueg. Define
v = (Vg )aeg by setting

Ve = f(a). (36)

We define forward wavelet transform U and backward wavelet
transform W by setting U (v) = ¢ and W (¢) = v. Mappings U
and W are linear. We compute the forward wavelet transform
U using an algorithm somewhat similar to Ref. [41]. Define
matrix PY) by

Py =bup. (37)
where @ € G;, B € G, and matrix EV) by
EJy = bup. (38)

where @ € G and 8 € G;. Define
WY = ¢a(@), (39)

where o € G; and B € G;. See Eq. (27) for definition of G;
and Eq. (32) for the definition of {5. We have

Jmax J
W = Z Z EDw G pUn, (40)

J=Jmin J'=jmin
For forward wavelet transform, we have

Jmax
v=Y VUV, (4D

J=Jmin

Jj—1
uh = Jo | p) Z WU for j > jmins

J'=Jmin
(42)
YUnin) = pUmin) (43)
JU) = (W("/))’]. 44)
When
BeG;
we have

Co = (L /) = <;a, > f(ﬂ)wj,w> = (Car 9j08) /(B
BeG; BeG;
(46)
Consequently,

Iy = (G 0j28); 47

and we do not have to invert matrix W),
An operator representing pointwise multiplication of a
function f by another in the given computation grid is

M =UDW, (48)

where D is a diagonal matrix with values of the function f at
the grid points in the diagonal. The local pseudopotentials are
computed this way.

C. Matrix elements of the Laplacian operator
Laplacian operator,
2 2 52
2 i i i (49)
oxz 0y 9z

is approximated by linear operator L = L&) 4 L0) 4 [©)
where

- 92
LSZ{' = -/R! got(x)@&x’(x)dn (50)
; - 3?2
Ly = /R B35 6o 0d, 51
. - 92
LY, = /R . Ia(X)@;xr(x)dr (52)
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for a,a’ € G. Let @« =27 (ke,ky,k:) € GNQ; and o =

277 (K, k. k) € G N Qj. We define

j - L if j > jmhs
. e 53
Js if j = jmin, (53)

(N5

5 if kyeven and j > jpin,
=L if k, odd and j > jimin, (54)
k., if j = jmin,

~

(l)a if j = jmin OF j > jmin and k, even, (55)

, if j > jmin and k. odd,

k, . L.
5 if k, even and j > jimin,

L= 5L ifk odd and j > jmin, (56)
Vs if J = Jmins

R

. if j = jmin OF J > Jjmin, and k, even,
J =] J = 'y (57)

—_ O

, if j > jmin, and k, odd,

ol

R if k, even and j > jmin,
=, ifk oddand j > jmin, (58)
kz, lf] :jmim

= (59

0, if j = jmin OF j > jmin, and k; even,
1, if j > jmin and £, odd,

and similar definitions for ¢, 1], ¢, l}’,, t;, I,

Elements of matrices are computed by

and /.

2%a(t,, o=l — 2071

xs(ty, ty’., U=, lé - 2’/"ly)

10 xSt tl, 0 — 0, 10 =207),  ifeg (60)
o 2% a(te, t, 1 — 1, [ — 271

xs(ty, t(, U=l — 2"‘/1}/,)

xs(tz, 8], — 1, I — 2"“1;), ife >0,

225(ty, b,V — 1, 1L —2°7H)

xa(ty, ti, V' =, 1, — 2""1,,)

10 xs(t, t), 0 — 0, I — 20741, i 61)
o 2% s(ty, bl — 1, b — 2701

xa(ty, ), — 1, b, = 27410)

xs(tz, t), 0 — 1, I — 2""12’), ife >0,

225(ty, bl — 1, I — 2V

xs(ty ), — 1, 1 — 271

16 _ xa(tz, t), 0 —, 1l — 2‘/"11), ife <V, )
o 22 s(te, tL, 0 — 1, b — 2701

xs(ty, tj, 1 — 1,1, = 27"))

xa(t:, t), 0 —, . — 2’_"12’), if e >0

The filters a and s are defined by

. 92
alti, b, j, k) = / Vi,0000) 75 Vi, jk(x)dz,  for j >0,
R3 oax

2 )
N a9
altr, b, j, k) = f GO Yy 00()dT,  for j < 0,
R3 ox
(@
sttnt2 1) = [ Tl aoddr.for j >0
©9)

st 0 = [ a6 ade, o <0,

Filter a is computed with formulas (66)

a(0,0, j, k) = 2% ag(k) for j > 0, (67)

(0,0, ~1,K) =4 Y £,a(0,0,0,u —k) forj =1,

n=—m
u . (63)
a(0,0,j,k)=4 Z h,a(0,0, 7+ 1,k =277 )
n=—m
for j < —1, (69)

a(0,1, j, k) =a(0,0,j+1,2k+1) forj >0, (70)
a(0,1, —1, k) = 4ao(1 — k), 71)
a(0, 1, j, k) = 4a(0,0, j+ 1,k —27771) for j < —1,

(72)

a(1,0,0.k)= Y 2a(0.0,—1,v —2k),  (73)

v=—m

a(1,0,j,k) =4 2a(0,0,j— 1,k —2/""v) forj >0,

v=—m
m (74)
a(1,0,j.k) = > 2a(0,0,j — 1,2k +v) for j <0,
v=—m

(75)
a(l,1,j,k)=a(1,0, j+ 1,2k +1) forj >0, (76)
a(l,1,—1,k) = 4a(1,0,0,1 — k), (77

a(1,1, j, k) =4a(1,0,j+1,k—=277"") forj < —1,

(78)
where
82
k)= [ 9050t~ k. (19)
R ax’
Filter s is computed with formulas,
5(0,0, j, k) =89 forj >0, (80)
5(0,0, =1, k) = h, (81)
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50,0, /. k)= hus(0,0,j+ 1, k—27""p)

n=—m
for j < —1, (82)
s(0,1,/,k)=0 forj >0, (83)
50,1, =1, k) = &1, (84

$(0,1, j, k) =s(0,0, j+ 1,k—27"1) for j < —1, (85)

5(1,0,0,k) = 0, (86)

s(1,0,j,k) =Y &ubamr, for j >0, 87)

v=—m
(1,0, j, k) =0 for j <0, (88)
s(1,1,0,k) = 8, (89)
s(1,1,j,k) =0 for j #0. (90)

IV. CONSTANT AND INTERPOLATED
PSEUDOPOTENTIALS

The Coulomb potential arising from a single nucleus is
VA
Vi =——. on
r

where Z is the charge of the nucleus.

We avoid the singularity by using a pseudopotential. We
define ¢ to be the cutoff point of the pseudopotential, and D
to be the degree of the interpolating polynomial used in the
pseudopotential. Actually, we use ¢ = 27/nx where jiay is the
highest resolution level in the wavelet basis. Parameter D has
to be an odd integer, and we define n = (D + 1)/2. We define

1
h):=--, rz0, %92)
r
s:=[-nc, —(n—1De,...,—2c,—c,c,2¢c,...,(n—1)c, ncl,
93)
and
t[i] == Vi(s[i]), 94
where i = 1,...,2n. Let P be the interpolating polynomial
of degree at most D having value t[i] at point s[i] for i =
1,...,2n. Now, we define the interpolated pseudopotential
with
i), rzc
Vintcrp(r) = P(}"), r<e. (95)

The actual pseudopotential of a nucleus with charge Z and
location R is then

V(r) = ZViep(Ir — R]). (96)
Function Viyerp with different values of ¢ is plotted in Fig. 1.
We may also use the cut pseudopotential defined by
), rzec,
1

—s r<ec,

Veu(r) :== { N

where ¢ = 27 /ma—1,

c=05B
2 ~-¢=025B |/
c=0.125B

V (Ha)
&

0 05 1 15 2 25 3
r(B)

FIG. 1. Pseudopotentials Viyer, With D = 7. Parameter ¢ is the
cutoff value, see Sec. IV.

V. HARTWIGSEN-GOEDECKER-HUTTER
PSEUDOPOTENTIAL

By using pseudopotentials the number of computed or-
bitals can be reduced and since the pseudo wave functions are
smoother than all-electron wave functions the basis function
set can also be reduced. In a pseudopotential computation
only, the valence electrons are actually computed, and the
effect of the core electrons is handled by replacing the nuclear
potential with a pseudopotential. We use the Hartwigsen-
Goedecker-Hutter (HGH) pseudopotential [33,42] in these
computations.

The HGH pseudopotential consists of a local and a non-
local part. The local part is a function of the position as the
nuclear potential. The nonlocal part is a linear operator, and
it is not a function of position. The local pseudopotential is
given by

= (2 ) ven 50
(r) = er exp| — = —
© r \/Erloc P 2 Tloc
2 4 6
r r r
X |:C1 -‘rCz(*) +C3<7> +C4<7> ]
Floc Floc Floc
where r is the distance from the nucleus. Note that
7Z 7Z. 2
lim PR erf < d ) = = \/j s (98)
r=0 r «/irlac Floc T

and the local pseudopotential is defined at the origin (nucleus),
too.
The nonlocal pseudopotential is defined by

Froaald] =1 € B 1> 3 [Fie.r)o@i'r'. 99)
!

where

3 3

1
V)= 3" VPR i)Y, F) (100)

i=1 j=1 m=—I
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TABLE I. Computation grids. We define Z(n) := {k € Z : |k| <

TABLE II. Total energy of the hydrogen atom. Quantity g is the

n}. distance between grid points in the highest resolution level. The
numbers in column ‘Basis” refer to Table I and “TH” means this
Number Grid points paper.
1 L(z(20)y .
2 EEZEZOBZ U 41(2(10))3 Source Basis g(B) Pseudopot. E (Ha)
3 1(Z(20) U Lz(10)P U L(Z(4) x Z(4) x z(10)) ~ TH 7 0.25 Const. —0.487470
4 l(Z(60))3 TH 8 0.5 Const. —0.462247
4 TH 9 0.25 Const. —0.487470
1 3ul 3
5 2(Z00)° U4 (2(13)) TH 10 0.125  Const. ~0.496380
6 (Z(38))" U 3(Z(19)) TH 7 0.25 Interp. —0.478328
7 1(Z(40))* TH 8 0.5 Interp. —0.439146
8 (2(10))’ U Lz(10))? TH 9 0.25 Interp. —0.478328
N CF Moo gl me e
1 1(Z(40))* U 1(Z(40)) ‘ o
0 i (2 0)3) I"( ( ?)) TH 8 0.5 HGH —0.589957
1 (Z(10)" U 3(Z(5) TH 9 025  HGH —0.499295
12 $(ZQ0)Y U H(Z(10))’ U {(Z@4) x Z(4) x Z(15))  TH 10 0.125  HGH —0.499899
13 1(Z(40))* U L(Z(20)) CCCBDB [43] —0.466582
14 %(2(60))3 U %(2(30))3 BIGDFT [33,34] HGH —0.499969
Exact None —-0.5

for each nucleus. The origin of the coordinate system in (100)
is located at the nucleus. The functions p! are defined by

142(i—1) _

P = it oxp (“57)
i . - ’
r;+(4171)/2 F(l+ 4151)

(101)

where parameter 7; is given in Bohrs. The range of values
[ is determined by the actual pseudopotential. The spherical
harmonics ¥, in Eq. (100) can be replaced by orthonormal
linear combinations of Y; ,,, m = —I, ..., [. This allows us to
avoid computation with complex valued functions.

VI. ATOMIC AND MOLECULAR ORBITALS

The hydrogen atom, hydrogen molecule ion, and lithium
HGH computations presented here have been performed with
the Arnoldi method. The helium, hydrogen molecule, and
lithium hydride computations have been performedwith self-
consistent iteration and the Arnoldi method. When there is
only one resolution level in the basis the Hamiltonian and
Laplacian matrices are Hermitian and the Arnoldi method
reduces to a variant of the Lanczos method. Furthermore,
the ordinary conjugate gradient method could be used for the
Poisson equation. Two methods have been used for solving the
Poisson equation for the general case: CGNR and GMRES.
We ran a benchmark for these methods and GMRES was
eight times faster when the accuracies of the results were
approximately the same. This is because the GMRES code
is parallelized better than CGNR. All the computations use
eigth order Deslauriers-Dubuc wavelets (polynomial span 7).
We use interpolating polynomials of degree 7 for the pseu-
dopotentials. In some computations, the Arnoldi method did
not find the desired eigenvalues. This was solved by rising
the number of computed eigenvalues and the number of basis
vectors in the Arnoldi method. The basis function sets (com-
putation point grids) are presented in Table I. The grid spacing
for a wavelet basis is defined to be g = 27/mxg where jnay is
the maximum resolution level in the basis and a is the size of

one unit in resolution level 0 in the wavelet basis in atomic
units. See Sec. IT A.

The data presented in the tables in this article were obtained
from our own software (denoted by TH), our own computa-
tions with BIGDFT [33,34], and CCCBDB [43]. BIGDFT is a
quantum-mechanical computation package using Daubechies
wavelets. CCCBDB is large database containing atomic and
molecular data. The CCCBDB energies and internuclear dis-
tances in this article use the (slater-type orbital) STO-3G basis
set. Quantity g is the distance between grid points in the
highest resolution level, and quantity d is the distance between
the nuclei in the result tables. Egysem is the total energy of
the system, and Epinging i the binding energy. We used grid
spacing 0.45 B (finer grid spacing 0.225 B) in all our BIGDFT
computations. The BIGDFT parameters for determining the size
of the basis set were crmult=10.0 and frmult=16.0. Parameter
crmult is used to specify the size of the coarse region and
parameter frmult the size of the fine region around atoms. The

25
— ~basis 8
basis 9
2 basis 10
analytical
15
1 \
\i
0.5 \\\
0 —
0 1 2 3 4 5 6

FIG. 2. Radially averaged wave functions of the hydrogen atom
for several bases. The solid line is the analytical radial wave function.
The basis numbers refer to Table I.
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25 u
basis 11
basis 13
2 analytical
15
1
0.5 N
0 -
0 1 2 3 4 5 6

r(B)

FIG. 3. Radially averaged wave functions of the hydrogen atom
for some bases. The solid line is the analytical radial wave function.
The basis numbers refer to Table L.

computations were also performed with values crmult=15.0
and frmult=8.0, but the results did not differ significantly.
Note that the total energy does not include the energies of
the core electrons in the lithium hydride HGH computa-
tions. Computations using our own software use interpolating
wavelets and BIGDFT computations orthonormal Daubechies
wavelets.

For the molecular computations, the energy of the system
as a function of the distance between the nuclei is computed
in three points near the energy minimum, and a second degree
polynomial is fitted into these points. The distance between
the nuclei is then the minimum point of the polymial, and
the energy of the system is computed at the minimum dis-
tance. We locate the nuclei at points (0, 0, :tsz;) where d
is the distance between the nuclei in Bohrs. When binding
energies of molecules were computed the energies of atoms
were usually computed with the basis set as the molecule.
When the basis was unsymmetric, it was modified. For ex-
ample, grid Z(4)xZ(4)xZ(10) becomes Z(4)xZ(4)xZ(4)
for the atoms. See the caption of Table I for the definition
of Z(n).

The results for hydrogen atom ground state are presented
in Table II. The radially averaged ground state wave functions

05—

-0.5 1

E (Ha)

d®)

FIG. 4. Energy of H, as a function of internuclear distance calcu-
lated with the Hartree-Fock method and HGH pseudopotential. The
solid line is our computation with interpolating wavelets and basis
set 5, g = 0.25 B, and the dashed line is computed with BIGDFT and
(fine) grid spacing g = 0.225 B.

TABLE III. Hydrogen atom orbital energies with the HGH pseu-
dopotential. We labeled the resulting 2p orbitals with a, b, and c. All
the orbitals presented are approximately orthogonal.

Orbital Computed energy (Ha) Exact energy (Ha)
ls —0.499295 —0.5

2s —0.120957 —0.125

2P, —0.123045 —0.125

2py —0.123045 —0.125

2p. —0.123045 —0.125

of the hydrogen atom are plotted in Figs. 2 and 3. A radial
average of a function f:R?> — R is computed by

— 1 i 2
fr) = —/ f(r,0,¢)sin 0 dpdo,  (102)
6

4r Jo—o Jo=0
where r € [0, oo[. As the angular part of a s-type wave func-
tion is ﬁ, we estimate a radial wave function by

_ 1 T 2 )
glr) = ﬁ/@:o L:O,f(r,9,¢)s1n9d¢d9. (103)

The calculation of hydrogen excited states uses HGH pseu-
dopotential and basis 9. Results are presented in Table III.
The names of the excited states were obtained by computing
inner products between the computed states and analytical
states. The resulting orbitals are approximately orthonormal
and the computed 2p states are approximately linear combi-
nations of the analytical 2p states. The largest (in absolute
value) inner product between different orbitals is (2p,|2p.) =
5.428x 107, The quality of the linear combinations can be
measured by a quantity v/'1 — [|Pf]|3 where P is the orthogo-
nal projection from L?(R?) onto the space spanned by 2p,,
2py, and 2p.. The value of this quantity is 0.1265 for all
the computed orbitals 2p,, 2pp, and 2p.. Analytical expres-
sions for hydrogenic orbitals can be found for example in
Ref. [46].

Helium atom has been computed using the HGH pseu-
dopotential. Results are presented in Table IV. Grid spacing
g = 0.5 B does not give sensible results with the HGH pseu-
dopotential. We suppose that Froese Fischer’s results [44]

TABLE IV. Energetics of the helium atom. All our and BIGDFT
computations use the HGH pseudopotential. The numbers in column
Basis refer to Table I and TH means this paper.

Source Basis g (B) Exchange potential E (Ha) Eop (Ha)
TH 4 025 HF —2.901959 —0.971927
TH 5 025 HF —2.901180 —0.970247
TH 4 025 LDA —2.821511 —0.629713
TH 5 025 LDA —2.819951 —0.628152
TH 14 0.125 HF —2.916129 —0.974768
CCCBDB [43] HF —2.807584

CCCBDB [43] LSDA —2.809599

BIGDFT [33,34] HF —2.862303

BIGDFT [33,34] LDA —2.833895

HF limit [44] HF —2.862 —0.918
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TABLE V. Hydrogen molecule. The numbers in columnBasis refer to Table I and TH means this paper.

Source Basis a (B) 2(B) Pseudopot. Exch. Egystem (Ha) Epinding (Ha) d (B)
TH 1 1.0 0.5 interp. HF —1.045883 0.167601 1.855140
TH 2 1.0 0.25 interp. HF —1.156554 0.199450 1.501870
TH 3 1.0 0.125 interp. HF —1.186176 0.210390 1.454593
TH 4 1.0 0.25 HGH HF —1.188779 0.190189 1.397995
TH 5 1.0 0.25 HGH HF —1.187995 0.189405 1.397991
TH 6 0.4 0.20 HGH HF —1.188547 0.189383 1.389890
TH 4 1.0 0.25 HGH LDA —1.157528 0.158938 1.485861
TH 5 1.0 0.25 HGH LDA —1.155960 0.157378 1.485851
CCCBDB* HF —1.117506 0.184342 1.345
CCCBDB* LSDA —1.157014 0.248654 1.391
BIGDFT® HGH HF —1.133393 0.133455 1.386175
BIGDFT? HGH LDA —1.136870 0.136932 1.445097
Experimental® 0.166 1.40

2Reference [43].
YReference [33,34].
‘Reference [45], Chap. 5.2.

can be regarded as the Hartree-Fock limit for helium. The
computed total energies of the helium atom are quite good.

We calculated the hydrogen molecule with the interpolated
and HGH pseudopotentials. The computation results for the
hydrogen molecule are presented in Table V. The resulting
dissociation curve with the HF method, HGH pseudopotential,
and basis set 5 is plotted in Fig. 4. When the HGH pseu-
dopotential was used the computation worked for grid spacing
g = 0.25 B but did not work for spacing g = 0.5 B. The mini-
mum energy of the curve is £y = —1.188 Ha, and it is located
at internuclear distance dy = 1.398 B. The corresponding val-
ues for the BIGDFT reference curve are £y = —1.132 Ha and
do = 1.385 B. The results for the hydrogen molecule ion are
presented in Table VI.

The calculations for lithium hydride molecule are pre-
sented in Table VII. Grid spacing g = 0.5 B did not yield a
physical dissociation curve for the HGH pseudopotential. Nei-
ther g = 0.5 B nor g = 0.25 B yielded a physical dissociation
curve for the interpolated pseudopotential. The dissociation
curve of lithium hydride computed with the Hartree-Fock

TABLE VI. Hydrogen molecule ion H; . The analytical results
are equal to the experimental results. The numbers in column Basis-
refer to Table I and TH means this paper.

method and basis set 5 is plotted in Fig. 5. The minimum
energy of the curve is £y = —0.817 Ha, and it is located at
internuclear distance dy = 2.880 B. The corresponding val-
ues for the BIGDFT reference curve are £y = —0.760 Ha and
dy =2.921 B.

The energies of the hydrogen atom converge to the
exact value for the constant, interpolated, and HGH pseu-
dopotentials with grid spacings g = 0.5, 0.25, and 0.125 B
(Table II). The Hartree-Fock helium computations yield ap-
proximately same results for g=0.25B and g=0.125B
(Table IV). The Hartree-Fock computations of the hydro-
gen molecule using the HGH pseudopotential give ap-
proximately same energies for g=0.25B and g=0.2B
(Table V). The calculations of the hydrogen molecule ion
using the HGH pseudopotential yield approximately same
energies and internuclear distances for g=0.25B and g=
0.125 B (Table VI). The Hartree-Fock computations of the
lithium hydride molecule give approximately same results for
g=0.25Band g = 0.2 B (Table VII).

TABLE VII. Lithium hydride molecule. All our and BIGDFT
computations were performed with the HGH pseudopotential. The
CCCBDB all-electron total energies are not presented in the table
because the energies calculated by us do not include the energies of
the core electrons. The numbers in column Basis refer to Table I and

Source Basis g (B) Pseudopot. Esysiem (Ha) Epinding (Ha) d (B) TH means this paper.
TH 1 05 interp. —0.520169  0.082028 2.371005 Source Basis a (B) g (B) Exch. Eyysem (Ha) Evinging (Ha) d (B)
TH 2 0.25 interp. —0.573665 0.095310 2.021654
TH 12 0.125 interp. —0.589135 0.101242 2.015143 TH 4 1.0 025 HF —0.817817  0.117472  2.879961
TH 11 0.5 HGH —0.712279  0.121898 2.007951 TH 5 1.0 0.25 HF —0.817030 0.116686 2.880018
TH 2 025 HGH —0.601783  0.102460 2.006845 TH 4 1.0 0.25 LDA —0.811482 0.111137 3.013411
TH 0.25 HGH —0.601636 0.102342 2.005329 TH 5 1.0 0.25 LDA —0.809904 0.109560 3.013474
TH 13 0.125 HGH —0.602448  0.102549 1.999338 TH 6 04 02 HF —0.817007 0.116370 2.863496
CCCBDB* —0.582697 0.116115 2.005 CCCBDB?* HF 0.081274 2.855
BigDFTb HGH —0.602489  0.102520 1.995677 CCCBDB LSDA 0.135698 2.899
Experimental® 0.103 2.00 BIGDFT® HF —0.760938  0.059911  2.866004
BIGDFT? LDA —0.776416  0.075389 2.930745

2Reference [43].
YReference [33,34].
“Reference [45], Chap. 4.6.

“Reference [43].
YReferences [33,34].
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FIG. 5. Total energy of the lithium hydride molecule as a func-
tion of the internuclear distance calculated with the Hartree-Fock
method and HGH pseudopotential. The solid line has been computed
with interpolating wavelets and basis set 5, g= 0.25 B, and the
dashed line with BIGDFT and (fine) grid spacing g = 0.225 B.

VII. CONCLUSIONS

‘We have shown how to solve the wave equations of hydro-
gen and helium atoms, hydrogen molecule ion, and hydrogen
and lithium hydride molecules in a three-dimensional interpo-
lating tensor product wavelet basis. As far the authors know,

only Arias [10] and Engeness and Arias [11] have performed
this before. However, they do not use the dual interpolating
MRA to evaluate matrix elements. We do that, and it allows
us to neglect the overlap integrals of the basis functions.

It seems to require large basis sets to obtain numerically
good orbitals for quantum physical systems. Roughly, the
description requires, at least, 10 000 basis functions. The most
accurate computed bond length of the hydrogen molecule is
good and the energy satisfactory. The most accurate binding
energies and internuclear distances for the hydrogen molecule
ion in Table VI are very accurate. The calculations with the
HGH pseudopotential performed very well with grid spacing
g=0.25 B but not with g= 0.5 B. The same phenomenon
was observed with BIGDFT, too.

We tested the H and He atom computations with BIGDFT
so that the coarse grid spacing was changed from 0.45 to
0.225 B. For some reason, we got slightly worse energies.
We also found that one level basis set can be replaced with
considerably smaller two-level basis set without a significant
effect on the results.

Note that having no more than two resolution levels in
the basis makes the computation of the Laplacian operator
simpler and faster because in that case the s(- - - ) terms in the
Laplacian operator, equations (60)—(62), are either Kronecker
8s or zero.
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Abstract

We calculate energies and wavefunctions of several systems using the
path integral formulation of quantum physics. The systems considered are
one-dimensional and three-dimensional harmonic oscillators and hydrogen
atom in one and three dimensions. We represent the time-evolution oper-
ator as matrix in a basis consisting of Deslauriers-Dubuc or Daubechies
wavelets. We use Trotter kernels and we also develop an own approxi-
mation for the path integral kernel. For the one-dimensional harmonic
oscillator we use the exact kernel, too. We also develop a method to
calculate wavefunctions with the path integral formulation.

Keywords: path integral, wavelet, harmonic oscillator, hydrogen atom, quan-
tum physics, Fourier transform

1 Introduction

The path integral formulation was developed by Richard Feynman in 1948. It
generalizes the action principle of classical mechanics. In path integral formu-
lation the transient state at time t of a quantum mechanical system is obtained
from the initial state by formula

U(y,t) = / e F g (x (1)) Dx. (1)

Here the integration is done over all paths beginning with x(0) =y, the action
is given by

Six, %] = /L(x(t),x(zﬁ))dt7 (2)

L(x(t),%(t)) is the Lagrangian of the system, and vy is the initial state. See [1]
for an introduction to the path integral formulation.

The method is often applied by using an imaginary time variable [2]. Ruokosen-
méki and Rantala [3, 2] have developed a real-time diffusion method for the path
integral formulation. Ruokosenmiki et al. [4] and Gholizadehkalkhoran et al.
[5] have also used the path integral method for the calculation of the Hooke’s
atom. Svensson [6] discusses the computation of the hydrogen atom with the



path integral method. Ho and Inomata [7] and Steiner [8] present an exact
treatment of the hydrogen atom with path integral formulation. Path integral
treatment of the quantum mechanical harmonic oscillator has been given for
example by Ruokosenmiki and Rantala [3].

Wavelets are a basis function set constructed by dilatations and transla-
tions of so called mother scaling function and mother wavelet. Mathematical
theory of interpolating wavelets has been developed by Chui and Li [9] and
Donoho [10]. Hoynildnmaa [11] has generalized these results for the multivari-
ate case. Goedecker [12] gives an application-oriented introduction to interpo-
lating wavelets. HOynéldnmaa et al. [13] have made Hartree-Fock calculations
of atoms using an interpolating wavelet basis. Hoynélanmaa and Rantala [14]
have also made three-dimensional Hartree-Fock and Density Functional Theory
calculations for some atoms and two-atom molecules.

We use the Deslauriers-Dubuc interpolating wavelets [15, 16] in this arti-
cle. We use atomic units (e = me = fi = 4mgg = 1) and the unitary angular
frequency definition of the Fourier transform throughout this article. We abbre-
viate “atomic units” by a.u and units “Hartree” and “Bohr” by Ha and B. This
research did not receive any specific grant from funding agencies in the public,
commercial, or not-for-profit sectors.

2 Path Integral Formulation

The time-evolution operator defines the evolution of quantum mechanical sys-
tem [1]:

U(x,tp) = Ulty, ta)¥(x, ta). (3)
For a stationary system it is given by
Uty ta) = exp(—i(ty — to)H) (4)

where H is the Hamiltonian operator of the system. The time evolution of an
eigenstate of a stationary system is given by

\Ija(xv t) = eXp(_iEat)wa(X) (5)

where 1, is an eigenstate of the time-independent Hamiltonian and F, is its
energy.
The time-evolution operator can be represented as [1]

U(tbata)qja = K(xbatb;Xavta)\lla(xaata)dxa (6)
Rd

where d is the dimensionality of the system (1, 2, or 3) and function K is called
the kernel. In path integral formulation the kernel is given by

Nd
. m .
K (et oo ta) = Jim (/o7 / /Rdexposmdxlumfl. (7)

For a one-particle system the quantity Sy is given by [17]

Sy=eY (g” () vm,tu) ®)

n=1



and P
b~ la
=t (9
We also define At = t, — t,. The Trotter kernel is an approximation of the
path-integral kernel given by [3]

m >d/2
2miAt
exp (i gz = xl? = 5 (V0u) + V() ) (10)

K(xp,%xq; At) = (
2

3 Stationary State Energies and Wavefunctions

Fourier transform has been used to determine the energy spectrum of a quantum
mechanical system with path integral formulation e.g. by Gholizadehkalkhoran
et al. [5].

A stationary state v of a quantum mechanical system can be represented by

oo

() =Y exfu(x) (11)

k=0

where functions f are the eigenstates of the Hamiltonian operator of the system
and ¢y are complex numbers. The time evolution of the stationary states is given
by
o0
U(x,t) =Y cpexp(—iExt) fi(x) (12)
k=0

where E}, are the energies of the eigenstates. Suppose that we have a fixed point
%o € R? and define g(t) := ¥(xg,t). By making a Fourier transform we obtain

i) = o= [ aexpl-iwni (13)

_ \/%I;Ckfk(xo) /t exp(—iExt) exp(—iwt)dt  (14)

=—00

= \/%ickfk(XO)(s(w‘f‘Ek)- (15)
k=0

Thus we may compute the eigenenergies of the system from the Fourier spectrum
of function g.

Suppose that we have a stationary system with initial state v;(x) = ¥(x, ¢;)
and final state 1(x) = ¥(x,ts) and assume that the time interval At := ¢, —t,
is small. We have

Yr(x) — i(x) = (exp(—iEt) — 1) ¥ (x) = —iEty;(x) (16)
from which we obtain

o Ly 00 — i)

At Pi(x) a7)



and

()~ —gm [ (050) = :0) (80" . (15)

The initial function of the time evolution should be chosen so that it has a
broad Fourier spectrum and it should also contain both even and odd terms.
So we chose to approximate the sum of delta function and its derivative at the
origin with a scaling function centred at the origin and its derivative in the
one-dimensional case. In some calculations we use function —¢; .. 14+ ;.. 1
instead of the derivative. In three dimensions we use the tensor products of
functions (=1 — i)@jm.—1 + 1+ D)@jmo0 + 1+ 10w

We use the method described in [18, section 2| to compute the continuous
Fourier transform. We have also generalized it into three dimensions.

Let x;, 7 = 1,..., N be the points where we calculate the wavefunction of
state k. Let g;(t) := ¥(x;,t) and AE be the spacing between points in the
Fourier spectrum §;(E). We fit the peak k to the Lorentzian distribution

1 gl

LE)==- 19
(E) 7 (E+ Ep)? +92 19)

Define ,
Prj = |95 (=ER)[", (20)

1/, .
Py = 5 (18:(~Bu+ A + |g,(~Ex — AE)[) (21)

d

al 1 Ve

Lij(E)= -~ 5 (22)

m(E+Ep)?2+42,

Note that | gj(E)\Q is the Fourier transform of the autocorrelation function of

g;(t) multiplied by a constant. Let dj ; = |cg fx(x;) ? be the undefined variables.
We now set

11
Pr,j = dijLij(—Ey) = dk,j;$ (23)
3]
and
= d Ly (—By + AE) = dy - ki 24
Pi.j = Ok,j kg (— Bk + )= kJﬂ_AEQ_'_,V2 . (24)
k,j
It follows that
di,j = TYk,jPk,j (25)
where
dk,j
Vi = 4] —— |AE 2
i= T s (26)
and ,
Py 5
qk,j = —=. 27
1= s (27)



4 Approximation of the Path Integral Kernel

We assume that the potential V' does not depend on time. We approximate the
kernel by setting N = 2 and we get

Ko(xp,Xq;€) 1= (%)d/w exp (1S2) dx;. (28)
We have 4
Ko(xp,Xq;€) = (%) 1 (29)
where
/ ) exp(iSz)dxy (30)
= /xle]Rd exp (ie (7721 (Xl ;Xa>2 —V(x1)
+% (Xb - X1>2 _ V(xb)>> dx; (31)
= exp (i (% (x; +x2) — eV(xb)))
/x . exp (i (%x? - eV(xl))> exp ( T(xb + Xq4) -xl) dx; (32)
— Vo exp (i (% (x7 +x2) — eV (xp) )) ( - (xp —I—xa)) (33)
and
h(x1) := exp <i (— —eV( xl))> (34)
Now
Ko (Xp, Xa5€) = (%\/ﬂ)dexp (i (% (x7 +x2) — eV(xb))) h (%(xb + xa)) .
(35)

We call this kernel the midpoint kernel.
If function h is radially symmetric (i.e. the potential is radially symmetric)
we have

W) = o (F0) — F-8). (36)

where f(r) = rhpaa(|r|) and h(r) = haa(|r]). Note that the Fourier transform
of f in equation (36) is one-dimensional.

5 Quantum Harmonic Oscillator and Hydrogen-
like Atom

The potential of the one-dimensional harmonic oscillator is

2
mwgy o

Viz) = 5

(37)



where m is the mass of the particle and wy is the angular frequency. The
potential of the isotropic three-dimensional harmonic oscillator is
mws o
Vi) = "0 P (39)
The kernel for the one-dimensional harmonic oscillator can be computed
exactly [1]. We have

1/2
mwo .
K at) = /7 Se1), 39
(e, 2 1) (%,SIH(W)) expliSe) (39)
where S is the classical action given by
mwog
Se = Ssin(wol) ((z} + 22) cos(wot) — 2Tp24) - (40)

By substituting the potential of the one-dimensional harmonic oscillator to
equation (34) we obtain

h(z1) = exp <."Z <1 - 62;”(%) :ﬁ) . (41)

Define

and assume that a > 0. Now

(k) = 21+ 1) = exp (it (43)
== i)—exp | —i— ).
2 Ja TP\ g
Similarly, in the three-dimensional case we have
h(k) = 3(—1 +1i)a"3/? ex L (44)
~ 4 P\ 1
using equation (36).
The potential of a hydrogen-like atom is
A
V(e) = —— (45)
|z
in one dimension and z
V(x)=—— (46)
x|

in three dimensions. Here Z is the atomic number.

6 Wavelet Bases

6.1 Interpolating Wavelets

We construct the basis function set in the same way as in [14, section 3|. We
assume that ¢ is some Deslauriers-Dubuc mother scaling function [9, 10, 11, 15,



16] and d is the dimensionality of the domain R?. We use only bases with one
or two resolution levels in this article. Constant jyi, is the minimum resolution
level in the basis, see [14]. We define G to be the whole basis, G = G, or

Jmin

G = Gjmin U Gjmin+1'
The interpolating mother scaling function can be represented as [9, 11]
p(x) = slafp(2’z — a) (47)
a€Z

where J is some nonnegative integer and s[a], a € Z, are constants that depend
on the mother scaling function and J. We define so[] to be the coefficients for
J and si[a] for J —1. We now have

Wjmin (2777770 p) = s0[p — 27 K] (48)
for all p € Z, .
Mjint1,k(27777mnp) = so[p — 277 1K) (49)
for all p € Z and k even integer, and
Mjin 4 1,5(277 7m0 p) = s1[p — 2771 k] (50)
for all p € Z and k odd integer. We also have
Dminl = Piminst = 0(- = 2770 (51)
for all ¢ € Z,
a1, = 0(- = 27mn=10) =3 " gb(- — 277min=1(5 4 ) (52)
BEL
for all £ € 27, and
Mjmint+1,6 = Z gpo(- — 27/ (B 4 £ — 1)) (53)
BEL

for all £ € 2Z + 1.
The matrix of the time evolution operator in the interpolating wavelet basis
is

Kea= [, [ GOIK@xGExay. (54)

Note that the dual wavelets G are finite sums of delta distributions and con-
sequently the integration over y is actually a weighted sum of values of the
function

/ K(y,x)Cq(x)dx
Rd

in finite number of points y. When r = 27 /min{ € G, . we have

Jmin

Keg = K (279min 0, %) (q(x)dx. (55)
Rd

In one-dimensional case the integral over z is approximated by

/ K (y,)Cq(x)da ~ 2770~ N " K (y, 27mn = p)sy oy (p — 27" Dk) - (56)
R

pEZ



Where k c Z’ q= 27jmink c G or q = 27jmin*1k c Gjmin"!‘l’ and

Jmin

L 1 lfq S Gjmin+1
Ha) = { 0 ifgedG, (57)

Jmin *
For the three-dimensional case define

1 ifqe G, . and 29mintlqg[i] odd
(@) :—{ A € Giuinta al (%)

0 otherwise
for i = 1,2,3 and t(q) := (¢t1(q), t2(q), t3(q). Define also

54(2) = s¢1)(2[1]) 5¢12) (2[2]) 84131 (2[3])- (59)

Now we can approximate

/ K(y,x)(q(x)dx ~ 2730min ™) N K (y, 279min=Tp)sy o) (p—w - k) (60)
]RB

pPEZ3

where k € Z? and q = 27/mink € G;, . or q = 27/min"lk € G, . 11, and W =
(27~t(@) 2J=t2(a) 27=ts(@))T  We pick some value Jo > 2 and for r € G, +1
we use value J = Jy — 1 in equation (47) and J = Jy otherwise. The lower
accuracy is used because the matrix elements where q belongs to the finer grid
are significantly more complex to compute as the ones in the coarser grid.

We use 8th order Deslauriers—Dubuc wavelets for one-dimensional calcula-
tions and 4th order Deslauriers—Dubuc wavelets for three-dimensional calcula-
tions.

6.2 Orthonormal Wavelets

See [19] for more information on orthonormal wavelets. We define the basis
indices by I =1I; . UI; . 11 where I; = {(j,k) : k € K;} and K is a finite set
of integer numbers (usually a range of integers). Now the basis functions are
defined by

L Pjmin,k = 2j'/290(2j : _k) J = Jmin 61
ik { Gj—1e = 2072271 —k) G > i (61)

where (j,k) € I, p is the mother scaling function of the wavelet family, and
is the mother wavelet of the wavelet family. In order to compute the values of
the orthonormal wavelets we use the represention

() =277 wla]p(2’z — a) (62)
a€Z

where J is some nonnegative integer and w[«|, a € Z, are constants that depend
on the mother scaling function and J. The matrix elements of the time-evolution
operator are given by

Kk jrx :/R/RCj,k(y)K(ya90)Cj’,k'(ff?)dffdy (63)

with orthonormal wavelets. We use the 20th order Daubechies wavelets in this
study. We use only one-dimensional orthonormal wavelets.



7 Application to the Harmonic Oscillator and Hy-
drogen Atom

Unless otherwise stated the calculations use Deslauriers-Dubuc wavelets.

We make calculations for the one-dimensional harmonic oscillator with the
exact kernel, Trotter kernel, and midpoint kernel. We compute all these system
with both one and two resolution levels of the basis functions for At = 1.0 a.u.
and one resolution level for At = 0.5 a.u. and At = 0.25 a.u. The mass of the
particle is 1 a.u. and the angular frequency 0.1 radians. All these calculations
yield the ground state energy 0.050265 Ha and first excited state 0.150796 Ha
or 0.149226 Ha. We use the basis (1/4){—48,...,48} for one-level calculations
and (1/4){—48,...,48} U (1/8){—5,...,5} for two-level calculations. We use
scaling function resolution J = 3. The energy spectrum for the exact kernel is
plotted in Fig. 1 and for the midpoint kernel in Fig. 2. Both of these calculations
use two resolution levels. The wavefunction of the one-dimensional harmonic
oscillator calculated with the method described in section 3 is plotted in Fig. 3.

When the Deslauriers—Dubuc (interpolating) wavelets are used for the hy-
drogen atom the calculations work for parameter At = 1 a.u. but not for
At = 0.5 a.u. So we calculated this system with Daubechies (orthonormal)
wavelets using both Trotter and midpoint kernels. For one resolution level
calculations we use the basis {(2, —48),...,(2,48)} and for the two-level calcu-
lations {(1,—24),...,(1,24)} U {(2,—6),...,(2,6)} We set the mother scaling
function resolution to J = 5. The resulting ground state energies are presented
in Table 1. It can be seen that for the same time parameter the midpoint ker-
nel yields usually better energy compared to the Trotter kernel but the Trotter
kernel accepts smaller time parameters. The best energy for the Trotter kernel
is By = —0.502655 Ha and if the energies smaller that the exact energy are ne-
glected we get Fy = —0.494801 Ha. The best energy for the midpoint kernel is
Ey = —0.496372 Ha. The best energy spectrum for the Trotter kernel is plotted
in Fig. 4 and for the midpoint kernel in Fig. 5. The radial probability density
function of the hydrogen atom calculated in one dimension with the the method
described in section 3 is plotted in Fig. 6.

We make calculations for the three-dimensional harmonic oscillator using the
midpoint kernel and the Trotter kernel. The mass of the particle is 1 a.u. and the
angular frequency 0.1 radians. We use basis {—10,...,10}? and mother scaling
function resolution J = 2. The resulting ground state energy for the midpoint
kernel is Ey = 0.150796 Ha and the first excited state E; = 0.249757 Ha for
At = 4.0 a.u.. For At = 2.0 a.u. the energies are Fy = 0.150796 Ha and
E; = 0.251327 Ha. The energy spectrum for At = 2.0 a.u. is plotted in Fig. 7.
For the Trotter kernel the energies are g = 0.150796 Ha and F; = 0.251327 Ha
for both At = 4.0 a.u. and At = 2.0 a.u..

‘We make three-dimensional calculations of the hydrogen atom using the mid-
point kernel and the Trotter kernel. The basis function set is (1/2){-9,...,9}U
(1/4){~4,...,4}. The function h(k) for the midpoint kernel is calculated with
formula (36). We have to invert the sign of the midpoint kernel (35) in order to
get the energy computation to work. We get energy F = —0.474380 Ha for the
midpoint kernel with parameter At = 2.0 a.u. and value At = 1.5 a.u. does not
yield reasonable results. For the Trotter kernel we get £ = —0.477522 Ha with
parameter At = 0.2 a.u. and value At = 0.125 a.u. does not give reasonable



Table 1: Energies from the one-dimensional calculations of the hydrogen atom.

kernel res. levels At Ep(Ha) F; (Ha)
midpoint 1 1 -0.446106 -0.131947
midpoint 2 1 -0.446106 -0.113097
Trotter 1 1 -0.402124 -0.106814
Trotter 2 1 -0.402124 -0.106814
midpoint 1 0.5 -0.471239 -0.119381
midpoint 2 0.5 .0.471239 -0.119310
Trotter 1 0.5 -0.446106 -0.113097
Trotter 2 0.5 -0.452389 -0.113097
midpoint 1 0.25 -0.490088 -0.119381
midpoint 2 0.25 -0.490088 -0.119381
Trotter 1 0.25 -0.471239 -0.119381
Trotter 2 0.25 -0.477522 -0.119381
midpoint 1 0.20 -0.490088 -0.131947
midpoint 2 0.20 -0.483805 -0.144513
Trotter 1 0.20 -0.477522 -0.119381
Trotter 2 0.20 -0.483805 -0.119381
midpoint 1 0.125 -0.496372 -0.113097
midpoint 2 0.125 - -
Trotter 1 0.125 -0.490088 -0.119381
Trotter 2 0.125 -0.490088 -0.119381
midpoint 1 0.1 -0.510509 -
Trotter 1 0.1 -0.494801 -0.117810
Trotter 2 0.1 -0.494801 -0.117810
Trotter 1 0.0625 -0.490088 -0.125664
Trotter 2 0.0625 - -
midpoint 1 0.05 - -
Trotter 1 0.03125 -0.502655 -0.125664
Trotter 1 0.03 - -
results.

Note that we get exactly same energy values for many different calculations
because the energy spectrum g(—F) is approximated by the Discrete Fourier
Transform, for which the energy values are discrete. Ruokosenméki [17] has
discussed the behavior of the path integral kernel with small values of At, too.
It turned out that when the time step parameter At is the same the midpoint
kernel gives usually better energy than the Trotter kernel for the hydrogen atom
(one and three dimensions) but the Trotter kernel accepts smaller values for At.
The two kernels yield approximately the same energy for the harmonic oscillator.
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Figure 1: Energy spectrum of the one-dimensional harmonic oscillator computed
with the exact kernel.
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Figure 2: Energy spectrum of the one-dimensional harmonic oscillator computed
with the midpoint kernel.
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Figure 3: Probability density function |4 (z)|* of the one-dimensional harmonic
oscillator computed with the exact kernel.
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Figure 4: Energy spectrum of the hydrogen atom computed with the Trotter
kernel in one dimension.
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Figure 5: Energy spectrum of the hydrogen atom computed with the midpoint
kernel in one dimension.
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Figure 6: Radial probability density function |Pi(r)|* of the hydrogen atom
computed with the midpoint kernel in one dimension.
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Figure 7: Energy spectrum of the three-dimensional harmonic oscillator calcu-
lated with the midpoint kernel.
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