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tEle
troni
 stru
ture 
al
ulations have be
ome an indispensable tool in many areas ofmaterials s
ien
e and quantum 
hemistry. Even though the Kohn-Sham formulation ofthe density-fun
tional theory (DFT) simpli�es the many-body problem signi�
antly, oneis still 
onfronted with several numeri
al 
hallenges. In this arti
le we present the proje
toraugmented-wave (PAW) method as implemented in the GPAW program pa
kage‡ using anuniform real-spa
e grid representation of the ele
troni
 wave fun
tions. Compared to moretraditional plane wave or lo
alized basis set approa
hes, real-spa
e grids o�er several advan-tages, most notably good 
omputational s
alability and systemati
 
onvergen
e properties.
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Additionally, as lo
alized orbitals provide a 
onveniently small basis, we have also imple-mented the PAW method using atom-
entered orbital basis sets. While DFT allows one tostudy ground state properties, time-dependent density-fun
tional theory (TDDFT) providesa

ess to the ex
ited states. We have implemented the two 
ommon formulations of TDDFT,namely the linear-response and the time propagation s
hemes. Ele
tron transport 
al
ula-tions under �nite-bias 
onditions 
an be performed with GPAW using non-equilibrium Greenfun
tions and the lo
alized basis set. In addition to the basi
 features of the real-spa
e PAWmethod, we also des
ribe the implementation of sele
ted ex
hange-
orrelation fun
tionals,parallelization s
hemes, ∆SCF-method, X-ray absorption spe
tra, and maximally lo
alizedWannier orbitals.1 Introdu
tionEle
troni
 stru
ture 
al
ulations have be
ome an indispensable tool for simulations of 
ondensedmatter systems. Nowadays systems ranging from atoms and small mole
ules to nanostru
tureswith several hundreds of atoms are studied routinely with density-fun
tional theory (DFT) [1, 2℄.In prin
iple, only ground state properties su
h as total energies and equilibrium geometries 
an beinvestigated with DFT. However, several interesting material properties like ex
itation energiesand opti
al spe
tra are related to the ex
ited states of a system. These ex
ited-state properties
an be studied with time-dependent density-fun
tional theory (TDDFT) [3℄.Even though the DFT equations are mu
h easier to solve than the full many-body S
hrödingerequation, several numeri
al approximations are usually made. The approximations 
an be relatedto the treatment of 
ore ele
trons and the region near the atomi
 nu
lei (pseudopotential vs. all-ele
tron methods) [4, 5, 6, 7, 8℄ or to the dis
retization of equations (plane-waves, lo
alizedorbitals, real-spa
e grids, �nite elements) [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19℄. In this work,we present a real-spa
e-based implementation of the proje
tor augmented-wave (PAW) methodin the open sour
e program pa
kage GPAW [20℄. We note that there are several software pa
kagesthat 
urrently implement the PAW method using a plane-wave basis [21, 22, 23℄.The PAW method [7, 24℄ is formally an all-ele
tron method whi
h provides an exa
t transfor-mation between the smooth pseudo wave fun
tions and the all-ele
tron wave fun
tions. Whilein pra
ti
al implementations the PAW method resembles pseudopotential methods, it addressesseveral short
omings of norm-
onserving or ultrasoft pseudopotentials. The PAW method o�ersa reliable des
ription over the whole periodi
 table with good transferability of PAW potentials.The pseudo wave fun
tions in the PAW method are typi
ally smoother 
ompared to norm-
onserving pseudopotential methods so that the wave fun
tions 
an be represented with fewerdegrees of freedom. The PAW approximation 
ontains all the information about the nodal stru
-ture of wave fun
tions near the nu
lei, and it is always possible to re
onstru
t the all-ele
tronwave fun
tions from the pseudo wave fun
tions.In the solid state 
ommunity, plane-wave basis sets [9, 22, 25, 26℄ are the most popular 
hoi
efor dis
retizing the density-fun
tional equations while lo
alized basis sets [11, 27℄ have beenmore popular in quantum 
hemistry. A more re
ent approa
h is the use of uniform real-spa
egrids [13, 28, 29, 30℄. Real-spa
e methods provide several advantages over plane waves. Aplane-wave basis imposes periodi
 boundary 
onditions, while a real-spa
e grid 
an �exibly treat2



both free and periodi
 boundary 
onditions. The plane-wave method relies heavily on fastFourier transforms whi
h are di�
ult to parallelize e�
iently due to the non-lo
al nature ofthe operations. On the other hand, in real spa
e it is possible to work entirely with lo
al andsemi-lo
al operations whi
h enables e�
ient parallelization with small 
ommuni
ation overhead.The a

ura
y of a real-spa
e representation 
an be in
reased systemati
ally by de
reasing thegrid spa
ing, similar to in
reasing the kineti
 energy 
ut-o� in a plane wave 
al
ulation. Thissystemati
 improvement of a

ura
y is also the main advantage of both real-spa
e and plane-wave methods 
ompared to lo
alized basis sets, where the a

ura
y of representation 
annotbe 
ontrolled as systemati
ally. However, as lo
alized fun
tions 
an provide a very 
ompa
tbasis set, we have implemented also atom-
entered basis fun
tions for situations where the higha

ura
y of a real-spa
e grid is not needed. The atom-
entered basis is espe
ially 
onvenient in the
ontext of ele
tron transport 
al
ulations within the non-equilibrium Green fun
tion approa
halso implemented in GPAW. To our knowledge, GPAW is the �rst publi
ly available pa
kage toimplement the PAW method with uniform real-spa
e grids and atom-
entered lo
alized orbitals.In tandem with numeri
al approximations, physi
al approximations are needed in DFT sin
e theexa
t form of the ex
hange-
orrelation (XC) fun
tional is unknown. The traditional lo
al densityand generalized gradient approximations have been surprisingly su

essful, but due to well-knownshort
omings, there are 
ontinuing e�orts to go beyond them. Some of the new developments inthis �eld, su
h as meta-GGA and exa
t-ex
hange based approximations are available in GPAW.Time-dependent density-fun
tional theory (TDDFT) 
an be realized in two di�erent formalism.In the most general form, the time-dependent Kohn-Sham equations are integrated over thetime-domain [31℄. In the linear-response regime it is also possible to obtain ex
itation energiesby solving a matrix equation in an ele
tron-hole basis [32℄. The real-time propagation and thelinear-response approa
hes are 
omplementary. For example, the linear-response s
heme providesall the ex
itations in a single 
al
ulation, while the real-time formalism provides the ex
itations
orresponding to a given initial perturbation. On the other hand, the real-time propagations
heme 
an address also non-linear e�e
ts. While the linear-response s
heme is more e�
ientfor small systems, the real-time propagation approa
h s
ales more favorably with system size.Both the linear-response and real-time forms are implemented in GPAW, to our knowledge forthe �rst time within the PAW method.In addition to the standard total energy 
al
ulations, GPAW 
ontains several more spe
i�
features. For example, ex
itation energies 
an be estimated with the ∆SCF method [33℄ asan alternative to the TDDFT approa
hes. X-ray absorption spe
tra and maximally lo
alizedWannier fun
tions 
an also be 
al
ulated.This arti
le is organized as follows: First, the general features of the PAW method and theimplementation on a real-spa
e grid are des
ribed in Se
. 2. In Se
. 3 we give an overview of thedi�erent ex
hange-
orrelation fun
tionals available, and in Se
. 4 we dis
uss a re
ent method forerror estimations within DFT. An overview of TDDFT is presented in Se
. 5, and the lo
alizedbasis set and its use in �nite bias transport 
al
ulations are des
ribed in Se
. 6. In Se
. 7other features, su
h as ∆SCF, X-ray absorption spe
tra and Wannier fun
tions are des
ribed.The parallelization strategy and parallel s
aling are presented in Se
. 8. Finally, we provide asummary and an outlook in Se
. 9. 3



2 General overviewIn this se
tion, we present the main features of our PAW implementation. Some of the details havebeen published earlier [34℄, so we provide here a general overview and dis
uss in more detail onlythe parts where our approa
h has 
hanged from the earlier publi
ation. The notation is similarto the one used in the original referen
es [7℄. We use Hartree atomi
 units (~ = m = e = 4π
ǫ0

= 1)throughout the arti
le. Generally, the equations are written for the 
ase of a spin-paired and�nite system of ele
trons and the spin and k-point indi
es are in
luded when ne
essary.2.1 Proje
tor augmented-wave methodIn the Kohn-Sham formulation of DFT, we work with single-parti
le all-ele
tron wave fun
tionsto des
ribe 
ore, semi-
ore and valen
e states. The PAW method is a linear transformationbetween smooth valen
e (and semi-
ore) pseudo (PS) wave fun
tions, ψ̃n (n is the state index)and all-ele
tron (AE) wave fun
tions, ψn. The 
ore states of the atoms, φa,
ore
i , are �xed to thereferen
e shape for the isolated atom. Here a is an atomi
 index and i is a 
ombination index forthe prin
ipal, angular momentum, and magneti
 quantum numbers respe
tively (n, ℓ and m).Given a smooth PS wave fun
tion, the 
orresponding AE wave fun
tion, whi
h is orthogonal tothe set of φa,
ore

i orbitals, 
an be obtained through a linear transformation
ψn(r) = T̂ ψ̃n(r). (1)The transformation operator, T̂ , is given in terms of atom-
entered AE partial waves, φa

i (r), the
orresponding smooth partial waves, φ̃a
i (r), and proje
tor fun
tions, p̃a

i (r), as
T̂ = 1 +

∑

a

∑

i

(|φa
i 〉 − |φ̃a

i 〉)〈p̃a
i |, (2)where atom a is at the position Ra. The de�ning properties of the atom-
entered fun
tions arethat AE partial waves and smooth PS partial waves are equal outside atom-
entered augmenta-tion spheres of radii ra

c ,
φa

i (r) = φ̃a
i (r), |r − Ra| > ra

c (3)and that the proje
tor fun
tions are lo
alized inside the augmentation spheres and are orthogonalto the PS partial waves
〈p̃a

i1 |φ̃
a
i2〉 = δi1i2. (4)In prin
iple, an in�nite number of atom-
entered partial waves and proje
tors is required forthe PAW transformation to be exa
t. However, in pra
ti
al 
al
ulations it is usually enough toin
lude one or two fun
tions per angular momentum 
hannel. The proje
tors and partial wavesare 
onstru
ted from an AE 
al
ulation for a spheri
ally symmetri
 atom.Inside the augmentation sphere of atom a, we 
an de�ne one-
enter expansions of an AE and PSstate as [7℄

ψa
n(r) =

∑

i

P a
inφ

a
i (r) (5)and

ψ̃a
n(r) =

∑

i

P a
inφ̃

a
i (r), (6)4



where the expansion 
oe�
ients are
P a

in = 〈p̃a
i |ψ̃n〉. (7)For a 
omplete set of partial waves, we have ψn = ψa

n and ψ̃n = ψ̃a
n for |r−Ra| < ra

c whi
h leadsto
ψn = ψ̃n +

∑

a

(ψa
n − ψ̃a

n). (8)Here, the term in the parenthesis is a 
orre
tion inside the augmentation spheres only.We de�ne a PS ele
tron densitỹ
n(r) =

∑

n

fn|ψ̃n(r)|2 +
∑

a

ña
c(r), (9)where fn are o

upation numbers between 0 and 2, and ña

c is a smooth PS 
ore density equal tothe AE 
ore density na
c outside the augmentation sphere. From the atomi
 density matrix Da

i1i2

Da
i1i2 =

∑

n

〈ψ̃n|p̃a
i1〉fn〈p̃a

i2 |ψ̃n〉. (10)we de�ne one-
enter expansions of the AE and PS densities,
na(r) =

∑

i1,i2

Da
i1i2φ

a
i1(r)φ

a
i2(r) + na

c (r), (11)and
ña(r) =

∑

i1,i2

Da
i1i2 φ̃

a
i1(r)φ̃

a
i2(r) + ña

c (r), (12)respe
tively.From ñ, na and ña, we 
an 
onstru
t the AE density in terms of a smooth part and atom-
entered
orre
tions
n(r) = ñ(r) +

∑

a

(na(r) − ña(r)). (13)The PAW total energy expression has three 
ontributions: kineti
, Coulomb and XC energy, allof whi
h are 
omposed of a PS part and atomi
 
orre
tions. For the kineti
 energy, we get
Ẽkin = −1

2

∑

n

fn

∫

drψ̃n(r)∇2ψ̃n(r), (14)
∆Eakin = −1

2
2


ore
∑

i

∫

drφa
i (r)∇2φa

i (r)

−1

2

∑

i1i2

Da
i1i2

∫

dr
(

φa
i1(r)∇

2φa
i2(r) − φ̃a

i1(r)∇
2φ̃a

i2(r)
)

. (15)Before we 
an write down the expression for the PAW Coulomb energy, we must de�ne one-
enterAE and PS 
harge densities
ρa(r) = na(r) −Zaδ(r − Ra), (16)
ρ̃a(r) = ña(r) +

∑

ℓm

Qa
ℓmĝ

a
ℓm(r), (17)

5



where Za is the atomi
 number of atom a, ĝa
ℓm(r) = ĝa

ℓ (|r−Ra|)Yℓm(r−Ra) is a shape fun
tionlo
alized inside the augmentation sphere ful�lling ∫

r2drrℓĝa
ℓ (r) = 1 and Qa

ℓm are multipolemoments that we 
hoose as des
ribed below. We de�ne a PS 
harge density as
ρ̃(r) = ñ(r) +

∑

a

∑

ℓm

Qa
ℓmĝ

a
ℓm(r), (18)so that the AE 
harge density is ρ = ρ̃+

∑

a(ρ
a − ρ̃a). By 
hoosing Qa

ℓm so that ρa and ρ̃a havethe same multipole moments, augmentation spheres on di�erent atoms will be ele
trostati
allyde
oupled and the Coulomb energy is simply
Ẽ
oul =

1

2

∫

drdr′
ρ̃(r)ρ̃(r′)

|r − r′| , (19)
∆Ea
oul =

1

2

∫

drdr′
ρa(r)ρa(r′) − ρ̃a(r)ρ̃a(r′)

|r− r′| . (20)For lo
al and semi-lo
al XC-fun
tionals, the 
ontributions to the XC energy is
Ẽx
 = Ex
[ñ], (21)

∆Eax
 = Ex
[na] − Ex
[ña]. (22)There is one extra term in the PAW total energy expression whi
h does not have a physi
al origin
Ẽzero =

∫

drñ(r)
∑

a

v̄a(r), (23)
∆Eazero = −

∫

drña(r)v̄a(r). (24)The only restri
tion in the 
hoi
e of the so 
alled zero-potential (or lo
al potential) v̄a is that itmust be zero outside the augmentation sphere of atom a. For a 
omplete set of partial wavesand proje
tors, Ẽzero +
∑

a ∆Eazero is exa
tly zero, but for pra
ti
al 
al
ulations with a �nitenumber of partial waves and proje
tor fun
tions, v̄a 
an be used to improve the a

ura
y of aPAW 
al
ulation[35℄.The �nal expression for the energy is
E = Ẽ +

∑

a

∆Ea (25)
= Ẽkin + Ẽ
oul + Ẽx
 + Ẽzero
+

∑

a

(∆Eakin + ∆Ea
oul + ∆Eax
 + ∆Eazero). (26)The smooth PS wave fun
tions ψ̃n are orthonormal only with respe
t to the PAW overlap operator
Ŝ: 〈ψ̃n|Ŝ|ψ̃m〉 = δnm, where

Ŝ = T̂ †T̂ = 1 +
∑

a

∑

i1i2

|p̃a
i1〉∆S

a
i1i2〈p̃

a
i2|, (27)

∆Sa
i1i2 = 〈φa

i1 |φ
a
i2〉 − 〈φ̃a

i1 |φ̃
a
i2〉. (28)This leads to the generalized eigenproblem̂

Hψ̃n = ǫnŜψ̃n, (29)6



where
Ĥ = −1

2
∇2 + ṽ +

∑

a

∑

i1i2

|p̃a
i1〉∆H

a
i1i2〈p̃

a
i2|, (30)

∆Ha
i1i2 =

∂∆Ea

∂Da
i1i2

+

∫

drṽ
oul(r) ∂ρ̃(r)
∂Da

i1i2

, (31)and the e�e
tive potential
ṽ =

δẼ

δñ
= ṽ
oul + ṽx
 +

∑

a

v̄a, (32)where the Coulomb potential satis�es the Poisson equation ∇2ṽ
oul = −4πρ̃ and ṽx
 is the XCpotential.2.2 Atomi
 setupsFor ea
h type of atom, we 
onstru
t an atomi
 setup 
onsisting of the following quantities: φa
i ,

φ̃a
i , p̃a

i , na
c , ña

c , ĝℓm, v̄a and ra
c . From a referen
e 
al
ulation for the isolated neutral spin-pairedspheri
ally symmetri
 atom, we 
al
ulate the required AE partial waves φa

i and the 
ore density
na

c . We 
hoose a 
uto� radius ra
c for the augmentation sphere and a shape for ĝℓm, whi
h isusually a Gaussian. The smooth PS partial waves φ̃a

i and the smooth PS 
ore density ña
c are
onstru
ted by smooth 
ontinuation of φa

i and na
c , respe
tively, inside the augmentation sphere.The proje
tor fun
tions p̃a

i are 
onstru
ted as des
ribed in Ref. [7℄ and v̄a is 
hosen so that thee�e
tive potential ṽ be
omes as smooth as possible or to produ
e good s
attering of f -states [35℄.For more details, see Ref. [34℄.All the fun
tions in an atomi
 setup are of the form of a radial fun
tion times spheri
al harmoni
sand ea
h radial fun
tion is tabulated on a radial grid. Sin
e φa
i and na

c 
an 
ontain tightly boundlo
alized ele
trons, the radial grid used has a higher grid density 
lose to r = 0 than further fromthe nu
leus (we use ri = βi/(N − i) for i = 0, 1, ...,N). All the fun
tions 
omprising a setupneed only be known for r < ra
c ex
ept for φ̃a

i and ña
c , whi
h are used also for initialization ofwave fun
tions and density.2.3 Uniform 3-d real-spa
e gridsUniform real-spa
e grids provide a simple dis
retization for the Kohn-Sham and Poisson equa-tions. Physi
al quantities su
h as wave fun
tions, densities, and potentials are represented bythe values at the grid points. Derivatives are 
al
ulated using �nite di�eren
es. The a

ura
yof dis
retization is determined by the grid spa
ing and the �nite di�eren
e approximations usedfor the derivatives.For a general unit 
ell with latti
e ve
tors aα (α = 1, 2, 3) and Nα grid points along the threedire
tions, we de�ne grid spa
ing ve
tors hα = aα/Nα. For an orthorhombi
 unit 
ell, theLapla
ian is dis
retized as:

∇2f(r) =

D
∑

α=1

N
∑

n=−N

bαc
N
n f(r + nhα) +O(h2N ), (33)7



where D = 3, bα = 1/h2
α and cNn are the N th order �nite di�eren
e 
oe�
ients for the se
ondderivative expansion.In the 
ase of a non-orthorhombi
 unit 
ell, we extend the set of grid spa
ing ve
tors with morenearest neighbor dire
tions. The D 
oe�
ients bα are determined by the 
onventional methodof undetermined 
oe�
ients, inserting the six fun
tions f(r) = x2, y2, z2, xy, yz, zx in Eq. (33)and solving for bα at r = (0, 0, 0). The number of dire
tions needed to satisfy the six equationsdepends on the symmetry of the latti
e: For hexagonal or body 
entered 
ubi
 symmetry, D = 4dire
tions are needed, while D = 6 dire
tions are used for a fa
e 
entered 
ubi
 
ell or a generalunit 
ell without any symmetry. This pro
edure allows for �nite di�eren
e sten
ils with only

1 + 2DN points, whi
h is similar to the sten
ils de�ned by Natan et al. [36℄.It must be noted that the performan
e of a given sten
il is to an extent stru
ture-dependent.For example, for 
al
ulations of individual mole
ules, where large gradients are present, a more
ompa
t sten
il may outperform a higher a

uran
y but less 
ompa
t one. However, good a

u-ra
y is typi
ally obtained for a 
ombination of a grid spa
ing of h = 0.2 Å and a �nite di�eren
esten
il with O(h6) error for the kineti
 energy.The PS ele
tron density is evaluated on the same grid as the wave fun
tions. It is then interpo-lated to a �ner grid with a grid spa
ing of h/2, where the XC energy and potential are 
al
ulated.The �ne grid is also used for 
onstru
ting the PS 
harge density and for solving the Poissonequation. The dis
retization of the Poisson equation is done with a �nite-di�eren
e sten
il likeEq. (33) with an error of O(h6). For orthorhombi
 unit 
ells a more 
ompa
t Mehrstellen typesten
il[16℄ 
an also be used for solving the Poisson equation. The e�e
tive potential, Eq. (32), isthen restri
ted to the 
oarse grid where it 
an be applied to the wave fun
tions.Boundary 
onditions for the quantities represented on 3-d grids 
an be zero for an isolated systemor periodi
 for a periodi
 system (or any 
ombination). When using k-point sampling, a wavefun
tion 
an also have Blo
h type boundary 
onditions
ψ̃nk(r + R) = ψ̃nk(r)eik·R, (34)where R is any Bravais ve
tor. For 
harged systems, the boundary 
ondition for ṽ
oul 
andetermined from a multipole expansion.2.4 Lo
alized fun
tions and Fourier �lteringSpe
ial 
are is needed when dealing with integrals involving produ
ts of lo
alized fun
tions
entered on an atom and fun
tions spanning the whole simulation 
ell. As an example, 
onsiderthe proje
tion of a wave fun
tion onto a proje
tor fun
tion p̃a

i (r) = p̃a
niℓi

(|r−Ra|)Yℓimi
(r−Ra)
entered on atom a. This integral is approximated by a sum over grid points:

〈p̃a
i |ψ̃〉 =

∑

g

p̃a
i (rg)ψ̃(rg)∆v, (35)where ∆v is the volume per grid point. In order to make the integration as a

urate as possible,it is important that the radial fun
tion p̃a

niℓi
(r) 
ontains as few short-wavelength 
omponentsas possible. To a
hieve this, we Fourier �lter our proje
tor fun
tions using the mask-fun
tionte
hnique [37℄. Here, the radial fun
tion is divided by a mask fun
tion that goes smoothly to zero8



at approximately twi
e the original 
uto� radius. We use m(r) = exp(−γr2). After a Fouriertransform, the short wavelength 
omponents are 
ut o� by multiplying the spe
trum by a smooth
uto� fun
tion. Transforming ba
k to real-spa
e, the �nal result is obtained by multiplying by
m(r), whi
h will remove the os
illating and de
aying tail beyond the 
uto� of the 
hosen maskfun
tion.In the PAW formalism, there are four di�erent types of lo
alized fun
tions that need to beevaluated on the grid points: proje
tor fun
tions p̃a

i , the zero potential v̄a, the shape fun
tions
ĝa
ℓm (for the 
ompensation 
harges), and the PS 
ore density ña

c ; we apply the mask fun
tionte
hnique to p̃a
i and v̄a. The radial part of the shape fun
tions are 
hosen as rℓe−αara and aretherefore optimally smooth [38℄, and the PS 
ore densities 
an always be 
hosen very smooth.2.5 Iterative solution of eigenproblemThe Hamiltonian and overlap operators appearing in the generalized eigenvalue problem Eq. (29)are large sparse matri
es in the real-spa
e grid representation. Due to the large size of thematri
es, dire
t diagonalization s
hemes whi
h s
ale O(N3) with the matrix size are not tra
table.On the other hand, sparsity of the matri
es makes iterative diagonalization s
hemes [9, 39℄appealing due to their dominant O(N2) s
aling.We have implemented three di�erent iterative eigensolvers whi
h share some 
ommon ingredients:the residual minimization method-dire
t inversion in iterative subspa
e (RMM-DIIS) [40, 39℄,the 
onjugate gradient method [9, 41℄, and Davidson's method [42, 39℄. A basi
 
on
ept in allthe methods is the update of the eigenve
tors ψ̃n with the residuals

Rn = (Ĥ − ǫnŜ)ψ̃n. (36)The 
onvergen
e of iterative methods 
an be a

elerated with pre
onditioning, and we 
al
ulatepre
onditioned residuals R̃n = P̂Rn, by solving approximately a Poisson equation
1

2
∇2R̃n = Rn (37)with a multigrid method [16℄.A subspa
e diagonalization is always performed before the iteration steps. The RMM-DIISmethod does not 
onserve the orthonormality of eigenve
tors, and thus expli
it orthonormaliza-tion is done after ea
h RMM-DIIS step. A good initial guess for the wave fun
tions is espe
iallyimportant for the robustness of the RMM-DIIS algorithm. We take the initial guess from anatomi
 orbital basis 
al
ulation, the details of whi
h are des
ribed in se
tion 6.2.6 Density mixingDuring the self-
onsisten
y 
y
les both wave fun
tions and the density are updated iteratively.New PS density ñ(r) and atomi
 density matri
es Da

i1i2
are 
al
ulated from the wave fun
tions,Eqs. (9-10) and mixed with the old densities using Pulay's method [43, 39℄.Pulay's method requires a good metri
 M̂ for measuring the 
hange from input to output density

〈∆ñ|M̂ |∆ñ〉, where ∆ñ = ñout − ñin, in order to determine the optimal linear 
ombination of9



old output densities. It is important that M̂ puts more weight on long wavelength 
hanges asthese 
an introdu
e 
harge sloshing in systems with many states at the Fermi level. Ref. [39℄,for example, uses the metri
̂
M =

∑

q

fq |q〉 〈q| , with fq =
q2 + q21
q2

, (38)where q1 ∼ 1 and |q〉 is a plane wave with wave ve
tor q. Expressed on a real-spa
e grid where
|R〉 is a grid point at R, we have

M̂ =
∑

RR′

MRR′ |R〉
〈

R′
∣

∣ , with MRR′ =
∑

q

fqe
iq·(R′−R). (39)We would like to 
al
ulate s
alar produ
ts from the density on the real spa
e grid, but the non-lo
ality of Eq. (39) makes this intra
table. We therefore seek a more lo
al metri
 M̂ , whi
h 
anbe represented as a �nite di�eren
e operator

M̂ =
∑

R

N
∑

i=0

∑

v∈Vi

ci |R〉 〈R + v| , (40)where Vi is the set of ve
tors pointing to the ith nearest neighbors of a grid point. We enfor
e
M̂ to be semi-lo
al by in
luding only up to Nth nearest neighbors. In re
ipro
al spa
e M̂ hasmatrix elements

f̃q =
〈

q|M̂ |q′
〉

=
∑

i

ci
∑

v∈Vi

eiq·vδq,q′ . (41)The 
oe�
ients ci should be determined so that Eq. (41) mimi
s the behavior of fq in Eq. (38).This means that f̃q should de
ay monotoni
ally from a weight fa
tor w > 1 at q = 0 to 1 for thelargest wave ve
tors at the zone boundary in re
ipro
al spa
e: f̃ (3)
(π/h,qy,qz) = 1 for |qy| ≤ π/h and

|qz| ≤ π/h. For an orthorhombi
 grid with grid spa
ing h, in
luding up to 3rd nearest neighbors,we 
an ful�ll these boundary 
onditions with the 
oe�
ients
c0 =

w + 7

8
, c1 =

w − 1

16
, c2 =

w − 1

32
, c3 =

w − 1

64
. (42)We �nd the metri
 to improve 
onvergen
e signi�
antly when there are many states near theFermi level. A value of w = 100 seems to be a good 
hoi
e.3 Ex
hange-
orrelation fun
tionals in GPAWThe exa
t form of the ex
hange-
orrelation (XC) fun
tional in the DFT is not known. Thus, ithas to be approximated, whi
h 
onstitutes the fundamental physi
al approximation in pra
ti
al
al
ulations. GPAW provides several forms of XC fun
tionals ranging from the basi
 lo
al density(LDA) and generalized gradient (GGA) approximations to the more exoti
 hybrid fun
tionals; avan der Waals density fun
tional and the Hubbard-
orre
ted DFT+U are also available. For thebasi
 fun
tionals GPAW uses libx
 [44℄ whi
h is an open sour
e library of popular XC fun
tionals:LDA, GGA, and meta-GGA. The ex
hange and 
orrelation parts of libx
 
an be freely 
ombined.In the following we des
ribe the more advan
ed fun
tionals implemented in GPAW.10



3.1 Meta-GGAMeta-GGAs use the kineti
-energy density in addition to densities and density gradients in stan-dard GGAs so that more of the known properties of the exa
t XC fun
tional 
an be ful�lled [45℄.The kineti
 energy density is de�ned as
τ(r) =

1

2

∑

n

fn|∇ψn(r)|2. (43)The MGGAs 
urrently implemented in GPAW [46, 47, 48℄ depend on the redu
ed (dimensionless)quantities τ/τHEG and τ/τvW, where
τHEG =

3

10
(6π2)2/3n5/3 (44)is the kineti
 energy density of the homogeneous ele
tron gas (HEG), and

τvW =
|∇n|2
8n

(45)is the von Weizsä
ker (vW) kineti
-energy density.Just like the AE density, Eq. (13), the kineti
 energy density 
an be written as τ = τ̃ +
∑

a(τ
a −

τ̃a), where the smooth part is̃
τ(r) =

1

2

∑

n

fn|∇ψ̃n(r)|2 +
∑

a

τ̃a
c (r), (46)and the atom-
entered parts are

τa(r) =
1

2

∑

i1i2

Da
i1i2∇φi1(r) · ∇φi2(r) + τa

c (r), (47)
τ̃a(r) =

1

2

∑

i1i2

Da
i1i2∇φ̃i1(r) · ∇φ̃i2(r) + τ̃a

c (r). (48)The AE and PS 
ore kineti
 energy densities τa
c (r) and τ̃a

c (r) are simple radial fun
tions thatare 
al
ulated during atomi
 setup generation.Currently, GPAW enables 
al
ulation of non-self-
onsistent TPSS [46℄, revTPSS [48℄ and M06-L [47℄ energies. The use of PBE orbitals in a non-self-
onsistent 
al
ulations of atomizationenergies and bond lengths for small mole
ules has been determined to be a

urate [49℄. In Fig. 1the GPAW atomization energies errors, with respe
t to experiments, are reported both for thePBE and MGGA fun
tionals. The TPSS mean absolute error with respe
t to experimental valuesobtained with GPAW is 0.13 eV, and this is 
onsistent with the value of 0.14 eV of Ref. [49℄. AllMGGA fun
tionals employed improve over the PBE atomization energies whose mean absoluteerror is 0.33 eV.3.2 Exa
t ex
hangeGPAW o�ers a

ess to the Fo
k ex
hange energy (exa
t ex
hange), as well as fra
tional in
lusionof the Fo
k operator in the hybrid XC fun
tionals. The exa
t-ex
hange (EXX) fun
tional wasimplemented within the PAW method in a plane-wave basis [50℄, but to the authors' knowledge11
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Figure 1: PBE, TPSS, revTPSS and M06-L non-self-
onsistent atomization energies errors, withrespe
t to experiments, 
al
ulated with GPAW for small mole
ules, in eV. The MGGA GPAWvalues are obtained from PBE orbitals at experimental geometries. Experimental values are asin Ref. [49℄.this is the �rst implementation in a real-spa
e PAW method. As the PAW related expressionsare independent of the basis, we refer to Ref. [50℄ for their derivation, and sket
h only the mainfeatures here.The EXX energy fun
tional is given by
Exx = −1

2

∑

ijσ

fiσfjσK
C
ijσ,ijσ, (49)where i and j are the state indi
es, and σ is the spin index. The Coulomb matrix KC is de�nedas

KC
ijσ1,klσ2

= (nijσ1
|nklσ2

) :=

∫

drdr′

|r− r′|n
∗
ijσ1

(r)nklσ2
(r′), (50)where the orbital pair density is nijσ(r) = ψ∗

iσ(r)ψjσ(r).When i, j both refer to valen
e states, the pair density 
an be partitioned into a smooth partand atom-
entered 
orre
tions, similar to the AE density in Eq. (13), as
nijσ = ñijσ +

∑

a

(na
ijσ − ña

ijσ). (51)Due to the non-lo
al nature of the Coulomb kernel 1/|r − r′|, dire
t insertion of Eq. (51) intoEq. (50) leads to 
ross terms between di�erent augmentation spheres. The same problem ap-peared already in the evaluation of the PAW Coulomb energy, and it 
an be solved similarly byintrodu
ing 
ompensation 
harges (from now on we drop the spin indi
es for brevity)
Z̃a

ij(r) =
∑

ℓm

Qa
ℓm,ij ĝ

a
ℓm(r), (52)12



whi
h are 
hosen to ele
trostati
ally de
ouple the smooth 
ompensated pair densities
ρ̃ij = ñij +

∑

a

Z̃a
ij. (53)The Coulomb matrix now has a simple partitioning in terms of a smooth part and lo
al 
orre
-tions,

KC
ij,kl = (ρ̃ij|ρ̃kl) +

∑

a

∆KC,a
ij,kl. (54)We refer to Ref. [51℄ for the exa
t form of the 
orre
tion term ∆KC,a

ij,kl, whi
h is also used toevaluate Eq. (20). We note that the Coulomb matrix KC
ij,kl appears also in the linear-responseTDDFT (see Se
. 5) and in the GW method [52℄.The formally exa
t partitioning in Eq. (54) retains all information about the nodal stru
ture ofthe AE wave fun
tions in the 
ore region, whi
h is important due to the non-lo
al probing of theCoulomb operator. In standard pseudopotential s
hemes this information is lost, leading to anun
ontrolled approximation to KC

ij,kl.As a te
hni
al issue, we note that integration over the the Coulomb kernel 1/|r − r′| is done bysolving the asso
iated Poisson equation ∇2ṽij = −4πρ̃ij , for the Coulomb potential. However,the 
ompensated pair densities ρ̃ii have a non-zero total 
harge, whi
h leads to an integrablesingularity in periodi
 systems. For periodi
 systems, the problem is solved by subtra
ting ahomogeneous ba
kground 
harge from the pair-densities and adding a 
orre
tion term to the
al
ulated potential afterwards [50, 53℄. For non-periodi
 systems, the Poisson equation is solvedby adjusting the boundary values a

ording to the multipole expansion of the pair density.Terms in the Coulomb matrix where either i or j refers to a 
ore orbital 
an be redu
ed totrivial fun
tions of the expansion 
oe�
ients P a
in, Eq. (7). Although the valen
e-
ore intera
tionis 
omputationally trivial to in
lude, it is not unimportant, and we will return to the e�e
t ofnegle
ting it, as it is unavailable in pseudopotential s
hemes. The 
ore-
ore ex
hange is simplya 
onstant energy that 
an be 
al
ulated on
e and for all for every atom given the frozen 
oreorbitals.The Fo
k operator vF (r, r′) 
orresponding to the exa
t-ex
hange energy fun
tional of Eq. (49) isnon-lo
al, and it is di�
ult to represent on any realisti
 grid. Fortunately, in the iterative mini-mization s
hemes used in GPAW the expli
it form is never needed, but it su�
es to evaluate onlythe a
tion of the operator on a wave fun
tion. By taking into a

ount the PAW transformation,the a
tion on the PS wave fun
tion 
an be derived by the relation.

fn
ˆ̃vF |ψ̃n〉 = ∂Exx/∂〈ψ̃n|, (55)whi
h results in

fn
ˆ̃vF |ψ̃n〉 = −

∑

m

fmṽnm(r)|ψ̃m〉 +
∑

a

∑

i

|p̃a
i 〉∆vFa[ṽnm, {P a

jm}]. (56)The 
omputationally demanding �rst term is related to smooth pseudo quantities only, whi
h
an be a

urately represented on 
oarse grids, making it possible to do 
onverged self-
onsistentEXX 
al
ulations at a relatively modest 
ost. Applying the Fo
k operator is, however, stillexpensive, as a Poisson equation must be solved for all pairs of orbitals. The atomi
 
orre
tion13



∆vFa depends both on ṽnm and on the set of expansion 
oe�
ients P a
in. The details of thederivation as well as the exa
t form of the 
orre
tion term 
an be found in Ref. [54℄.As a ben
hmark of the implementation, and for 
omparing the PBE and hybrid PBE0 [55℄fun
tionals, we have 
omputed the atomization energies of the G2-1 database of mole
ules [56℄using these two fun
tionals. The results are 
ompared to the experimental values as well as tothe results of the planewave PAW implementation VASP, and of the all-ele
tron atomi
-orbital
ode Gaussian 03, as reported in Ref. [50℄.
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ulated atomization energies using PBE (dotted) and PBE0 (solid) fun
tionals
ompared to experimental values (top) and to VASP (bottom). GPAW PBE0 values are notgeometry optimized (evaluated at PBE geometries)The PBE0 fun
tional in
ludes a fra
tion (25%) of Fo
k ex
hange in PBE, whi
h improves theagreement with experiments signi�
antly, as shown in Fig. 2. The �gure shows also that thedi�erent implementations deviate from one another by less than 0.05 eV on average. The GPAWPBE0 energies are all slightly too small be
ause they have not been geometry optimized withthe hybrid fun
tional (they are evaluated at PBE geometries).The importan
e of the valen
e-
ore ex
hange intera
tion for this test suite is typi
ally a fewtenths of eV for the atomization energy, but 
an indu
e a shift of several eV in the eigenvaluesof the frontier orbitals.The di�eren
e in atomization energy between EXX evaluated using PBE orbitals and self-
onsistent EXX orbitals is less than 13 meV on average suggesting that PBE and HF orbitals arevery similar. The di�eren
e in self-
onsisten
y is even less for PBE0. Also, for the eigenvaluesof the EXX (or PBE0) Hamiltonian the use of PBE orbitals has a small e�e
t, di�eren
es beingless than 0.1 eV in the worst 
ase (CO2). 14



3.3 GLLB approximation for the exa
t ex
hangeOne drawba
k of the EXX approa
h is that the evaluation of the Fo
k operator is 
omputationallyquite expensive. Thus, it would be desirable to have 
omputationally inexpensive approximationsto the exa
t ex
hange. One su
h approximation (GLLB) is provided in Ref. [57℄, where theex
hange potential vx is separated into a s
reening part vS and a response part vresp,
vx(r) = vS(r) + vresp(r), (57)and the two parts are approximated independently.In the original work vS is approximated with the GGA ex
hange energy density ǫGGA

x of Be
ke [58℄
vS(r) =

2ǫGGA
x (r;n)

n(r)
. (58)Using the 
ommon denominator approximation, ex
hange s
aling relations and asymptoti
 be-haviour, the response part is approximated as

vresp(r) =

occ
∑

i

K[n]
√
εr − εi

|ψi(r)|2
n(r)

, (59)where εr is the highest o

upied eigenvalue. The 
oe�
ient K[n] 
an be determined for thehomogeneous ele
tron gas, where it is a 
onstant
K =

8
√

2

3π2
≈ 0.382. (60)In addition to the above GLLB potential, we have implemented an extension (GLLB-SC) whi
h
ontains also 
orrelation and is targeted more to solids [59℄. Instead of the ex
hange potential,the whole ex
hange-
orrelation potential vxc(r) is separated into two parts. The s
reening partis approximated now with the PBEsol [60℄ ex
hange-
orrelation energy density and the responsepart 
ontains also 
ontribution from the PBEsol response potential,

vresp(r) =

occ
∑

i

K
√
εr − εi

|ψi(r)|2
n(r)

+ vPBEsol
resp (r). (61)An important property of the exa
t ex
hange-
orrelation potential is the dis
ontinuity at integero

upation numbers N ,

∆xc = lim
δ→0

[vxc(r;N + δ) − vxc(r;N − δ)] . (62)The derivative dis
ontinuity is espe
ially important for the band gaps of semi
ondu
tors andinsulators, as the true quasiparti
le band gap EQP
g is a sum of the Kohn-Sham band gap EKS

gand the dis
ontinuity [61, 62℄
EQP

g = EKS
g + ∆xc. (63)Neither LDA nor GGA potentials exhibit the dis
ontinuity, whi
h explains partly their failurein reprodu
ing experimental band gaps. On the other hand, in the GLLB and GLLB-SC ap-proximations one obtains an estimate for the dis
ontinuity. As a result, GLLB-SC gives gooddes
ription for the band gap of several materials as shown in Table. 1.15



Table 1: The minimum Kohn-Sham bands gaps for LDA and GLLB-SC together with derivativedis
ontinuity and the quasiparti
le band gap of GLLB-SC. Experimental values are from Ref. [63℄.All values are in eV. Material EKS
g (LDA) EKS

g ∆xc EQP
g exp.C 4.09 4.14 1.27 5.41 5.48Si 0.443 0.68 0.32 1.00 1.17GaAs 0.36 0.79 0.25 1.04 1.63AlAs 1.34 1.67 0.82 2.49 2.32LiF 8.775 10.87 4.09 14.96 14.2Ar 8.18 10.28 4.69 14.97 14.23.4 van der Waals fun
tionalVan der Waals intera
tions are due to long range 
orrelation e�e
ts that are not in
luded inGGA-type XC fun
tionals. The re
ently developed fun
tional whi
h in
ludes van der Waalsintera
tions [64℄ (vdW-DF) is available in GPAW.The vdW-DF is a sum of a GGA ex
hange and a 
orrelation term 
onsisting of both short-ranged 
orrelation (evaluated in the lo
al density approximation) and longer-ranged 
orrelation(depending nonlo
ally on the ele
tron density) [65℄:

Enl
c [n] =

1

2

∫

dr1dr2n(r)φ(q1r12, q2r12)n(r2), (64)where φ(d1, d2) is the vdW-DF kernel, r12 = |r1 − r2| and q1 and q2 are the values of a universalfun
tion q0(n(r), |∇n(r)|) evaluated at the two points r1 and r2. Instead of n, we use the PSvalen
e density ñ for the evaluation of Eq. (64). The justi�
ation for this 
hoi
e is that q0(r)has very high values 
lose to the nu
lei, and the vdW kernel φ(d1, d2) in terms of the res
aleddistan
es d1 = q1r12 and d2 = q2r12 will be quite short ranged and therfore not important forstudying intera
tions between atoms.Evaluation of Enl
c [ñ] by dire
t summation in real-spa
e has an operation 
ount that s
ales as N2

g(Ng is the number of grid points), whi
h is often too time 
onsuming for typi
al 
al
ulations.We have therefore implemented the fast Fourier transformation (FFT) te
hnique introdu
ed byRomán-Pérez and Soler [66℄ where the s
aling is Ng logNg. As an example, a self-
onsistentvdW-DF 
al
ulation for water (64 mole
ules on 16 pro
essors) takes only 80 % longer thana self-
onsistent PBE 
al
ulation. Additional details of our implementation 
an be found inRef. [67℄.3.4.1 DFT+UIn strongly 
orrelated materials su
h as transition metal oxides, lanthanides or a
tinides thestrong on-site Coulomb intera
tion of the lo
alized d or f ele
trons is not 
orre
tly des
ribedby LDA or GGA. The basi
 idea behind the DFT+U method is to treat this intera
tion withan additional Hubbard-like term. The strength of the on-site intera
tios are usually des
ribed16



by semi-empiri
al parameters U and J . The GPAW implementation is based on the parti
ularbran
h of DFT+U suggested in Ref. [68℄ where only a single e�e
tive Ue� = U − J a

ounts forthe Coulomb intera
tion, negle
ting thereby any higher multi-polar terms.Following Ref. [68℄, the DFT+U total energy is
EDFT+U = EDFT +

∑

a

Ue�
2

Tr(ρa − ρaρa), (65)where ρa is the atomi
 orbital o

upation matrix (AOOM).In order to evaluate Eq. (65), a mapping between the wave fun
tions and AOOM ρa
mm′ is required.This mapping 
an be written in terms of the density matri
es Da

nℓm,n′ℓm′ , Eq. (10), and the AEatomi
 orbitals φa
nℓm as [69℄

ρa
mm′ =

∑

n,n′

Da
nℓm,n′ℓm′〈φa

nℓm|φa
n′ℓm′〉.The orbital quantum number ℓ is restri
ted to the orbital of interest and m restri
ted to theasso
iated magneti
 quantum numbers. The n index refers to the nth proje
tor of the parti
ular

ℓ-
hannel. GPAW atomi
 setups have typi
ally n ∈ (1, 2) where n = 1 is the bound-stateproje
tor and n = 2 is unbound-state proje
tor. Be
ause of the latter, we trun
ate the integrationin 〈φa
nℓm|φa

n′ℓm′〉 at the augmentation sphere radius. The DFT+U energy 
orre
tion adds also aterm to the Hamiltonian within the augmentation spheres, ∆Ha
i1i2

in Eq. (31), whi
h is obtainedby taking the derivative of Eq. (65) with respe
t to Da
i1i2

.As an example, we show in Fig. 3 the 
al
ulated spin-magneti
-moment µ and the fundamentalband gap ∆g of CoO and NiO with in
reasing values of the e�e
tive Hubbard Ue�. The �gureshows 
learly that the DFT+U s
heme improves the des
ription of the strongly 
orrelated natureof the transition metal oxide. The 
al
ulations have been 
arried out using the PBE ex
hange-
orrelation fun
tional, a grid spa
ing of 0.16 Å and 8x8x8 k-points in the Brillouin zone. Inall 
al
ulations, the latti
e 
onstants are optimized with pure PBE (Ue� = 0) with a grid spa
-ing of 0.16 Å, the obtained values are 4.19 Å for NiO and 4.24Å for CoO. The 
orrespondingexperimental values are 4.17 Å and 4.25 Å for NiO and CoO, respe
tively.4 Error estimationDensity-fun
tional theory is used extensively to 
al
ulate binding energies of di�erent atomi
stru
tures ranging from small mole
ules to extended 
ondensed-matter systems. A number ofdi�erent approximations to the ex
hange-
orrelation energy have been developed with di�erents
opes in mind and with di�erent virtues. When it 
omes to the pra
ti
al use of DFT it istherefore usually very mu
h up to the user to obtain experien
e with the di�erent x
-fun
tionalsand gain insight into how a

urate the 
al
ulations are for a parti
ular appli
ation. This learningpro
ess 
an be rather slow and also for other more general reasons it would be advantageous tohave a reliable and unbiased way to estimate errors on DFT 
al
ulations.The error estimation implemented in GPAW is inspired by ideas from Bayesian statisti
s [72℄.The ingredients in a typi
al statisti
al model 
onstru
tion 
onsist of 1) a database with a numberof (possibly noisy) data points whi
h the model is supposed to reprodu
e as 
losely as possible17



Figure 3: Fundamental band gap ∆g (left) and the spin magneti
 moment µ (right), for theAFMII phase of NiO and CoO as a fun
tion of the applied Hubbard Ue�. a: L. Wang et. al.[70℄.Experimental values are as 
ited in Ref. [71℄. Two di�erent experimental values are shown forthe spin magneti
 moment.and 2) the model whi
h is des
ribed by a number of parameters whi
h 
an be adjusted to improvethe model. The quality of the model 
an for example be estimated by a least-squares 
ost whi
his a sum over all data points of the squared di�eren
e between the database value and thevalue predi
ted by the model. The 
ost thus be
omes a fun
tion of the model parameters andminimization of the 
ost leads to the best-�t model. (An important issue here is to 
ontrol thee�e
tive number of parameters in the model to avoid over-�tting, but we shall not go into thishere). So far we have des
ribed a 
ommon least-squares �t. What the Bayesian approa
h addsto this is the idea of not only a single best-�t model but an ensemble of models representing aprobability distribution in model spa
e. Using the ensemble, the model no longer predi
ts onlya single value for a data point but a distribution of values whi
h will be more or less s
attereddepending on the ability of the model to make an a

urate predi
tion for that point.In the 
ase of GPAW, we have worked on providing error estimates for GGA-type 
al
ulations.The model spa
e is de�ned by a suitable parametrization of the ex
hange enhan
ement fa
tor
fx, whi
h enters the ex
hange fun
tional as (see Ref. [73℄ for details)

Ex[n] =

∫

fx(s(r); θ) n(r) εunifx (n(r)) dr .Here, s is the redu
ed density gradient ∼ |∇n|/n, and θ our parametrization. The database
onsists of the experimental fragmentation energies of 148 small mole
ules (from the G2 neutraltest set [56℄). The left panel in Fig. 4 displays the resulting Bayesian ensemble of enhan
ementfa
tors in terms of some randomly drawn members. The enhan
ement fa
tor for the best-�t18
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Figure 4: Left: Ensemble of enhan
ement fa
tors as optimized to the experimental fragmentationenergies of 148 mole
ules. The thin bla
k lines running parallel to the best �t mark the width ofthe ensemble. The PBE and RPBE enhan
ement fa
tors are also shown for 
omparison, s is theredu
ed density gradient. Right: Fragmentation energies predi
ted with the best �t enhan
ementfa
tor versus the experimental values. The error bars are 
al
ulated from the ensemble in theleft panel.model is seen to resemble other 
ommonly used enhan
ement fa
tors like PBE, and RPBE. Itshould be noted that for a typi
al Bayesian ensemble the spread is governed mostly by the noisein the data points and the limitations in the number of data points. In our 
ase the noise in theexperimental fragmentation energies is quite small 
ompared with a typi
al deviation betweenthe experimental value and the best-�t value. This is an indi
ation that our model spa
e isin
omplete, i.e. there is simply a limit to how a

urate a GGA-type fun
tional 
an be. Thewidth of the ensemble shown in Fig. 4 is therefore 
ontrolled not so mu
h by the noise as by themodel in
ompleteness.The ensemble 
an be used to estimate errors as also shown in Fig. 4. Here the 
al
ulatedfragmentation energies for the mole
ular database are shown together with the estimated errorbars versus the experimental values. The average of the predi
ted error bars squared reprodu
esby 
onstru
tion of the ensemble the average value of the squared deviation between experimentand best-�t model. The detailed transferability of the best-�t model and the error predi
tionsto other 
lasses of systems is 
urrently under investigation.5 Time-dependent density-fun
tional theoryStandard DFT is appli
able only to the ground state properties of a system. However, thereare many properties of great interest whi
h are related to the ex
ited states, e.g. opti
al ab-sorption spe
trum. Time-dependent density-fun
tional theory (TDDFT) [3℄ is the extension ofstandard DFT into the time-domain enabling the study of ex
ited state properties. There aretwo widely used formulations of TDDFT, the real-time propagation s
heme [74℄ and the linear-response s
heme [75℄; both of these are available in GPAW. The details of the implementations19



are des
ribed in Ref. [51℄, and we present only a brief overview here.5.1 Real-time propagationThe time-dependent AE Kohn-Sham equation is
i
∂

∂t
ψn(t) = Ĥ(t)ψn(t), (66)where the time-dependent Hamiltonian Ĥ(t) 
an in
lude also an external time-dependent poten-tial. Assuming that the overlap matrix Ŝ is independent of time, this equation 
an be writtenin the PAW formalism as

iŜ
∂

∂t
ψ̃n(t) = Ĥ(t)ψ̃n(t). (67)This time-dependent equation 
an be solved using the Crank-Ni
olson propagator with a predi
tor-
orre
tor step as des
ribed in Ref. [51℄.5.2 Linear-response formalismWithin the linear-response regime, the ex
itation energies 
an be 
al
ulated from the eigenvalueequation of the form
ΩFI = ω2

IFI , (68)where ωI is the transition energy from the ground state to the ex
ited state I and FI denotesthe asso
iated eigenve
tor. The matrix Ω 
an be expanded in Kohn-Sham single parti
le-holeex
itations leading to
Ωijσ,klτ = δikδjlδστε

2
ijσ +

2
√

fijσεijσfklτεklτKijσ,klτ , (69)where εijσ = εjσ − εiσ are the energy di�eren
es and fijσ = fiσ − fjσ are the o

upation numberdi�eren
es of the Kohn-Sham states. The indi
es i, j, k, l are state indi
es, whereas σ, τ denotespin indi
es. The 
oupling matrix 
an be split into two parts Kijσ,klτ = KC
ijσ,klτ +Kxc

ijσ,klτ . Theformer Coulomb matrix has exa
tly the same form as in the 
ontext of exa
t ex
hange, Eq. (50)
KC

ijσ,klτ = (nijσ|nklτ ) (70)and is often 
alled the random phase approximation part. It des
ribes the e�e
t of the lineardensity response via the 
lassi
al Hartree energy. The se
ond 
ontribution is the ex
hange-
orrelation part
Kxc

ijσ,kqτ =

∫

dr1dr2 n
∗
ijσ(r1)

δ2Exc

δnσ(r1)δnτ (r2)
nkqτ (r2), (71)where nσ is the spin density. The fun
tional derivative 
an be 
al
ulated with a �nite di�eren
es
heme.Diagonalization of the linear-response equation (68) gives dire
tly all the ex
itation energies inthe linear-response regime. As an example, Table 2 shows the 
al
ulated ex
itation energies ofa CO mole
ule together with referen
e 
al
ulations. The agreement between our results andnumeri
ally a

urate AE results [76℄ is generally good.20



Table 2: Cal
ulated ex
itation energies of CO mole
ule within the LDA approximation in eV.Bond length is 1.128 Å State Spin GPAW AE [76℄a 3Π triplet 5.95 6.03A 1Π singlet 8.36 8.44a' 3Σ+ triplet 8.58 8.57b 3Σ+ triplet 9.01 9.02B 1Σ+ singlet 9.24 9.20d 3∆ triplet 9.25 9.23I 1Σ− singlet 9.87 9.87e 3Σ− triplet 9.87 9.87D 1∆ triplet 10.35 10.36Within the time-propagation s
heme, one obtains only the ex
itations 
orresponding to a par-ti
ular initial perturbation. Thus, di�erent types of perturbations would be needed to rea
hdi�erent ex
ited states. In the 
ase of a singlet ground state mole
ule like CO, the often ap-plied delta pulse perturbation (as introdu
ed in the following se
tion) 
an lead only to dipoleallowed singlet-singlet ex
itations. Therefore the triplet ex
itations and dipole forbidden singletex
itation at 9.87 eV do not appear in the time-propagation s
heme.5.3 Opti
al absorption spe
traIn the real-time formalism the linear absorption spe
trum 
an be obtained by ex
iting the system�rst with a weak delta pulse,
E(t) = ǫkoδ(t), (72)where ǫ is a unitless perturbation strength parameter and ko is a unit ve
tor giving the polar-ization dire
tion of the �eld. The delta pulse 
hanges the initial wave fun
tions to

ψ(t = 0+) = exp

(

i
ǫ

a0
ko · r

)

ψ(t = 0−). (73)The system is then let to evolve freely and during the time-evolution the time-dependent dipolemoment µ(t) is re
orded. At the end of the 
al
ulation, the dipole strength tensor and os
illatorstrengths are obtained via a Fourier transform.In the linear-response formalism one needs also the eigenve
tors of Eq. (68) when 
al
ulating theabsorption spe
trum. Together with the Kohn-Sham transition dipoles
µijσ = 〈ψiσ| r |ψjσ〉 (74)the os
illator strengths are given by

fIα =

∣

∣

∣

∣

∣

∣

fiσ>fjσ
∑

ijσ

(µijσ)α
√

fijσ εijσ (FI)ijσ

∣

∣

∣

∣

∣

∣

2

. (75)21



The dis
rete os
illator strengths 
an be folded by a gaussian (as an example) for 
omparisonwith the time-propagation 
al
ulation and experimentsFig. 5 shows the 
al
ulated linear absorption spe
tra of a CH4 mole
ule. The agreement betweenthe 
ompletely di�erent numeri
al s
hemes is remarkable.
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Figure 5: Cal
ulated opti
al absorption spe
tra of CH4 mole
ule presented as folded os
illatorstrengths (FOS). The 
al
ulation is performed both with the time-propagation and the linear-response method.Even though the time-propagation s
heme is relatively time-
onsuming in small systems, thefavourable s
aling with system size as well as the good parallelization possibilities (des
ribed inmore detail in Se
. 8) enable 
al
ulations also for large systems. As an example, Fig. 6 showsthe 
al
ulated opti
al spe
tra of Au25(S-CH3)18−, Au25(S-CH2-CH2-C6H5)18−, and Au102(S-CH3)44. The shapes of Au25(SR)18− spe
tra are similar to experimental spe
tra in Ref. [77℄.However, all features appear systemati
ally at too low energy. This is most probably due toALDA approximation. The Au102(S-CH3)44 spe
trum has less stru
ture than the smaller 
lustersand it also shows a signi�
ant red shift of 0.6 eV.5.4 Non-linear emission spe
traThe time-propagation approa
h 
an be used also in the non-linear regime where the linear-response s
heme is no longer appli
able. For example, a strong laser �eld 
an introdu
e non-linear terms in the polarizability of an atom or mole
ule. Fig. 7 shows the emission spe
tra ofMg atom in laser �eld with frequen
y 0.5 eV and strength 0.01 and 0.05 atomi
 units. Due tonon-linear e�e
ts, harmoni
s of the laser �eld frequen
y appear at the odd integer multiples ofthe driving �eld. The intensity depends nonlinearly on the strength of the �eld. The harmoni
sat even integer multiples are forbidden by the symmetry. In the simulated spe
trum, weakeven harmoni
s are observed due to numeri
al ina

ura
ies. Compared to our earlier 
al
ulationwith beryllium [51℄, the Mg spe
tra has less numeri
al noise, whi
h is be
ause of the imaginary22
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Figure 6: Opti
al absorption spe
tra of Au25(S-CH3)18− (dashed magneta), Au25(S-CH2-CH2-C6H5)18− (dash-dotted blue), and Au102(S-CH3)44 (solid green).potential absorbing boundary 
onditions [78℄ used in the 
al
ulation of Mg spe
tra.
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Figure 7: Non-linear emission spe
tra of Mg atom in a laser �eld of frequen
y 0.5 eV and strengthof 0.01 (solid blue) and 0.05 (dashed green) atomi
 units. Strong harmoni
 frequen
y generationis observed at odd multiples of the laser �eld frequen
y.5.5 Photoele
tron spe
traThe pro
ess of photoionization may be viewed in two di�erent ways. In the simplest inter-pretation, the single-parti
le states of Kohn-Sham DFT are dire
tly 
onne
ted to the observedele
trons in the experiment. Even though the orbital energies (ex
ept for the highest o

upiedorbital) do not have rigorous physi
al meaning, they often give a very reasonable des
ription ofthe experimentally observed ele
tron binding energies Ebind [79℄.A more rigorous des
ription of the photoele
tron spe
trum (PES) is available in the many-bodypi
ture. The �daughter� system, after emitting the ele
tron, is left either in the ele
troni
 ground23



state or in an ele
troni
ally ex
ited state when the released ele
tron has rea
hed the dete
tor.The measured kineti
 energy distribution of the eje
ted ele
tron is given by the di�eren
e betweenthe ground state energy of the �mother� system EN
0 and ex
ited state energies of the daughtersystem EN−1

I

Ebind = EN−1
I − EN

0 , (76)where N denotes the number of ele
trons. The ground state energy and ex
itation energies 
anbe 
al
ulated with DFT and TDDFT, respe
tively. However, it is not only the energies thatdetermine the amount of ele
trons in the dete
tor, but also the probability for ionization, i.e.not all ex
ited states of the daughter system 
an be rea
hed by ionizing the mother system.In prin
iple, one would need the many-parti
le wave-fun
tions to be able to 
al
ulate the transi-tion probabilities, but these are not available in DFT. One 
an nevertheless 
reate an approximates
heme to 
al
ulate the overlaps [80℄: The ground state wave fun
tions of daughter and mothersystems are approximated by a single Slater determinant of the o

upied Kohn-Sham orbitals.The ex
ited-state wave fun
tions of the daughter states are 
onstru
ted via the weights FI (eq.68) of the Kohn-Sham single orbital ex
itations. With these approximations one 
an evaluatethe spe
tros
opi
 fa
tor fI , the energy independent probability for the daughter system to endup in a given ex
ited state I due to photoemission.We have implemented this s
heme in GPAW. As an example, we have 
al
ulated the resultantPES spe
trum of H2O, CO and NH3. Figure 8 shows the 
omparison of the spe
tros
opi
 fa
torswith experiments and the single parti
le Kohn-Sham approa
h, where the spe
tros
opi
 fa
tor isunity for ea
h o

upied orbital. Both the Kohn-Sham approa
h and the linear-response TDDFTs
heme give good agreement with experiment for lower bound ele
trons. For peaks at high bindingenergies, there is a 
lear improvement by the new s
heme. In parti
ular the �broadening� of thehighest energy peak 
an not be des
ribed by the Kohn-Sham single parti
le pi
ture. Here manyex
itations of the daughter system 
ontribute to the peak.
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Figure 8: Experimental photoele
tron 
ross se
tions (adapted from ref. [81℄) 
ompared withspe
tros
opi
 fa
tors from TDDFT and Kohn-Sham approa
hes.
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6 Lo
alized atomi
-like basis fun
tionsAs an alternative to the grid-based �nite-di�eren
e approa
h des
ribed above, GPAW o�ers alsothe possibility to work with atomi
-like basis fun
tions, or linear 
ombinations of atomi
 orbitals(LCAO). A detailed des
ription of GPAW's LCAO implementation is available in Ref. [82℄. AnLCAO basis fun
tion 
entered at atom a has the form
Φa

nℓm(r) = Ra
nℓ(|r −Ra|)Yℓm(r − Ra), (77)where Ra

nℓ is a radial fun
tion whi
h vanishes beyond a 
ertain 
ut-o� radius, and Yℓm is aspheri
al harmoni
. By de�ning ν as the 
omposite a, n, ℓ,m, a general PAW state i 
an thenbe expanded as
ψ̃i =

∑

ν

CiνΦν(r), (78)where Ciν are expansion 
oe�
ients.The grid method and the lo
alized basis 
omplement ea
h other very well. With the grid-based s
heme the 
omplete basis set limit 
an be systemati
ally rea
hed while the lo
alized basisallows for fast 
al
ulations in situations where e�
ien
y is more important than high a

ura
y.Moreover, the lo
alized basis is well suited for quantum transport 
al
ulations, linear-s
aling
omputation s
hemes, mole
ular dynami
s simulations, as well as for analysis purposes. The"multi-basis" feature of GPAW allows the user to swit
h seamlessly between the a

urate gridmode and the e�
ient LCAO mode at any point of a 
omputation. For example, the �rst part ofa stru
tural optimization 
ould be performed e�
iently using the minimal lo
alized basis whilethe �nal steps 
ould be performed in the "grid mode". To our knowledge GPAW is the �rst 
ode
ombining lo
alized basis fun
tions with the PAW method, and the �rst 
ode supporting twodi�erent representations for the Kohn-Sham orbitals within the same unifying DFT framework,that is, with exa
tly the same set of approximations.The LCAO implementation reuses most of what is implemented in the �nite-di�eren
e PAWmethod: 
al
ulation of ele
trostati
 intera
tions, evaluation of the XC potential, atomi
 PAWenergy-
orre
tions, density mixing and also most of the 
ontributions to the atomi
 for
es arethe same. It is only the evaluation of overlap integrals and matrix elements of the kineti
 energyoperator that are done di�erently. Instead of 
al
ulating integrals like 〈ψ̃n|Ŝ|ψ̃m〉, 〈ψ̃n|T̂ |ψ̃m〉,and 〈p̃a
i |ψ̃n〉 on a 3-d grid and using a �nite-di�eren
e representation for T̂ , we express theseintegrals in terms of two-
enter integrals of the type: 〈Φµ|Φν〉, 〈Φµ|T̂ |Φν〉, and 〈p̃a

i |Φν〉, where
Φµ are the atomi
-like basis fun
tions. These integrals 
an be pre-
al
ulated as des
ribed inRef. [11℄.Be
ause of the mu
h smaller number of degrees of freedom in a LCAO 
al
ulation 
ompared toa grid-based 
al
ulation, we 
an do a 
omplete diagonalization in the subspa
e of our basis setinstead of being for
ed to use iterative diagonalization te
hniques.A minimal atomi
 basis set 
onsists of one modi�ed atomi
 orbital for ea
h valen
e state �the single-zeta basis fun
tions. First, lo
alized atomi
-like orbitals ΦAE are obtained for ea
hvalen
e state by solving the radial AE Kohn-Sham equations for the isolated atom. In orderto ensure that the wave fun
tion vanishes beyond a 
ertain 
uto� radius, the atom is pla
edin a suitably de�ned 
on�ning potential well [83℄. The basis fun
tions are then obtained using25



Φ(r) = T −1ΦAE(r). The 
uto� radius is sele
ted in a systemati
 way by spe
ifying the energyshift ∆E of the 
on�ned orbital 
ompared to the free-atom orbital [84℄. In this approa
h smallvalues of ∆E will 
orrespond to long-ranged basis orbitals [82℄.In order to improve the radial �exibility, extra basis fun
tions with the same angular momentum
ℓ (multiple-zeta) are 
onstru
ted for ea
h valen
e state using the split-valen
e te
hnique [11℄.The extra fun
tion is 
onstru
ted by mat
hing a polynomial to the tail of the atomi
 orbital,where the mat
hing radius is determined by requiring the norm of the part of the atomi
 orbitaloutside that radius to have a 
ertain value.Finally, polarization fun
tions (basis fun
tions with ℓ quantum number 
orresponding to thelowest uno

upied angular momentum) 
an be added in order to improve the angular �exibilityof the basis. There are several approa
hes for generating these orbitals, su
h as perturbing theo

upied eigenstate with the highest ℓ quantum number with an ele
tri
 �eld using �rst orderperturbation theory or using the appropriate uno

upied orbitals. In GPAW we use a Gaussian-like fun
tion of the form rℓ exp(−αr2) for the radial part, where ℓ 
orresponds to the lowestuno

upied angular momentum.One of the most time 
onsuming parts of a basis set 
al
ulation is the evaluation of matrixelements of the e�e
tive pseudo-potential 〈Φµ|ṽ|Φν〉, whi
h is done on a 3-d grid. For an e�
ientevaluation of these matrix elements, it is important to have as short-ranged basis fun
tions aspossible and to use as 
oarse grids as possible. For the latter, the PAW method helps to makethe basis fun
tions and potentials smooth.Table 3: Latti
e 
onstants, a, 
ohesive energies, Ec, and bulk moduli, B, for sele
ted solids.MAE denotes the mean absolute error of the double-zeta polarized (DZP) basis set with respe
tto the grid based results.

a (Å) Ec (eV) B (GPa)DZP GRID DZP GRID DZP GRIDLiF 4.10 4.06 4.52 4.24 70 80C 3.58 3.57 7.89 7.72 422 433Na 4.24 4.19 1.07 1.09 7.9 7.9MgO 4.27 4.26 4.97 4.95 173 154Al 4.07 4.04 3.54 3.43 79 77NaCl 5.67 5.69 3.26 3.10 26 24Li 3.43 3.43 1.63 1.62 16.3 14.2SiC 4.41 4.39 6.48 6.38 202 211Si 5.49 5.48 4.71 4.55 86 88AlP 5.53 5.51 4.21 4.08 81 82Fe 2.83 2.84 5.07 4.85 231 198Cu 3.64 3.65 4.14 3.51 143 141Pt 3.98 3.98 5.69 5.35 263 266MAE 0.019 0.0 0.18 0.0 7.4 0.0As an example, Table 3 shows the latti
e 
onstant, 
ohesive energy, and bulk modulus for a26



range of solids 
al
ulated with double-zeta polarized (DZP) basis sets and 
ompared to the gridbased results. The 
uto� radii of the basis orbitals 
orrespond to an energy shift of 0.1 eV. TheDZP values are in good agreement with the grid based values, in parti
ular for the stru
turalproperties, i.e. latti
e 
onstants and bulk moduli. Cohesive energies are more di�
ult to des
ribewith a lo
alized basis set. The primary sour
e of error in 
ohesive energies 
omes from the free-atom 
al
ulation, where the 
on�nement of ea
h orbital raises the energy levels by around 0.1eV. Thus, atomi
 energies are systemati
ally overestimated, leading to stronger binding6.1 Non-equilibrium ele
tron transportDriven by the prospe
ts of nano-s
ale ele
troni
s, the �eld of quantum transport has developedrapidly over the last de
ade. In support of this development, GPAW supports open- boundary�nite-bias ele
tron transport 
al
ulations with the LCAO basis. The basi
 setting is that of a
entral devi
e region (C) 
onne
ted to two semi-in�nite leads (L) and (R). The leads are kept at�xed 
hemi
al potentials, µL and µR, to simulate an applied bias voltage of V = (µL − µR)/ea
ross the devi
e region. Due to ele
troni
 s
reening the ele
tron potential inside the leads
onverges rapidly to the bulk value and this de�nes the boundary 
onditions for the ele
trostati
potential inside C. Rather than obtaining the wave fun
tions from the eigenvalue equation wework with the Green fun
tion (GF) of the 
entral region de�ned by
G(z) = (zS −HC − ΣL(z) − ΣR(z))−1, (79)where S and HC are, respe
tively, the overlap and Kohn-Sham Hamiltonian matrix of the 
entralregion in the LCAO basis. The self-energies, ΣL/R, represent the 
oupling to the leads and areobtained using the e�
ient de
imation te
hnique [85℄. The ele
tron density matrix is given by
D =

1

2πi

∫ ∞

−∞

G<(ε)dε =
1

2πi

∫

C
G<(z)dz (80)with the lesser GF de�ned by

G<(z) = G(z)(Σ<
L (z) + Σ<

R(z))G(z)† (81)As indi
ated in the last equality of Eq. (80) the integral is performed along a 
omplex 
ontour
C. The equivalen
e of the two expressions follows from the analyti
al properties of the Greenfun
tion and residue 
al
ulus [86℄. Away from the real axis the Green fun
tion varies slowlywith z and the integral 
an be e�
iently evaluated using a Gauss-Kronrod quadrature [87℄. Thenon-equilibrium density is obtained from

ñ(r) =
∑

νµ

DνµΦν(r)
∗Φµ(r) +

∑

a

ña
c , (82)where Φν and Φµ are the LCAO orbitals in the 
entral region and Dνµ are the 
orrespondingmatrix elements of the density matrix. The Poisson equation is solved on the real spa
e gridto obtain the ele
trostati
 
ontribution to the e�e
tive potential ṽ in region C. The boundary
onditions for the Poisson equation at the C-L and C-R interfa
es are given by bulk potentialof the leads (shifted by the applied bias voltage ±eV/2), while periodi
 boundary 
onditions areused in the plane perpendi
ular to the dire
tion of transport.27



The 
y
le D → ñ(r) → ṽ(r) → HC → D is iterated until self-
onsisten
y using Pulay densitymixing. At self-
onsisten
y the 
urrent of a spin-degenerate system 
an be 
al
ulated from [88, 89℄
I(V ) =

1

π

∫ ∞

−∞

(fL(ε) − fR(ε))Tr[ΓL(ε)G(ε+)ΓR(ε)G(ε+)†]dε, (83)where ε+ = ε + i0+ and ΓL/R(ε) = i(ΣL/R(ε+) − ΣL/R(ε+)†) and the tra
e is taken over the
entral region basis fun
tions.As an example, Fig. 9 shows the IV 
urve of a mole
ular jun
tion 
onsisting of a benzene dithiolmole
ule atta
hed to gold ele
trodes (see inset). We have used a DZP basis set for the mole
uleand SZ basis for the Au, a total of 84 Au atoms in the 
entral region, and 4 × 4 k-points in thesurfa
e plane (8 irredu
ible). A 2-d plot of the average e�e
tive potential at a bias of 3 V isshown in the right panel. Although four Au layers are in
luded in the 
entral region on both sidesof the mole
ule, ele
troni
 s
reening limits the potential drop to the mole
ule and outermost Ausurfa
e layer.

Figure 9: Left: Cal
ulated IV 
urve for the Au/benzene-dithiolate jun
tion shown in the inset.Right: E�e
tive potential at a bias voltage of 3 volts.Let us �nally mention some of the limitations of the DFT-based transport approa
h. It hasre
ently been shown that the energeti
 position of mole
ular ele
troni
 levels at a solid-mole
uleinterfa
e 
an be substantially wrong in DFT due to self-intera
tion errors [90℄ and the la
k ofdynami
al s
reening [91, 92, 93℄. This 
ir
umstan
e is expe
ted to in�uen
e the 
al
ulated 
on-du
tan
e, in parti
ular when the transport me
hanism is o�-resonant tunneling whi
h is themost 
ommonly en
ountered 
ase. In su
h 
ases DFT must be 
onsidered to be only qualita-tively 
orre
t while quantitative predi
tions require a many-body des
ription su
h as the GWapproximation [94℄. More fundamental problems are en
ountered for weakly 
oupled and strongly
orrelated systems dominated by Coulomb blo
kade and Kondo physi
s where the single-parti
leapproximation breaks down [95, 96℄. In the opposite regime, 
hara
terized by strong mole
ule-lead 
ouplings, DFT has been found to work surprisingly well and provides results in quantativeagreement with experiments [97, 98℄.
28



7 Additional features7.1 ∆ SCF
∆SCF [99, 100, 33℄ is a simple method for estimating ex
itation energies within DFT. Thea
ronym refers to the fa
t that the ex
itation energy is 
al
ulated as the di�eren
e between twoself-
onsistent 
al
ulations, one traditional ground state 
al
ulation and one where an ele
tron is
onstrained to a 
ertain Kohn-Sham orbital as the system rea
hes self-
onsisten
y. The methodis formally justi�ed only when the 
onstrained orbital is the lowest lying of its symmetry [101℄,but it is often applied in other situations with reasonable su

ess [33, 102, 103, 104, 105℄. GPAWimplements a generalized version of ∆SCF, where it is possible to 
onstrain an ele
tron to anylinear 
ombination of Kohn-Sham orbitals, whi
h is desirable for mole
ules on surfa
es wherethe mole
ular orbitals hybridizes with substrate states. A mole
ular orbital |α〉 
an always berepresented by a linear 
ombination of Kohn-Sham orbitals if a su�
ient number of uno

upiedKohn-Sham orbitals is in
luded in the 
al
ulation:

|α〉 =
∑

n

cn|ψn〉, cn = 〈ψn|α〉. (84)The 
ontribution to the PS ele
tron density from this mole
ular orbital is then:
∆ñα(r) =

∑

m,n

c∗mcnψ̃
∗
m(r)ψ̃n(r), (85)and the 
orre
tions to the atomi
 density matri
es Eq. (10) are

∆Da
iii2 =

∑

m,n

c∗mcn〈ψ̃m|p̃a
i1〉〈p̃

a
i2 |ψ̃n〉.The extra ele
tron is usually taken from the Fermi level by simply requiring that the Fermidistribution integrates to the number of valen
e ele
trons minus one, but it is possible to introdu
eany spe
i�ed hole a

ording to the above des
ription.The 
ontribution to the band energy from the ex
ited state is given by

〈α|Ĥ |α〉 =
∑

m,n

c∗mcn〈ψm|Ĥ|ψn〉 =
∑

n

|cn|2εn. (86)The linear 
ombination in Eq. (84) is found by proje
ting the Kohn-Sham orbitals onto a desiredorbital in the self-
onsisten
y 
y
le. In GPAW this 
an be done in the two di�erent ways asdes
ribed below.7.1.1 Proje
tor-pseudo wave fun
tion overlapIf the orbital to be kept o

upied is an atomi
 orbital 
orresponding to a partial wave (|α〉 = |φa
i 〉),then the overlaps in Eq. (84) 
an be approximated by

〈ψn|φa
i 〉 ≈ 〈ψ̃n|p̃a

i 〉, (87)whi
h follows from Eq. (5) if we negle
t overlap between atomi
 sites. This is a qui
k and e�
ientway of obtaining the expansion 
oe�
ients cn, sin
e the proje
tor overlaps Eq. (87) are 
al
ulated29



in ea
h step of the self-
onsisten
e 
y
le anyway. The method is easily extended to mole
ularorbitals by taking appropriate linear 
ombinations of 〈ψ̃n|p̃a
i 〉.7.1.2 AE wave fun
tion overlapIn prin
iple one has a

ess to the AE wave fun
tions in the PAW formalism and thus it ispossible to resolve any mole
ular orbital exa
tly into Kohn-Sham orbitals. However, the DFTPAW formalism works with the PS wave fun
tions and these are the ones whi
h are immediatelyavailable in the GPAW 
ode.To �nd the overlaps cn = 〈ψn|α〉 one should start by performing a gas-phase 
al
ulation of themole
ule or atom whi
h is to be used in an ∆SCF 
al
ulation. The PS wave fun
tion |ψ̃α〉
orresponding to the orbital to be o

upied is then saved along with the its proje
tor overlaps

〈p̃a
k|ψ̃α〉 and the ∆SCF 
al
ulation is initialized. In ea
h step of the 
al
ulation the AE overlap

cn 
an then be obtained by
cn = 〈ψn|ψα〉 = 〈ψ̃n|ψ̃α〉 +

∑

a,i1,i2

〈ψ̃n|p̃a
i1〉∆S

a
i1i2〈p̃

a
i2 |ψ̃α〉. (88)Note that there is only a single sum over atoms (and only the ones in the mole
ule) and thatthe 
ross terms of PS/AE wave fun
tions do not 
ontribute. Sin
e the AE wave fun
tions areorthonormal, the squared norm of the 
oe�
ients sums to one, ∑

n |cn|2 = 1, if the Kohn-Shamorbitals span the mole
ular orbital |α〉. If this is not the 
ase, one has to in
rease the number ofuno

upied states in the 
al
ulation.The expansion in Eq. (84) holds for ea
h point in k-spa
e so one has to use the same k-points inthe gas phase 
al
ulation and then 
al
ulate the overlaps for ea
h k-point.7.1.3 Appli
ation to CO on Pt(111)In Fig. 10 we show the potential energy surfa
es of CO on a Pt surfa
e (1/4 monolayer) in theground state and in an ex
ited state where the 2π∗ resonan
e is o

upied. This demonstrates howthe minimum energy 
on�guration in the resonan
e state is shifted with respe
t to the groundstate, whi
h is interesting in relation to mole
ular motion indu
ed by hot ele
trons [102℄. Fig.10 also 
ompares the proje
ted density of states using the two proje
tion methods des
ribed inSe
s. 7.1.1 and 7.1.2 and 
learly shows that the methods have the same qualitative features.However, the long high energy tail of the proje
tor overlap method is a symptom of the lowera

ura
y of this method and indi
ates that the ex
itation energy will depend on the number ofuno

upied bands in
luded in the 
al
ulation. In 
ontrast, the AE overlaps approa
hes zero forhigh lying states and this method 
an be 
onverged in the number uno

upied bands. Finally,Fig. 10 shows the 
harge redistribution due to the ex
itation. The 2π∗ orbital of the mole
ule is
learly seen as well as an indu
ed image 
harge on the surfa
e.
30
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Figure 10: CO on Pt(111). Top left: Potential energy surfa
es in the ground state and the 2π∗resonan
e as a fun
tion of the CO binding distan
e and the mole
ules 
enter of mass distan
eto the surfa
e. Top right: The 
hange in 
harge distribution due to the ex
itation. Green:more 
harge (0.02 a.u. 
ontour), red: less 
harge (-0.02 a.u. 
ontour). Lower: Density of statesproje
ted onto the 2π∗ orbital of CO using the two proje
tion methods des
ribed in Se
s. 7.1.1and 7.1.2.7.2 X-ray absorption spe
traIn a one parti
le pi
ture, X-ray absorption (XAS) 
an be viewed as ex
iting a 
ore ele
tron toan uno

upied orbital [106℄. The absorption 
ross se
tion is given by Fermi's golden rule:
σ(ω) ∝

∑

f

|〈ψf |e · µ|φa
c 〉|2δ(Efc − ω) (89)where |φa

c 〉 is the 
ore orbital, |ψf 〉 are uno

upied orbitals, Efc is the eigenvalue di�eren
ebetween orbitals c and f , e is the polarization ve
tor of the in
oming photon and µ is the dipoleoperator. To a

ount for 
ore hole e�e
ts we use spe
ially 
onstru
ted PAW setups with half or afull ele
tron removed from the 
ore orbital. The wave fun
tions are then relaxed in this potential[107℄. Using the PAW transformation we 
an rewrite the expression for the 
ross se
tion [108℄
σ(ω) ∝

∑

f

|〈ψ̃f |φ̃a
c 〉|2δ(Efc − ω) (90)31
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Figure 11: Left: Half 
ore hole K-edge nitrogen spe
trum of Pyridine. Spe
trums shown are forGPAW (blue), StoBe (green), and experiment (red). The GPAW spe
trum shows the individualos
illator strengths. Right: K-edge 
arbon spe
trum of diamond. Spe
trums shown are the half
ore hole (blue), full 
ore hole (green), abd experiment (red).where |φ̃a
c 〉 =

∑

i |p̃a
i 〉〈φa

i |e·µ|φa
c 〉. In the above expression for the 
ross se
tion a lot of uno

upiedstates must be determined whi
h is 
omputationally demanding. This 
an be avoided with theHaydo
k re
ursion s
heme [109℄ whi
h we have also implemented. Due to the non-orthogonalPS wave fun
tions in the PAW method the 
al
ulation of the re
ursion 
oe�
ients involves theinverse overlap Ŝ−1 whi
h 
annot be expli
itly 
omputed. Instead, the equation Ŝx = y is solvedwith the 
onjugate gradient method using an approximate Ŝ−1 as a pre
onditioner [110℄. Theabsolute energy s
ale is determined separately in a ∆SCF pro
edure where the total energydi�eren
e is 
omputed between the ground state and the �rst 
ore ex
ited state using a full
ore hole setup and an extra ele
tron in the valen
e band. ∆SCF transition energies dependstrongly on the fun
tional used [111℄, mostly due to di�ering des
riptions of the 
ore ele
trons.The spe
tra dis
ussed in the following were 
al
ulated using the LDA fun
tional, with the ∆SCFshifts 
omputed using the BLYP fun
tional.In Fig. 11 we show the 
al
ulated half 
ore hole XAS-spe
trum for the pyridine nitrogen K-edge. A 
ubi
 box with 20 Å sides and a grid spa
ing of 0.2 Å was used with open boundary
onditions. The agreement with experiment and a 
al
ulation using the StoBe 
ode [112, 113℄ isgood. Comparing the GPAW 
al
ulation to experiment the �rst peak is 0.8 eV too low and therelative energy between the �rst peak and the sigma resonan
e (408 eV in experiment) is aboutone ele
tron volt too low.Figure 11 shows also the 
al
ulated 
arbon K-edge XAS-spe
trum of diamond both for half andfull 
ore hole. A 
ubi
 super 
ell with 216 atoms was used with periodi
 boundary 
onditions andthe Brillouin zone was sampled at the Γ point. The grid spa
ing was set to 0.2 Å. The spe
trumwas 
al
ulated with the re
ursion method using 6×6×6 k-points and 2000 re
ursion 
oe�
ients.The full 
ore hole spe
trum is in good agreement with [108℄, but has too mu
h intensity near theonset of the spe
trum 
ompared to the experiment [114℄. Neither the half or the full 
ore holereprodu
es the �rst ex
itoni
 peak of the experiment.
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7.3 Wannier orbitalsThe partly o

upied maximally lo
alized Wannier fun
tions (WF) [115℄ are 
onstru
ted by doingan unitary rotation for the lowest states (�xed spa
e), and using a dynami
ally optimized linear
ombination of the remaining orbitals (a
tive spa
e). Both linear 
ombinations are 
hosen su
has to minimize the spread of the resulting Wannier fun
tions. The unitarity of the rotation inthe �xed spa
es implies that the eigenvalues of the Blo
h states 
ontained in the �xed spa
e 
anall be exa
tly reprodu
ed by the resulting WF, whereas the largest eigenvalues of the WF willnot ne
essarily 
orrespond to any �real� eigenvalues.When 
onstru
ting Wannier fun
tions, the only quantities that need to be supplied from theDFT 
al
ulation are the integrals ZG
n1n2

= 〈ψn1
|e−iG·r|ψn2

〉, where G is one of at most 6 possible(3 in an orthorhombi
 
ell) ve
tors 
onne
ting nearest neighbor 
ells in the re
ipro
al latti
e.When introdu
ing the PAW transformation, this quantity 
an be expressed as [115, 116℄
ZG

n1n2
= 〈ψ̃n1

|e−iG·r|ψ̃n2
〉 (91)

+
∑

a

∑

i1i2

P a∗
i1n1

P a
i2n2

(

〈φa
i1 |e

−iG·r|φa
i2〉 − 〈φ̃a

i1 |e
−iG·r|φ̃a

i2〉
)

. (92)Even for small systems, the phase of the exponential of the last integral does not vary signi�
antlyover the augmentation spheres where φa
i and φ̃a

i di�er. The integrals in the last two terms 
antherefore safely be approximated by taking the exponential outside the integrals as e−iG·Ra .An example of partly o

upied Wannier fun
tions 
onstru
ted using the GPAW 
ode is shownin Fig. 12 (left) for a benzene mole
ule.

Figure 12: Left: Partly o

upied WF; 6 C-H σ bonds, 6 C-C σ bonds, and 6 pz orbitals on C.Right: Proje
ted lo
alized fun
tions; 12 s orbitals on C and H respe
tively, and 3 p-type orbitalson ea
h C, one pz, one along the C-H bond, and one perpendi
ular to the C-H bond.One 
an also, in the same sense as for the partly o

upied Wannier fun
tions, form a linear
ombination of the Kohn-Sham Blo
h states, spanning the o

upied spa
e exa
tly, where theunitary rotation in the �xed spa
e, and the linear 
ombination of the a
tive spa
e are 
hosensu
h that the overlap of the resulting wave fun
tions with the proje
tor fun
tions or the PS LCAOorbitals is maximized. This will result in a optimized single zeta numeri
al basis set, whi
h 
anbe used for minimal basis set 
al
ulations. An example of su
h lo
alized optimized orbitalsfor benzene is shown in Fig. 12 (right). In this 
ase the resulting orbitals have been rotatedto diagonalize the Hamiltonian in the subspa
es spanned by orbitals on the same atom. In33



GPAW, these fun
tions are used as an e�
ient minimal basis set for performing 
omputationallydemanding GW 
al
ulations [52℄.The algorithm for 
onstru
ting su
h lo
alized fun
tions is mu
h faster, and more robust than theone for 
onstru
ting the partly o

upied WF, as it only involves some linear algebra on the pre-
al
ulated proje
tions, and not an iterative maximization of a spread fun
tional. The pro
edureis des
ribed in more detail in Ref. [117℄.An exa
t representation of the Kohn-Sham eigenstates in a minimal and maximally lo
alizedbasis 
an fa
ilitate orbital analysis [115℄.7.4 Lo
al propertiesThis se
tion des
ribes quantities that 
an somehow be related to a spe
i�
 atom. As the PAWtransform utilizes an inherent partitioning of spa
e into atomi
 regions, su
h quantities are usuallyextra
table from already determined atomi
 attributes, su
h as the atomi
 density matri
es orthe proje
tor overlaps.The proje
tor overlaps P a
in are simultaneous expansion 
oe�
ients of the PS and the AE wavefun
tions inside the augmentation spheres (see Eqs. (5) � (6)). They 
an therefore be used bothfor re
onstru
tion of AE wave fun
tion or densities, and for making a lo
al expansion in atomi
orbitals.7.4.1 Density partitioningCharge redistribution during a 
hemi
al rea
tion 
an often be studied by assigning the densitydistribution to the individual atoms. Formally, it is easy to re
onstru
t the true AE density fromthe PS density and the atom proje
ted density matrix via Eq. (13).In GPAW, 
harge assignment 
an be done in several ways. One 
hoi
e is to apply a Wigner-Seitz s
heme, where ñ(r) at ea
h grid point is assigned to the 
losest atom. The atomi
 PAW
orre
tions in Eq. (13) 
an then be integrated on the radial grid, and added for ea
h atom.In the Bader analysis [118℄, it is not possible to apply the algorithm to the PS density and
orre
tions separately, as the dividing surfa
es might interse
t the augmentation spheres. Thus,the AE density should be re
onstru
ted on a single regular grid, whi
h 
an also be useful forother post-pro
essing purposes. To a

urately represent the peaked features of the AE density,the PS density is interpolated to a grid with redu
ed grid spa
ing before transferring the density
orre
tions from the radial- to the uniform grid.For the purpose of studying 
harge transfer, it 
an be advantageous to adjust the value of theatomi
 
orre
tions on the uniform grid at the grid point 
losest to ea
h nu
leus, su
h thatthese integrate to the same value as on the more a

urate radial grid. This does not a�e
t thedetermination of the dividing surfa
es, but enfor
e the integral properties of the re
onstru
tedAE density within ea
h domain.In pseudopotential s
hemes, a re
onstru
tion of the AE density is not possible, whi
h 
an 
auseproblems if dividing surfa
es and pseudization regions interse
t. This is the 
ase for water, asillustrated in Fig. 13, showing the dividing surfa
es of a water mole
ule determined using the34



Bader program [119℄ and the re
onstru
ted AE density from GPAW.

Figure 13: Contour lines for the PS (left) and re
onstru
ted AE (right) densities of a watermole
ule. While the PS density only has a single maximum, the AE density has one distin
tlo
al maximum per atom, and a Bader partitioning s
heme 
an be used to analyse 
harge transfer.The AE density integrates to the total number of ele
trons.7.4.2 Proje
ted density of statesGiven a set of states |ψn〉 with eigenenergies εn, the density of states proje
ted onto a state |α〉is de�ned by
ρα(ε) =

∑

n

|〈α|ψn〉|2δ(ε − εn). (93)If |α〉 is an atomi
 orbital whi
h 
an be represented by a partial wave |φa
i 〉, the simplest wayto obtain the overlaps is to use the single 
enter expansion of the AE wave fun
tion Eq. (5),whi
h gives 〈α|ψn〉 ≈ 〈p̃a

i |ψ̃n〉 when negle
ting the overlap of φa
i with neighbouring augmentationspheres. The method is easily extended to mole
ular orbitals by 
onsidering superpositions ofpartial waves.If the state |α〉 
an be represented by a Kohn-Sham state |ψα〉 from a di�erent 
al
ulation, thePAW formalism allows one to obtain the AE overlaps exa
tly from Eq. (88). The di�eren
ein the two methods is illustrated for the 
ase of the 2π∗ orbital of CO adsorbed on Pt(111) inFig. 10. A major advantage of the AE overlap method is that the proje
ted density of states is
orre
tly normalized and one 
an obtain the fra
tion of an orbital lo
ated below a given energyby trun
ating the sum in Ref. (93) at that energy.8 Parallel 
al
ulationsDrasti
 performan
e improvements in desktop 
omputers and super
omputers are nowadays be-ing a
hieved through new CPU designs with high density of pro
essing elements (PEs). (Herewe will use the terms 
ores, pro
essors, and pro
essing elements inter
hangeably). Thus, paral-lel 
omputing is needed for utilizing this kind of hardware. The bene�ts of parallelization aretwo-fold: �rstly, a redu
tion in the time-to-solution, and se
ondly, the 
apability to study larger35



problems. At present, parallelization of GPAW is a

omplished using MPI; though with the ad-vent of multi
ore CPUs �ne-grained parallelism with OpenMP or Posix threads is a likely futureenhan
ement.The real-spa
e representation allows seamless distribution of the PS wave fun
tion ψ̃nkσ(rg) overall wave fun
tion indi
es: band n, k-point, spin σ, as well as the grid-point g index. This isin sharp 
ontrast to plane-wave basis 
odes whi
h rely on the dual-spa
e te
hnique [120℄ foriterative diagonalization, and are thus 
ompli
ated by representing the PS wave fun
tion in bothreal and re
ipro
al spa
e. Parallelization over k-points and spin is nearly trivial as these degreesare normally only 
oupled through ele
tron density (ex
ept in the 
ase of EXX). The generalizedeigenvalue problem, Eq. (29) 
an be solved independently for ea
h k-point and spin. However, asthere are signi�
ant number of k-points only in small periodi
 systems and spin only in magneti
systems, the s
alability a

essible via k-point and spin parallelization is limited bene�t for largesystems.The primary parallelization s
heme in GPAW is the domain de
omposition of the real-spa
e grid.The simulation box is divided among the PEs so that ea
h subdomain has approximately the samenumber of grid points. Due to the lo
al nature of the �nite-di�eren
e Lapla
ian, 
ommuni
ationis needed only between neighboring PEs when evaluating derivatives. The non-lo
al parts of thePAW Hamiltonian also require only nearest-neighbor 
ommuni
ation: Cal
ulating an integralinvolving a proje
tor fun
tion, 〈p̃a
i |ψ̃n〉, only involves 
ontributions from those PEs that havegrid points inside the augmentation sphere of atom a.The 
omputation of the dense matrix diagonalization and Cholesky de
omposition needed forsubspa
e diagonalization and orthogonalization s
ales asN3

e , where Ne is the number of ele
troni
states. For large systems with many ele
trons (Ne > 2000), these operations 
an be ex
essivelyslow in serial and and must be performed in a parallel. In GPAW, we use S
aLAPACK [121℄to perform these dense linear algebra operations. In pra
ti
e, a small subset of the PEs is usedfor S
aLAPACK parallelization. As an example, in a 2048 
ore 
al
ulation with Ne ∼ 1800,S
aLAPACK diagonalizations is performed with only 16 
ores ands takes a few per
ent of thetotal 
omputing time. In our most re
ent release of GPAW, the asso
iated dense linear algebramatri
es, requiring O(N2
e ) storage, are fully distributed so that very large problems Ne > 10000
an be treated.Even though the real-spa
e domain de
omposition s
ales well, the ratio of 
omputation to 
om-muni
ation de
reases when number of PEs is in
reased (for a �xed problem size). The limitingfa
tor is the ratio Ng/Pd where Ng is the total number of grid points (proportional to systemsize N) and Pd is the number of PEs used for domain de
omposition. The 
omputational work-load of the entire 
al
ulation s
ales as O(N3) (due to orthonormality 
onstraints and subspa
ediagonalization), so that in large systems additional parallelization levels are ne
essary.For large systems, domain-de
omposition is 
ombined with parallelization over the band index.This is ideal in the 
ase of real-time propagation TDDFT be
ause di�erent ele
troni
 states 
anbe propagated independently of ea
h other and 
ommuni
ation is needed only when summing forthe ele
tron density, similar to k-point and spin parallelization. However, for a ground-state DFT
al
ulation, the subspa
e diagonalization and orthogonalization steps ne
essitate 
ommuni
ationof all the ele
troni
 states on 
o-subdomains (g index). The amount of data to 
ommuni
ate per36



PE is proportional to NgNe/(PdPe). On the other hand, the relevant 
omputational workload isproportional to NgN
2
e /(PdPe) (where Pe is the number of band groups and PdPe equals to thetotal number of PEs). In sharp 
ontrast to the domain de
omposition, where the 
ommuni
ationis proportional to surfa
e area of the subdomain, parallelization over the band index introdu
es
ommuni
ation whi
h is proportional to the volume of the subdomain. Pe must be 
arefully
hosen so that the 
omputation to 
ommuni
ation ratio 
an be kept reasonable. Part of the
ommuni
ation overhead 
an often be hidden by overlapping 
ommuni
ation and 
omputation.Optimal values of Ng/Pd and Ne/Pe depend a lot on the underlying hardware, but our experien
ehas shown that typi
al minimum values are Ng/Pd = 1000 − 8000 and Ne/Pe = 250 for groundstate 
al
ulations, and Ne/Pe = 20 − 40 for real-time propagation. This enables s
aling tothousands of pro
essors for large systems, as shown in Fig. 8. The ground-state DFT 
al
ulationis a 102 Au atom 
luster surrounded by 44 p-MBA mole
ules [122℄ and the dimension of thesystem is ∼ 3 nm. There are total of 762 atoms on 1603 real-spa
e grid and ∼ 1800 ele
troni
states are in
luded in the 
al
ulation. The real-time propagation TDDFT is performed for asili
on 
luster with 702 atoms on 1603 real-spa
e grid, the number of ele
troni
 states in the
al
ulation is ∼ 1600.
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RealFigure 14: Parallel s
aling for ground state total energy 
al
ulation (left) and for real-timepropagation (right). The 
al
ulations are performed on a Cray XT5 systems at CSC and at OakRidge National Laboratory. The speedup is normalized so that at the �rst data point (256 PEson left and 5000 PEs on right) the speed-up equals the number of PE's.When using the LCAO basis, the real-spa
e domain de
omposition is used when solving thePoisson equation and in the evaluation of two-
enter integrals. Dense matrix diagonalizations
an also be performed with the help of S
aLAPACK, and parallelization over basis fun
tions(equivalent of state parallelization in grid 
al
ulations) has been implemented. Generally, theparallel s
aling of LCAO 
al
ulations is not as good as that of grid 
al
ulations, on the otherhand the more modest memory requirement and 
omputational workload enable large LCAO-type 
al
ulations with smaller number of CPUs.In some spe
ial 
ases, it is possible to introdu
e further parallelization levels. For example, innudged elasti
 band 
al
ulations the total energies of the images are independent and 
an hen
ebe 
al
ulated in parallel. Also, when 
al
ulating opti
al spe
tra with real-time propagation the
al
ulations over di�erent polarization dire
tions (if required by the symmetry of the system)37




an be performed in parallel. Finally, in linear response TDDFT the 
onstru
tion of the Ωmatrix, Eq. (69), 
an be performed parallel over the ele
tron-hole pairs. All these additionalparallelization s
hemes are trivial and therefore s
ale ideally.9 Summary and outlookAs des
ribed in this arti
le, GPAW is now a stable and fairly mature real-spa
e realization ofDFT and TDDFT, based on the PAW method. In addition to the grid-based des
ription, alo
alized atomi
-orbital basis is available for fast 
omputations of more limited a

ura
y. Manyfeatures have been implemented in
luding a wide range of ex
hange-
orrelation fun
tionals. The
ode is 
urrently developed by an expanding group of developers situated primarily in Denmark,Finland, Sweden, and Germany with users from all over the world.GPAW is an open-sour
e proje
t with only a loose organization behind it and therefore thereexists no single long-term master plan for the further development of the 
ode. The implemen-tations that take pla
e are ex
lusively based on the needs of the resear
hers working with the
ode and the whole proje
t is therefore in the end 
arried by the enthusiasm of resear
hers at alllevels. Among the features whi
h are 
urrently implement, we mention the 
al
ulation of stati
response fun
tions using density-fun
tional perturbation theory and more general 
al
ulations ofdynami
al response fun
tions within TDDFT. The 
al
ulation of for
es as well as adiabati
 andEhrenfest dynami
s are also being implemented within TDDFT. Furthermore, there is ongoing-work to extend the number of atomi
 setups to in
lude all elements through atomi
 number86.The GPAW 
ode builds upon the Atomisti
 Simulation Environment (ASE) [123℄ whi
h is a set ofpython modules to fa
ilitate setting up, running, and analyzing atomisti
/ele
troni
 
al
ulations.The tight integration with ASE is expe
ted to be maintained in the future. This seems naturalalso from the point of view that the interest in ASE has in
reased 
onsiderably the past fewyears so that ASE now supports about 12 di�erent for
e and energy 
al
ulators.There are of 
ourse a number of other open-sour
e proje
ts fo
used on DFT/TDDFT su
h asABINIT, Quantum ESPRESSO, and O
topus. How does GPAW �t into this �market� of 
odes?The main feature whi
h distinguishes GPAW is the 
ombination of real-spa
e des
ription with thePAW method. The PAW allows for an a

urate, essentially all-ele
tron, frozen-
ore des
riptionwhi
h leads to soft pseudo wave fun
tions even for transition metals. The real-spa
e des
riptionallows for easy and very s
alable parallelization through real-spa
e de
omposition making itpossible to perform a

urate 
al
ulations for large systems. Only time 
an tell whi
h futuredevelopments will make their way into the GPAW 
ode but almost 
ertainly they will bene�tfrom the PAW a

ura
y and the real-spa
e parallelization.10 A
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