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A computational scheme for molecules is presented for the evaluation of total energy properties such as potential energy 
curves and vibrational frequencies. The calculations are performed within the local density approximation ukilixing the LCAO 

MO scheme with numerical basis functions, and multipole expansion of the molecular charge density is used to obtain the 
molecular potential. The total energy expression is written in terms of matrix elements already used for solving one-electron 

equations, and hence any evaluation of explicit integrals over charge density is avoided. The accuracy-of the method and the 
effect of basis set incompleteness are studied for the CO and N, molecules and compared with fully numerical (basis-free) 

1. Introduction 

During the last years a number of computa- 
tional schemes within the local density approxima- 
tion (LDA) [l-4] or Xol [5] method have been 
developed for the evaluation of the total energy of 
molecular systems. Special interest has been 
focused on such properties as potential energy 
curves, dissociation energies and vibrational fre- 
quencies of diatomic molecules. This is partly 
because of the access to experimental data and 
their relative simplicity as a test ground for new 
methods before application to more complicated 
systems. Reviews of different calculations, meth- 
ods and results have been presented by Delley and 
Ellis [6], Becke [7] and recently by Sundholm [8]. 

The objective has been to develop methods 
within LDA with a careful and accurate treatment 
of the molecular charge density and potential. The 
self-consistent procedures involve methods for 
solving the one-electron equations in the effective 
potential, which determine the charge density, and 
methods for solving the Poisson equation of the 
charge density, which gives the potential. The 
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critical point in the latest developments has been 
the application of different solution procedures to 
solve the Poisson equation. A choice of analytic 
basis functions reduces much of the effort, but at 
the cost of accuracy or basis size, whereas the use 
of more flexible numerical basis functions meets 
with difficulties in the numerical solution of the 
Poisson equation. These two alternatives are in 
standard use in linear combination of atomic 
orbitals (LCAO)-type methods, which are general 
methods used to evaluate the total energy in an 
accurate way. Fortunately, some fully numerical 
calculations, i.e. without any use of basis sets, are 
available [7-91 for the first-row diatomics and can 
be used as benchmarks of the Xol or Hartree- 
Fock-Slater (HFS) limit. 

Most of the LCAO molecular calculations done 
today are performed with Slater-type orbitals 
(S’TOs) or gauss&n-type orbitals (GTOs) de- 
termined by energy optimization for the con- 
stituent atoms within Hartree-Fock (HF) or LDA 
methods. Often these ST0 and GTO basis sets 
tend to be rather extensive, when highly accurate 
results are required, and will probably limit the 
calculations to not too big systems. Extensive 
analysis of ST0 basis set effects on the electron 
density and spectroscopic constants for the CO 
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molecule have recently been done by Baerends et 
al. [lo]. Another approach is the use of linear 
combination of muffin-tin orbitals (LCMTO), by 
Gunnarsson, Harris and Jones [ll], and later de- 
velopments by Harris and Painter [12] and Mtiller 
et al. [13]. 

A quite different approach is to use numerical 
atomic-like wavefunctions, “single site orbitals”, 
directly as basis functions in the construction of 
LCAO wavefunctions [14]. These numerical basis 
sets can be considered to be highly efficient con- 
tracted basis with the possibility to treat even very 
large molecular systems such as metal surfaces 
[15-171, metal clusters [18,19], or metal porphyrins 
[20,21]. Further, the Fock and overlap matrix ele- 
ments are then evaluated with some numerical 
integration method. One of the most commonly 
used procedures is the discrete variational method 
(DVM) which in principle introduces no restric- 
tions on the molecular potential [22]. 

The molecular potential in these methods can 
be calculated from Mulliken analysis of the molec- 
ular charge density leading to spherically overlap- 
ping atomic charge densities and Coulomb poten- 
tials as used in the self-consistent charge @CC) 
method [23]. In a more accurate description of the 
molecular potential as achieved in the SCM 
method [6], multicenter-multipolar fitting func- 
tions can be used in addition to the SCC-like 
charge density. 

The drawback left in these calculations is the 
DVM integration procedure which is adequate for 
evaluation of one-electron properties but suffers in 
numerical noise in the evaluation of total energy 
properties such as dissociation energies and vibra- 
tional frequencies. However, some of this noise 
can be eliminated by use of a Gauss-Legendre 
integration scheme [24] in spheres around each 
atom in the molecule and the use of the DVM 
integration procedure in the remaining regions 
only. Another approach for diatomic molecules is 
to use numerical basis sets and solve the Poisson 
equation fully numerically as done by Sepp et al. 

~251. 
We present in this work our method for the 

total energy calculation of molecular systems. 
Some results are presented on the evaluation of 
potential energy curves, dissociation energies and 

vibrational frequencies for the diatomic molecules 
CO and N, with an emphasis on investigation of 
basis sets effects and noise from the DVM method. 
A short review of the calculation procedure is 
presented in section 2 with the results and discus- 
sions in section 3 and, finally, summary and con- 
clusions in section 4. 

2. Calculation procedures 

2.1. One-electron equation 

To evaluate the ground-state properties of a 
many-electron system the S&r&linger equation is 
reduced to one-electron equations within the den- 
sity functional theory formulated by Hohenberg, 
Kohn and Sham [1,2]. In the LDA [l-4] the 
one-electron hamiltonian in atomic units is 

h(r) = -fv2 + u&r), (I) 

where the first term on the right-hand side repre- 
sents the kinetic energy operator (later referred to 
as t) of an electron in the effective potential 
u,rt(r). This is written as 

+%(P(4)~ (2) 
where the first term is the nuclear Coulomb poten- 
tial u,(r) of the nuclei Y with charges Z, at 
positions R,, the second term is the electronic 
Coulomb potential u,(r) of the molecular charge 
density p(r), and the last term stands for the 
remaining electron-electron interactions, i.e. for 
the exchange and correlation contributions. 

To calculate the molecular electron structure 
we use the LCAO procedure and expand the one- 
electron orbitals as 

(3) 

in terms of expansion coefficients cji, i.e. eigenvec- 
tors ci and symmetry functions x j( r). These sym- 
metry functions are composed of, for example, 
free atom and/or free ion radial wavefunctions 
u,,(r) in numerical form and the spherical 
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harmonics q,(i) as 

The coefficients W are chosen to generate basis 
functions xi, which transform according to the 
irreducible representations of the point group of 
the hamiltonian. Using these basis functions it is 
convenient to write the Schriidinger equation cor- 
responding to the hamiltonian of eq. (1) in an 
equivalent matrix form 

Hc, = ciSci, (5) 

with the matrix elements for the hamiltonian H 
and overlap matrices S as 

I&,= J xZ(r)h(r)x,(r) dr= (k I h IO (6) 

and 

Sk,= /x;(r)x,(r) dr= (k 19, (7) 

which lead to a block form of matrices reducing 
the efforts for numerical diagonalization. 

To obtain matrix elements Hk, for the hamilto- 
nian, a decomposition according to the eqs. (1) 
and (2) is made and the contributions are evaluated 
as follows. The kinetic energies of the atomic and 
ionic wavefunctions u,,(r) are used together with 
eq. (4) to compute the matrix elements for the 
kinetic energy 

Tk,=(kItlO. (8) 

The molecular charge density, explicit in eq. (2), is 
obtained from the one-electron solutions eq. (3) 
and their occupation numbers qi as 

p(r) = Cqi I q:.(r) I * (9) 
i 

= C4iCX:(r)X,(r)C~ic,i- 00) 
i kl 

The multipole expansion technique SCM [6] is 
then used to solve the electronic potential u,(r) in 
an explicit form. The true molecular charge den- 
sity of eq. (9) is approximated with a model charge 
density constructed as 

(11) 

where &(r) = ] a,,( rV) ] * are spherical charge den- 
sities from atomic radial wavefunctions at sites Y. 
ad are multipole functions, which allow analytic 
integration and are chosen according to the fully 
symmetric representation of the relevant point 
group. The “occupation numbers” ni and nj are 
simultaneously determined in a least-squares fit by 
minimizing the integral 

02) 

If the second sum in eq. (11) is neglected, the 
occupations ni of atomic orbitals uJr,) may be 

evaluated using Mulliken analysis as done in the 
SCC approximation [23], which leads to a super- 
position of spherical charges and corresponding 
Coulomb potentials. 

Now the matrix elements for all three contribu- 
tions to u,rr( r) in eq. (2) can be computed pro- 
vided that some explicit form for u,,(p) is chosen. 
Finally the matrix equation (5) is solved self-con- 
sistently for eigenvectors ci and eigenvalues zi. 

2.2. Total energy 

The total energy for the molecule can be writ- 
ten using the previous notations as 

E = T+/p(r)u,(r) dr+ f/p(r)u,(r) dr 

where T is the kinetic energy, u, and ue represent 
one-electron effective potentials for electron- 
nuclei and electron-electron interactions, E,, is 
the exchange-correlation energy and the last term 
stands for the internuclear repulsion energy, 

E 
=p=” 

nut 
= 5 lR,--R,l- 

(14) 

In our procedure we can write the Coulomb in- 
tegrals in eq. (13) conveniently in terms of corre- 
sponding matrix elements, already used in solving 
the one-electron equations, and hence avoid ex- 
plicit integration procedures with additional 
numerical errors. First we write the charge density 



264 T. T. Rantala et al. / Potential energy curves for diatomics 

of eq. (10) in a form 

p(r) = CxX(r)x,(&-G 
kl 

05) 

where 

Pkl= cqi’,*i’C,i* (16) 

i 

Then we can write the electronic potential energy 
in the nuclear Coulomb field in eq. (13) as 

and the electron-electron Coulomb energy in eq. 
(13) as 

Referring to eqs. (1) and (2) we can also formally 
write the quantities 

v,, = c P&k I %rr I I>, 
kl 

09) 

(20) 

and analogously for the kinetic energy from eq. (8) 

T = cpk,Tk,. (21) 

kl 

The alternative way of writing the kinetic energy is 
to solve eq. (1) for non-interacting electrons and 
sum over all levels i to obtain 

(22) 

which in our procedure is even numerically equiv- 
alent with eq. (21), since any explicit numerical 
integrations are not required. Finally we write for 
the exchange-correlation energy analogously, 

Kc= / ~(+,,(d~)) dr= ~P/&kIh 
kl 

(23) 

where any LDA functional for energy per electron 

c,,(p) may be used. This leads finally to a total 
energy expression 

E=xqici-+V,-V,,+E,,+E,,,. 
i 

(24) 

It should be noted that eq. (24) represents the 
general expression for the total energy within the 
LDA. In practical calculations however, different 
types of LDA may be applied. 

The Hartree-Fock-Slater or Xa method [5] is 
based on the local-density approximation of the 
form 

%,(PW) = -34iPWW3, (25) 

where the parameter a can be chosen within cer- 
tain limits but is usually fixed to cy = 0.7. The 
simple charge density dependence uxc a piI in Xo 
implies that 

E,, = % G 3 (26) 

and we obtain a simple form for the total energy 
within the Xcy scheme 

E=Cqici-t~--V~‘,,+E,,. 
i 

(27) 

We want to emphasize that all of the contribu- 
tions to total energy in eq. (13) can be evaluated 
without explicit numerical integrations, except 
those needed to solve the one-electron equations. 
We expect therefore our procedure to be accurate 
within the SCF LCAO method. The drawback is, 
however, that all of the electrons have to be treated 
explicitly, and for heavy elements the useful frozen 
core procedure inevitably leads to additional ap- 
proximations, whereas the method of Delley et al. 
[18,26] employing direct integration is more flexi- 
ble in this sense. 

3. Results and discussion 

As a test of our approach for the total energy 
calculation and related quantities such as potential 
energy curves, dissociation energies, bond lengths 
and vibration frequencies, calculations were per- 
formed for CO and N, for which there exist a 
number of different Xo calculations to compare 
with. Of particular interest is the recent analysis of 
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Table 1 
The atoms, ions and the consequent orbitals u.,(r) which are 

used to generate the basis functions 

Molecule Basis set Atomic orbitals 

co DB C(ls,2s,2p) c*+ (2s*,zp*) 

O(ls,2s,2p) o*+ (2s*,2p*) 

DBD C(ls,2s,2p) C*+ (2s*,2p8,3d*) 
O(ls,Zs,Zp) O’+ (2s*,2p*,3d*) 

ionized atoms are calculated for the particular ion 
and only the outermost occupied and virtual 
orbitals are included as basis functions. The de- 
gree of ionicity should be sufficient to create a 
flexible basis but otherwise it is not critical. 

N2 DB 
DBD 
DBDF 

N(ls,2s,2p) N3 + (2s*,2p*) 
N(ls,2s,2p) N3+ @*,2p*,3d*) 
N(ls,Zs,Zp) N3 + (2s*,2p*,3d*,4f ‘) 

The smallest basis of those presented, referred 
as DB, is composed of the basis of the neutral 
atom with additional s and p orbitals from an 
ionized atom of each type. In the larger basis sets 
DBD and DBDF d and f orbitals are also in- 
cluded. 

3.2. Numerical procedure 

basis set effects by Baerends et al. [lo] for the CO 
molecule. A comparison is done for both CO and 
N,, with the fully numerical result of Becke [7] 
and Laaksonen et al. [9]. Finally, a comparison is 
also done with results using GTO basis sets by 
Dunlap et al. [27]. The accuracy of our calcula- 
tions appears to be mainly determined by the 
completeness of the basis set, the goodness of the 
fit to the molecular charge density and the 
numerical noise inherent in the numerical integra- 
tion procedure. 

Calculations of total energy including dissocia- 
tion energies, vibrational frequencies and bond 
lengths require a good description of the molecu- 
lar charge density p(r) for evaluation of uerr(r). 
The SCC superposition of spherical charges gives 
a description of the charge density which is too 
poor for that purpose, although the transition 
state energies are in rather good agreement with 
experimental values [23]. However, the multipole 
expansion of the true molecular charge p(r) to the 
model charge density p&,(r) instead, seems to 
be an efficient and accurate procedure. 

3. I. Basis sets 

The different basis function sets used in the 
calculations are described in tables 1 and 2. The 
radial parts of the atomic wavefunctions are 
calculated with an atomic Xol code with the ex- 
change parameter (Y = 0.7 and the basis set is then 
composed of different combinations of functions 
according to eq. (4). The wavefunctions of the 

Evaluation of the matrix elements and hence 
also the total energy is based on the DVM method 
developed by Ellis and co-workers [14,22,28]. This 
procedure orginates from the Diophantine integra- 
tion scheme by Haselgrove [29] and Conroy [30]. 
The advantage is that no specific restrictions are 
imposed on the molecular potential but a large 
number of sampling points are required for accu- 
rate results. The error is proportional to N-‘, 

Table 2 

Energy eigenvalues in atomic units for the free atom and free ion wavefunctions given in table 1 

Carbon atom Oxvaen atom Nitrogen atom 

1s 

2s 
2P 

2s* 
2P* 

3d* 
‘4f* 

- 9.956 

- 0.471 
- 0.169 

Carbon C*+ 

- 1.442 
- 1.136 

- 0.282 

- 18.785 

-0.840 
-0.306 

oxygen o*+ 

- 2.097 
- 1.559 

- 14.029 

- 0.645 
- 0.235 

Oxygen 0 ’ + 

- 3.722 
- 3.246 

- 1.060 

Nitrogen N’+ 

- 2.456 
-2.064 

- 0.614 
- 0.291 
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where N is the number of points in the integration 
formula. Sampling of the points D(r) are usually 
taken as a sum of spherical Fermi-Dirac distribu- 
tions centered at different atoms in the molecule 

P41 

w)=C~,~"w~ 
Y 

where 

d,(r)o- {~2{1+exp[a(~-R’,)]}}-1 (28) 

and t, is an adjustable sampling weight. 
In order to overcome the shortcomings with the 

DVM integration, a Gauss-Legendre-type of in- 
tegration is used inside non-overlapping spheres 
surrounding the nuclei and DVM integration is 
used outside the spheres. A uniform point distri- 
bution is achieved when varying the internuclear 
distance by scaling the parameter R’, with this 
distance while keeping &,R’, constant. This ap- 
proach gives a comparatively small integration 
error when calculating the bond length. 

The dissociation energy is obtained from 

0, = I &da9 b) - 4,& - G,,(b) I, (29) 

where the atomic energies E,,,(i) are computed 
with the molecular code and the same integration 
mesh. It is then possible to estimate the numerical 
error by varying the number of integration points 
and using the atomic energies as reference values. 

Table 3 
Properties of CO as a function of basis type. A comparison 
with some other results from Baerends et al [lo], the basis-free 
calculations of Laaksonen [9] and Becke [7] and the CT0 
results from Dunlap et al. [27] 

G 
(bohr) 

*c 
(cm-‘) 

DB 2.130 2512 11.11 

DBD 2.14 2475 11.27 

DZ [lo] 2.175 2003 10.196 

QZ 1101 2.177 2012 10.502 

QZDDF [lo] 2.132 2173 11.966 

L 191 2.128 2174 12.084 
B [71 2.13 2170 12.0 

DCS [27] 2.132 2160 11.98 

exp. [31] 2.132 2170 11.2 

~OZDDF 

. t *_L.&B.+pCS . 
1.8 2 2.2 2.4 2.6 au 

Fig. 1. Potential energy curves for CO with different basis sets. 
See table 3 for notations. 

3.3. Results 

Tables 3 and 4 show the dissociation energies 
De, bond lengths, re, and vibrational frequencies, 
w,, for CO and N,. The vibrational frequency, we, 
and bond length, re, were determined by fitting a 
Morse potential to our results at eight different 
distances in the vicinity of the equilibrium dis- 
tance. As a comparison the experimental values 
are included. The potential curves are shown in 
figs. 1 and 2. The orbital energies from our calcu- 
lations compared to the fully numerical result of 

Table 4 
Properties of N, as a function of basis type 

‘e 

(bohr) 
we 
(cm-‘) 

DB 2.11 2207 7.33 
DBD 2.10 2375 9.01 
DBDF 2.05 2396 9.30 
L [91 2.067 2393 9.6095 

B [71 2.07 2380 9.6 

DCS [27] 2.074 2370 9.2 

exp. [31] 2.07 2358 9.9 
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Table 5 

Orbital energies in atomic units for CO and N,. Internuclear distance r = 2.13 au for CO and r = 2.07 au for N, 

+J) @a) r(3a) ((40) C(lT) r(50) 

CODB a’ - 18.7543 - 9.9391 - 1.0991 - 0.4861 - 0.4268 - 0.3016 

CODBD *) - 18.7490 - 9.9343 - 1.0653 - 0.4955 - 0.4170 - 0.2972 
L b’ - 18.744119 - 9.911357 - 1.044174 - 0.489074 - 0.412614 - 0.303031 

+q GJ”) c(2os) C(20”,) Ql%) r(3Q 

NDB a) - 13.9979 - 13.9962 - 1.0817 - 0.4555 - 0.4252 - 0.3482 
NDBD a) - 13.9946 - 13.9930 - 1.0443 - 0.4634 - 0.4162 -0.3572 
NDBDF a) - 13.9935 - 13.9921 - 1.0390 - 0.4616 - 0.4138 -0.3546 

L b, - 13.981070 - 13.979661 - 1.007215 - 0.460725 - 0.404235 -0.350058 

‘) Present work. b, Ref. [9]. 

Laaksonen et al. are given in table 5. We notice 
how the extension of the basis gives a better 
agreement with the eigenvalues obtained in the 
pure numerical calculations and with the potential 
energy curves calculated by Baerends et al. [lo] 
with the extended basis set. 

As pointed out before, for example by Becke 
[7], there is a good agreement between experiment 

1.8 2 2.2 2.4 au 

Fig. 2. Potential energy curves for N, with different basis sets. 
See table 4 for notations. 

and LDA method for dissociation energies, vibra- 
tional frequencies and bond lengths. The 3d basis 
functions appear to improve the dissociation en- 
ergy of N, remarkably but have less effect on that 
of CO, whereas the 4f basis functions are im- 
portant to achieve the correct bond length of N,. 
Due to numerical problems we did not succeed in 
using 4f functions for CO. The dissociation en- 
ergies and bond lengths are however, in reasona- 
ble agreement for both of the molecules compared 
to fully numerical and experimental results. Also 
the vibrational frequency of N, is in good agree- 
ment but that of CO is not quite satisfactory. The 
reason for that might be either in the lack of 4f 
functions or in the numerical procedure, where the 
scaling of integration mesh causes a slow change 
in the DVM integration error. 

4. Conclusions 

Our numerical basis functions are in no way 
optimized but despite of that it is possible to get 
rather close to the properties evaluated with the 
basis-free methods. Our code is a general one for 
treating molecules of different size and geometry 
and we cannot derive a benefit from the choice of 
coordinate system compared to some of the other 
reported calculations. The use of numerical basis 
functions seems to be rather efficient also for 
treating total energy properties. We therefore ex- 
pect our method to be efficient for large and 
complicated systems, too. 
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