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1. Basic characteristics of semiconductors

Key ideas  General Properties

A semiconductor is neither a good insulator nor a very good conductor 1.1 Gualitative properties
of electric current. "

The electrical resistivity of semiconductor generally decreases strongly
with increasing temperature, whereas the resistivity of a metal
generally increases weakly with increasing temperature.

A semiconductor can be an element, such as Si or Ge, or a compound, =~ 1.2 Composition of semiconductors
such as GaAs or InSb. H 2 :
Solid semiconductors can exist in the crystalline or amorphous form. 1.3 Structure of solids

A lattice is a periodic array of points in space.

A basis is a set of atoms associated with each lattice point.

Semiconductors can crystallize in the diamond, zinchlende, wurizite, or
other structures. '

The bonding between atoms in a semiconductor can be covalent, ionic, 0T 1.4 Chemical bonding in semiconductors
mixed. :

Layered semiconductors can intercalate foreign atoms or molecules.

Very pure semiconductors can be produced by the zone refining method. 1.5 Growth of pure semiconductor erystals
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Something about the history:
1833 M. Faraday: For AgS decreasing p with increasing T

1873 W. Smith: Photoconductivity of Se
1874 F. Braun: Rectifying properties of PbS

1948 Bardeen & Brattain: Bipolar transistor A

1.1. Qualitative properties

Bands:
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agn Periodic Table of “Semiconductor-Forming” Elements
1.2. Composition of
semiconductors :‘IJ L m v [vi[vi| v g
H H
The most usual semiconductors are the e o) 5
elemental ones, Si and Ge (and diamond C). L (Be] LB LEd LN m Nd
They are tetrahedrally bonded, and thus, four- Na'| dT A [st [P | s ol Af
fold coordinated with sp?-hybridization. A
19 21| 2 2 5 2 128
Semiconductors are typically: <] ot | ] L L o oI
. . . ) 2! 0 31 2]
- stoichiometric: v [Zied| (el |A) |se BBy ﬁj
elemental, binary, tertiary, quaternary, ... roT s | [ (28] g jmd TrcfruRpd
- crystalline !
. | 49 0) 8651 52| |53
= Sma” band gap mater|a|S 94' 94 sg‘sss’rf 55° 54 -51;95 552 51 m

= semiconducting

. g::: H7] T’ 74 Eﬁiﬁiog Ir77| pt78
- covalently bonded (mainly)

6525&12 625¢%|  [6s25d4 5d° | 6s5d9)

8 81 +83] 5
| |ES rgfj ol B

- Elements which crystallize as Semiconductors
n Elements forming Binary 11I-V Semiconductors

There are also semiconducting organic,

magnetic and ferroelectric materials. Some Wb b ey A

. . . . Elements forming Binary I1-VI Semiconductors
high—T. superconductors are semiconducting Bl Elements forming Binary VIl Semiconductors
in N-State_ Il Elements forming Binary IV-VI Semiconductors

. Elements forming I-11I-Vl, Chalcopyrite Semiconductors
- Elements forming II-VI-\,, Chalcopyrite Semiconductors
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1.3. Structure of solids
1.3.1. Crystalline and amorph form

Classification by
internal structure MATTER
and order

A moephiows/(
Good short-range

arder, but no long




1.3.2. Latti n i
The lattice points are
R(ll2)3)=11aj+12a+13a3

where aj, a; and a3 are the primitive (translation or lattice) e
vectors, and | 1,1 , and | 5 take all integer values. Thus, In 3D we
have three primitive lattice vectors (alkeistranslaatiovektori eli
perusvektori) , which span (virittdd) the /attice (hila). For the
specific lattice (set of points in space) the choice of primitive
lattice vectors is not unique.

The crystal structure (kiderakenne) is formed by adding an atom
or an identical set of atoms, the basis (kanta), to each lattice
point.

+ Lattice and basis -->  crystal structure

The coordination polyhedron (koordi-
naatiokoppi) is defined or confined
around a lattice point by planes
perpendicularly bisecting the nearest
neighbor distances. This polyhedron is
called the Wigner—Seitz cell. .

. - e ! -

Ira.wl dlae el . u s ] L laardin

1.3.3. Bravais lattices

There are 14 possible
lattices in the three CU:'C

: , be.
dimensional space. These ===

are called Bravais lattices.

_ , TETRAGONAL
The Bravais lattices can a=hsc

be grouped to 7 crystal o by 90t
systems (kidejarjestelma),

which is the most

fundamental classification |, :Tit‘;_ oo
of crystal structures.

ORTHORHOMBIC

_ HEXAGOMNAL - TRIGONAL

In the cubic system, the a-hsc PT; a-b-c
cube spanned by vectors ?:E'm' ) = =900
(2.0,0), (0,2,0) and " o
(0,0, a) is called the MONOCLINIC ﬁ;ﬁ ?L?'I'F'—r
crystallographic unit cell ~ 2zb=e Pro ) e/l 7
(yksikkokoppi) and a is ., 1 iy dutd
the lattice constant (hilava- -
kio). TRICLINIC P

azbsc P/ ?‘ /

e fiwy e 00e ' -r'.h'_;—:i
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(1.1)
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Real !
space
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i

-'lTFg#s of TTml Cell
Primative
1 = Body-Uiotitred
F = Faxe-UCentraxd
C = SdeCoimed

T Crvstal Classes

—= 14 Bravans T attices
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1.3.4. Cr llographi rminol
* Directions 001) T
@ [010]
o o a o
[100] [100] [110] i
* Planes VZ Az

SP I, sp2012 8

1.3.5. Structures of semiconductors

The face-centered cubic (fcc, pintakeskinen kuutiol-
linen, pkk) lattice is spanned by primitive vectors

a; = (0,a/2,a/2)

a) = (a/2,0,a/2)
a3 = (a/2,2/2,0).

See the "periodic table" on p. 3 above.

+ Elemental compounds:

The diamond structure (timanttirakenne) of
carbon, silicon and germanium is obtained
from fcc with a basis of two atoms at (0, 0, 0)
and (a/4, a/4, a/4). Thus, the diamond struc- DIAMOND S S
ture consists of two interpenetrating fcc e, 08,31 ale) (Gaas, Gap, efc)
structures with equal nearest neighbor distances.
It has eight atoms per unit cell, whereas fcc has
four, see figure 2.2.

* [lI-V compounds:
The zinc-blende structure orwurtzite structure.
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* [lI-V compounds:
The zinc-blende structure (sinkkivalke- eli sfaleriittirakenne) of the most of Ill-V compound
semiconductors occupies the same sites as the diamond structure, but with two atoms of
different elements (i.e. 2 x FCC), e.g. Ga and As.

or
wurzite structure: ionicity in bonding = increase of band gap

* [I-VI compounds:
- zinc blende structure:
or
wurzite structure:
- strong ionicity in bonding = large band gap (> 1 eV)

* I-VIl compounds, e.g.,

+ IV=VI compounds, e.g., PbS, PbSe and PbTe appear in rock salt structure .
Tertiary compounds from mixing the binaries ...

+ Oxides:
Oxide semiconductors are, e.g., CuO, Cu20 and some high—T. superconductors in N-state.
Band gap of La2CuOs, for example, is about 2 eV. Complex crystal structures.
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1.4. Chemical bonding in semiconductors
1.4.1. Diamond structur miconductor

The electronic configuration of Si atom is
132 252 2p6 332 3p2 In solid CryStal the core 120 s-p bonding—a case study in silicon
electrons are atomic-like but the valence '

electrons hybridize to

hi =s + px + py + pz,
h2 =s + px— py — pz,
h3 =s —px+ py—pz,
ha=s—px—py+p-

to form tetrahedrally oriented bonding. The
bond angles are arccos(-1/3) = 109.47°.
This transforms the configuration 3s2 3p2 to
3s3pS. This is called sp3 hybridization.

Fig. 6.7 Principal types of s—p hybridization: (a) sp hybrids pointing in opposite
Methane molecule CH4 has the same tetra- directions along the same axis, (b) sp? hybrids at 120° to each other in a plane,
(c) sp® hybrids at cos~'(1/3) ~ 109° to each other, pointing towards the

hedl‘ally Oriented bonding as the diamond corners of a tetrahedron. From McWeeny (1979).
and zinc-blende structures.
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1.4.2. Zincblende structure semiconductors

Bonding in zincblende structure is basically covalent like in diamond structure, but due to
difference in number of participating valence electrons, zincblende structure always includes
some ionic nature;

e.g. Ga: [Ar]3d194s24p and As: [Ar]3d104s24p3 hybridize to
Ga: [Ar]3d'%h;h,h3hs and As: [Ar]3d1%h;h,hsh, in bonding to GaAs.

In more details, one particular "molecular orbital" can be written in "valence bond" formalism
as

Y =ga+A@p = ha+2Ahg, (1.9)

where A and B refer to the atoms and A is a parameter describing the charge transfer. Now,
as two electrons occupy the orbital, the total wavefunction (without normalization) is

W= () PR) = (1.10-11)

11

12
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For a compound semiconductor B8-NAN the effective charge(transfer) can be written as
Qa = e [(NA2—(8-N)]/[1+\?] = —Q, (1.12)
where ¢ is the electron charge.

Table 1.6. Effective charges and ionicity parameters

Qe A
0 1 (IV, N =4)
0.43-0.49 0.68 BA, where B = Ga, Al, In; A=As, Sb, P (lll-V,N=5)

0.45-0.49 0.48-0.49 BA, where B=2n, Cd; A=S, Se, Te (II-V1, N = 6)

1.4.3. Layered semiconductors

In layered IlI-VI compounds like InSe, each In atom is bonded to three nearest neighbor Se
atoms in the same layer and to one In atom perpendicular to the layer.

Pbl> and MoS:, for example, form layered semiconductors, whose bonding within layers is
covalent, but between layers origins from the van der Waals forces. This implies 2D charge
carrier structures.
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1.4.4. Wurtzite structur micon tor

Many I-VI compounds like ZnS occur in both the wurtzite and zincblende structures. CdS
takes primarily the wurtzite structure.

1.4.5. Other semiconductor

rgani miconductor
Semiconductor like properties are also found in "organic compounds" like polydiacetylene
(CH,)n with conjugate carbon chains, fullerenes, nanotubes, BN nanotubes, etc. Organic
molecules can easily be tailored at the molecular level and "tuned" for applications.

However, these are not used too much, yet, but they seem promising materials for nonlinear
optics (NLO), for example.

Magneti miconductor

Strong magnetooptical effect allows the material to be used in optical modulators. Their
Faraday rotation can be up to six orders of magnitude higher than that of nonmagnetic semi-
conductors. Magnetic field can also be used to cause the P
metal to semiconductor transition, a phenomenon also called f
colossal magnetoresistance. Bz

Other ... D
- ferroelectric
+ complex inorganic materials ... for NLO PR
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1.5. Growth of pure semiconductor crystals

Semiconductors can be grown as single crystals with high quality (dislocation densities as
low as 1000 cm=3) and high purity (impurity concentrations less than 1:1012).

Czochralski Method
Czochralski method is for growing bulk single crystal (erillis-
kide) ingots (tanko). Typical growth speed is a few mm/min. Pull

T

Liquid-Encapsulated Czochralski (LEC) method is used for Seed
volatile compounds. T

Silicon is usually grown in [100] direction.

. Growing
Bridgman Method Crystal
Bridgman method involves use of the controled temperature

gradient in Czochralski growth.

The ingots (of diameter up to 30 cm) grown by the above
methods are then mechanically sliced to wafers (kiekko) of
submillimeter thickness. These wafers are then the sub-
strates for the high quality epitaxial growth.

Homoepitaxy, e.g. Crucible

Heteroepitaxy, e.g. (a)
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Epitaxy:

The two basic techniques are Molecular Beam Epitaxy
(MBE) and Metallo-Organic Chemical Vapor Deposi-
tion (MOCVD). These allow a monolayer by monolay- |
er growth, and thus, design and fabrication of atomic |
level artificial structures, such as, superlattices (super-

hila) and quantum wells (QW, kvanttikaivo).

Strain-induced self-organization may also be used to
grow nanostructures.

hemical V rD ition (CVD

A suitable chemical reaction is used to deposit
solid semiconductor onto the substrate.

For Si, e.g.: SiHy — Si+2H,
and dopands:

from phosphine 2 PH; — 2P + 3 H;
from arsine 2AsH; — 2As +3 Hjy \

For GaAs: Ga(CHj3); + AsH; — GaAs + 3CH,
at about 700 °C. This is MOCVD. I

Wafer PAmary Flat

{100} DiFection

(100} plane b (ii1) b (110}
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Mol lar Beam Epitaxy (MBE (a) GaAs
As

MBE is accopmlished in Ultra High Vacuum
(UHV, < 10" torr = 104 Pa) with ballistic
molecular beams from effusion (or Knudsen) 4 Y Moleeular b
cells. This is the epitaxial technique used at / e VOECHATDEAmS
the Optoelectronics Research Centre (ORC) / /

at Tampere Univ. of Tech. L \ }// Sources
Reflection High-Energy Electron Diffraction @ %
(RHEED) is used to monitor the growth . @ M @ .

A

"online".

e Substrate

!

| Shutters

.
——————
-

Al

AS

Ga

(b) =5y

GaAs
Substrate
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Liquid Phase Epitaxy (LPE)

LPE is an inexpensive technique for lower quality growth.

Growth of Self-Organized Quantum Dots
The three basic growth modes are:

(1) monolayer or 2D growth

(2) Volmer—Weber mode

(3) Stranski—Krastanov mode

One important factor controling
the growth mode is the

lattice match (hilasovitus) or
lattice mismatch.

Lattice mismatch causes misfit

dislocations in layers thicker than

‘‘‘‘‘

the critical thickness (kriittinen

paksuus) in otherwise possibly

pseudomorphic growth.
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2. Electronic energy bands: basic theory

Key ideas Bands and gaps —

The eigenstates of an electron moving in the periodic potential of a crystal
are Bloch states whose energy eigenvalues can only take
certain allowed values lying in energy bands.

Electrons move as if the ions are instantaneously at rest. 2.1 Schrédingerequation

The Fourier expansion of a periodic potential involves sums over wave 2.2 Electronsinaperiodicpotential
vectors called reciprocal lattice vectors.

The electronic eigenstates are determined by solving the Schrddinger 2.3 Schrsdingerequationforaperiodic

equation for a periodic potential. potential
The density of electronic states in k-space for crystal volume 2 is 2.4 Expansion of the eigenfunction in plane
0 waves
glk) = e T
(2m)

- Each eigenfunction of an electron moving in a periodic potential 2.5 Blochstheorem
consists of a plane wave factor and a periodic function factor.

A weak periodic potential perturbation leads to strong scattering of 2.6 Electronsinaweakperiodicpotential
elecig'ons w1th wave vectors k satisfying the Bragg condition

The pldiles which bisect the reciprocal lattice vectors G the Bragg planes, 2.7 Brillovinzones
enclose spaces called Brillouin zones.
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The degeneracy of the zero order states |l't) and |k - G} at the 2.8 Energybandsandenergybandgaps
Brillouin zone boundary is lifted in degenerate perturbation theory.
The perturbed energies E; are split at the Brillouin zone boundary by
an amount 2|Fg|, leading to a discontinuity or gap in E; which
separates two energy bands. In the reduced zone scheme, all of the
energy bands can be represented within the
range of wave vectors in the first Brillouin zone.
When the electron—ion interaction is strong, the tight binding or LCAQ 29 Tightbindingmethod
method provides the electron wave functions as series of functions
localized about the nuclei. The localized functions can be represented
by Wannier functions or by atomic orbitals. '

The concept of electronic structure (elektronirakenne) of material (or a specified object)
covers all aspects of the quantum state of the many-electron system: distribution of electrons
in space wrt crystal lattice and atoms, distribution of electrons in energy (density-of-states),
possible spin-density and all other related quantities.

The most complete description is given by the many-electron wavefunction, of course, which
is however, not directly obtainable for the almost infinite number of electrons of a crystal.
For solids the one-electron picture (yksi-elektronikuva) is invoked, and for periodic crystals
the most important concept is the electronic band structure, BS (elektronien kaistarakenne
eli vybrakenne).
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The band structure is a classification of the one-electron energies by their symmetry, i.e. the
wave vector (aaltovektori) k of the reciprocal space, and band index. The tool to work
rigorously with translational, rotational and other symmetries is group theory (ryhméteoria).
It gives the rules and algorithms to calculate and label the electronic states. Here, however,
we do not go to such details.

It is worth of emphasizing that the electronic structure of matter provides all the information
for evaluation (at least in principle) of all the essential properties of matter (except for mass
density). Thus, mechanical, thermal, electric, magnetic and optical properties relate mostly
or exclusively to the states and dynamics of electrons.

Except for a few cases the electrons have to be dealt with by using quantum mechanics, QM,
i.e. they should be solved fom the Schrédinger equation, S-eq. This is true for the stationary
states, in particular. Approaches starting from and using only nuclear charges, QM and Pauli
principle are called ab initio or first-principles methods. Those approaches who simplify the
formalism by using empirical knowledge of experimental data to fit some properties to the ob-
served ones are called semiempirical methods.
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2.1. Schrédinger equation

The Schrddinger equation for n electrons and N ions of a crystal, omitting spin—orbit
interaction and other relativistic effects, is written as

ul 2 N2 1 n el
_ v v —+V.R)+V.(r,R)|¥(r,R)=E¥(r,R), 21
sz‘ Zsz ‘ 4n80121ru «(R)+V,(r.R)|W(r,R) (r,R) (2.1)

where W is the total wavefunction,R = {Ry,....Rn}, r = {ry,...,rp} and the potentials are
Zkzle2 1 LB Zk62

1 N
V,(R) = and V.(r,R)=-—
4“80 k;l Rkl el( ) 43‘580 o] rik

Other notations should be obvious.

Heading for the adiabatic approximation or Born—Oppenheimer approximation we approxi-
mate the total wavefunction as

Y(rR) = y(r.R) pR), (2.2)
where y(r,R) is the electronic eigenfunction and p(R) stands for that of the nuclei.

We first consider the electronic eigenfunction y(r,R) by assuming the nuclear coordinates
R = {R,,....Rn} as parameters describing the positions of "classical mass points". This is the
Born—Oppenheimer approximation.
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Thus, we write the electronic Schrddinger equation

n 2 n 2
-y "y, Y+ V,R)
i=1 2m 43‘[80 <=1 I‘ij

y(r.R)=E Rn(r.R), (2.3)

where the electronic energy E(R) is a function of nuclear coordinates.

The equation for nuclei is
N 2
2,

where ®(R) = E.(R) + Vji(R) is the effective potential for nuclei. Often, it is called the
potential energy hypersurface (PES) of atoms.

Vi+ CD(R)] ¢(R) = E@(R), (2.4)

Finally, we can find the neglected terms. By substitution of (2.2) to (2.1) we obtain the Egs.
(2.3) and (2.4), and see that we have omitted terms called the nonadiabatic coupling of
electron—ion dynamics

N h2
_Z M

1

[PRIV(r,R) -V, p(R)-Vap(r,R)].

k

Next we consider the electronic Eq. (2.3) assuming the potential V.i(r,Rp) to be strictly peri-
odic and give the electrons the conventional crystal environment to dwell.
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2.2. Electrons in a periodic potential

Let Ry = {Ro1,....Ron} be the strictly periodic
crystal lattice and denote

V(r) = Vr+R(l)) = Vi(r,Ro) (2.5)

where R(l) =R 1,l,,l3) is any lattice vec-
torin Eqg. (1.1). Thus, V(r) is periodic and
can be expanded in a Fourier series

V()= Ve (2.6)

where G runs through the reciprocal lattice
vectors:
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Thus, the reciprocal lattice vectors are

G = np b1+ n2b2+ n3 b3, (2.12)
where
b, =2—naj xa, (2.13)
Q

0

i,]j, k are permutations of 1, 2, 3; and Qo is the volume of the primitive cell given by the Eq.
(1.2).

The vectors by, by and bs are the primitive translation vectors of the reciprocal space.

Finally, we note that

aj- by =2m¢;; ij=1,2,3, (2.14)
and
1 iGer 33
G—Q—flV(r)e d’r (2.15)
and
o 20"

r
0
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2.3. Starting from free electrons ...

The quantum nature of electrons in a crystal can immediately be seen from their de Broglie
wavelength . = h/p, which thus relates to the energy as

E = p?/2m =h?/2m)\2. (2.16)

Now, with typical (conduction)electron energies, a few eV, the wavelength is the order of lat-
tice constant or interatomic spacing leading to the interference phenomena.

To go to quantum description of electrons, p — —ihV, and Eq. (2.3) above results. For free
electrons with the constant potential

H +— Hy = -h?*V?/2m (2.19)
and solutions are planewaves
Yr) = ) = ek (2.21)
and energy is the "square parabola"
Eo(k) = h%k?/2m. (2.16)

The planewaves serve as a good basis set for solu-
tions in the periodic potential.
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2.4. ... and with periodic potential: plane wave expansion
Let us use the trial expansion (plane waves) () = X, C(k) glkT (2.31)
and H=H,+V
__ Vv’ +EVG e

2m H

Now, substitute to Hy=E.

n’k’
2m

C(k) + EVGC(k -G)-EC(Kk)=0 (2.35)
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2.5. Bloch's theorem

The secular equations (2.35) couple the k vector to the others of the form k -G, only. Thus,
these are the only k vectors we have for a certain wavefunction. The coefficients for other,
say k', are independent. Therefore, we can now rewrite the Eq. (2.31) () = X, C(k) elkr
in form

Py (1) = T Ck-G) el-OIT, (2.36a)
This means that we have the one-electron eigenstates, wavefunctions and energies for each
k, independently.
Furthermore, we can write the above as

Py (1) = [3 Ck-G) e7CT] elkr (2.36b)
and

P, (r) = u(r) ekr. (2.37-2.38)

Note, that u, (r) is periodic with the periodicity of the lattice. Thus, the k vectors label one-
electron wavefunctions and the Bloch's theorem states that the form of the one-electron
wavefunction is a plane wave modulated by the periodic prefactor u,(r).
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2.6. Electrons in a weak periodic potential

Let us treat the potential as weak perturbation using perturbtion theory. As Oth order solution
we have the free electrons from (2.16) and (2.21) k)= elkT (2.39)

Eok) = A%3?/2m  (2.40)

For the second order we get

k|VIK'YK'|V|K)
Ek = Ek(O) + <k|V|k> + E\ |E |(0) \E |(0)| (241)
K' ke
V[ (2.47)
E, =E " +V, + —| =
k k 0 2 Ek(O) _ Ek_G(O) . -
Similarly,
1 Vo) (2.49)
w(r)=_ 1+ #eﬂr}elkr
k \/§ Z Ek(O) _ Ek_G(O)

(2.50)

SP I, sp2012 30

2.7. Brillouin zones

As a consequence of the above secs. 2.4-2.6, the wave vector k can be used as a quantum
number of the one-electron state. Note, that k =2x/A and p=hk or p=rhk in3D. A plot of
energy eigenvalues Ex of (2.47) as a
function of k is the electronic band struc-
ture (BS, vybrakenne eli kaistarakenne).
The band index n=1,2,3, ...; labels the
consequent higher energy bands at the
same k-point in the reciprocal space
(kdanteisavaruus).

The reciprocal lattice of fcc is body-
centered cubic (bcc, tilakeskinen
kuutiollinen, tkk) and vice versa.

Fig. (a) Diamond and zinc-blende structures. (b) Fcc
structure: unit cell and primitive cell. (c) Bcc structure
of the reciprocal space of fcc. The first Brillouin zone
is shown with its high-symmetry points and lines.




The Wigner-Seitz primitive unit cell,
see sec. 1.3.2 on p. 5, of the reciprocal
space is the first Brillouin zone.

Reciprocal

O o

Figs: (Above) 2D reciprocal
space and the 1st Brillouin
zone. (Left) Bands in 2D
case. (Right) 3D reciprocal

space and the 1st Brillouin

i S w  zone of FCC real space
lattice.

2.8. Energy bands and energy band gaps

Due to the periodicity of the reciprocal space

the (free-electron) bands overlap or cross : g
the others in the neighboring Brillouin zones. | f
At the zone boundary, in paricular, the '

bands become degenerate, see the figure.

lattice points
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1. Brillonin

Zole

SP 1, sp 2012

Consider now the eq. (2.35) on p. 27 ol
E."C(k) + EVGC(k -G)-ECk)=0
G
where
E\ = hz—k for the degenerate states k and k-G, while neglecting all others.
m

Then, from Eq. (2.35) we obtain a pair of equations
E."C(k)+V,C(k)+V, C(k-G,)-E,C(k)=0
ES’GOC(k -G,)+V,Ck-G))+ Ve, C(K) -E, (k- G,)=0

and further
(Ef) +V,-E, )CKk) + VGOC(k -G,)=0

V, C(k) + (B, +V,+E,)(k-G,)=0

k-G,

31

32
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Thus, the secular equation for the nontrivial solutions Ex becomes

33

(2.54)

and the solution

(2.55)

At the zone boundary k = G¢/2, where due to degeneracy E© = Ey_¢,, we obtain
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Due to the periodicity of the " . P 4E § o % P
reciprocal space the bands TR AN S T T
can be represented in the ; i SN I\ . )
extended zone scheme, the Nl WA SNLATES [
periodic zone scheme or the “

reduced zone scheme. The

reduced zone scheme " pi . g 1ty g | w1ty
presents all the information in | i ne Al AlALA
the first Brillouin zone and it is \ VNS
the most used in literature. \/ \V

Figs: (Above) The zone schemes. "ﬂ._ i /1\ Jix 1M\

(Below) Free-electron bands with a b f 7 ]
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in 1D, see the text book
and exercises.

5|

Lr,

i




SP I, sp2012 35

2.9. Tight binding method

The Bloch states expansion in terms of plane waves converges well in case of week
electron—ion interaction. In the "opposite" case, strong electron—ion interaction, better
starting point is localized atomic orbitals as a basis to form the bonding (and antibonding)
states of shared electrons. This is the tight-binding (TB) or linear-combination-of-atomic-or-
bitals (LCAQO) approach.

It should be noted that the conduction band states tend to be delocalized free-electron like
(and antibonding), whereas the valence band states are more localized molecular orbital like
and bonding.

2.9.1. Wannier functions

One choice of a localized basis set is sc. Wannier functions wy(r — R(£)), Fourier transforms
of fully delocalized Bloch functions y.(r). These two relate as

wi(r —R(£)) = N2 % exp(-ik-R(£)) Yuk(r) (2.69a)
Yuk(r) = N2 5 exp(ik-R(£)) wa(r — R(£)), (2.69b)

where R(¥) are lattice vectors, n is band index, k the wave vector in the reduced zone
scheme and N the number of unit cells in the crystal. Thus, the Bloch functions are indexed
by the wave vectors (k-points) in the reciprocal space and the Wannier functions by the lat-
tice vectors (or primitive cells) in real space.
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While Bloch functions are more convenient for representing extended or delocalized states in
ideal crystals, the Wannier functions are more appropriate for localized electrons of defects.
However, though Wannier functions form a complete basis set (as do the Bloch functions),
they are of limited use in practice, because the Bloch functions are needed in Eq. (2.69a).

2.9.2. LCAO method

Following the idea of Wannier and Bloch functions in Egs. (2.69) let us write the tight binding
Bloch function as

Yixi(r) = N723) exp(ik-R(l k) ui(r — R(Ix)), (2.74)

where k and i label the atoms and orbitals, respectively, and the atomic orbitals are solutions
of the one-electron equation of the free atom

h(r) (pKi(r) = &i (pKi(r)'
Thus, Yii(r) in (2.74) is the eigenfunction of "non-interacting atoms" of the crystal
Hy = 2 hig(r - R(Ix)).

Now, turning on the interactions between atoms will mix the functions (2.74) and the eigen-
functions of the interacting hamiltonian H can be expanded at any k as a linear combination

Wi(r) = Zi Ci(K) Piyi(r).
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The bands and the Bloch functions can be evalu-

A AL

ated from H b)
IH-ExS| = 0, (2.75) Antibonding; Bvf
where H and S are the hamiltonian and overlap : :
matrices. Using the notation for atomic orbitals in stomiclevl B,
atoms at sites j as - P )
Bonding  Ej+8 AR A0)
¢ = {Ijn)} = {Is;).1px). I Pyi ) P4 )}
(a typical basis set) allows us to write the matrix f . B f—/o\—”A-
elements of hamiltonian and overlap matrices as %) bii8
(inlHIjm) and {inljm). NG
Consider the molecular orbitals of the hydrogen s s s -s overlap
molecule as an example. We find graphically fhess sovertap
the bonding and antibonding nature of the two @ (}F@—‘ |
. . . . s~ overia
possible linear combinations: The s - p overlap g g
Y Y
See also the schema of bonding and antibond- D‘é)—»z NS @KDK)_.

ing bands on page 11. P Orbital p Orbital - p overlap along |

The p - p overlap along the orbltal axis

by -4

p - p Sideways overlap
The p p sideways overlap
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Now, consider the matrix elements of the basis qn(r) = {Ijn)} = {Is;),1pxi). ! Pyj).| P )}-

1) The "on-site" matrix elements (i = j) within an atom are trivial

(jnlHIjm) = E, &
and <J1’1|Jm> = 6nm-

2) The matrix elements be-
tween orbitals in different
(neighboring) atoms (i # j)
may vanish due to the sym-
metry. As the hamiltonian
has the full symmetry, the
hamilton and overlap matrix
elements have the same "se-
lection rules", which can be
easily found by simple graph-
ical inspection:

,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Thus, in case of basis {I's; ), | pxj ), | pyj ), P )} there are four independent non-zero matrix
elements, in both hamiltonian and overlap matrices.

If the atoms do
not lie on the z-
axis, the matrix
elements are
linear combina-
tions of those

above.

N
K [T
i
Ky
=<
K

e

L L
12 08 04 0oL A T A& XUK I T

Density of states
€ [sateseV atom) k=

Il

<p, |Hl py>

V.
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3. Electronic energy bands: semiconductors

Key ideas

A perfect semiconductor at 0 K has its valence bands completely full of
electrons and its conduction bands completely empty. Between these
bands is the fundamental band gap.

Orbital and spin angular momenta of electrons interact to modify
their energy levels.

The effective electron—ion potential can be represented by a
pseudopotential consisting of attractive and repulsive parts.

Electrons interact with one another through the Coulomb interaction.
In the Hartree—Fock method the Pauli exclusion principle leads to
the exchange interaction between electrons. In the density functional
method the energy of interacting electrons is a functional of the
electron density n(r).

Excited state energies can be calculated with the aid of the electron
self-energy operator that combines the effects of exchange and
correlation.

The k - p method provides the energy E,; as a function of wave vector k
near a band extremum without calculating the entire band structure.

A nondegenerate band with extremum at k = 0 in a cubic crystal has an
isotropic effective mass. A degenerate band with extremum atk = 0
in a cubic crystal exhibits warping of the constant energy surfaces.

A band with extremum at k # 0 in a cubic crystal has an anisotropic
effective mass.

Silicon and germanium have indirect gaps with extrema of valence
and conduction bands at different k values. The majority of I1I-V,
[I-VI, and IV-VI semiconductors have direct gaps with extrema of
valence and conduction bands at k = 0.

Energy band gaps can be modified by changing the temperature, by
applying pressure or stress, or by forming an alloy.

Disorder in the atomic arrangement produces an amorphous
semiconductor.

Energy bands in
semiconductors

3.1 Spin—orbit interaction

3.2 Electron—ion interaction and
pseudopotentials

3.3 Electron—electron interaction

3.4 Thek - p method
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3.5 Energy band structures for specific

semiconductors

3.6 Modification of energy band gaps

3.7 Amorphous semiconductors

For the crystal properties the core electrons do not play an essential role and they are usual-
ly replaced together with the nuclei by some simplified description of ion core (atomisydéan).
The usual replacement is the frozen-core or the pseudopotential. If the core electrons are
included explicitly in the calculation, the method is said to be an all-electron approach.

The valence electrons are responsible for the crystal structure and most properties, whereas
the core electron wavefunctions remain relatively intact. Thus, only the valence electrons
(valenssielektronit) are treated explicitly and solved from the relevant S-eq.
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3.1. Spin—orbit interaction

The atomic p-electrons have orbital angular momentum £, which couples to the spin angular
momentum s. This is called the spin—orbit interaction (spin—rata-vuorovaikutus). It is a rela-
tivistic effect, and thus, most important for the heavier elements, such as Ge, Ga, As and Sb
of our interest.

In case of semiconductor crystals the p-electrons are often mostly responsible of the
electronic structure at the valence band maximum (VBM). See hybridization discussions
above and the schema on page 11. Therefore, the spin—orbit interaction is responsible of
one of the main features of the VBM structure.

The effect in the (spherically symmetric) atoms serves as a good approximate model for bulk
semiconductors, too. So, we will consider the atomic p-orbitals {Ipx ), ! py),Ip.)} = {Ix), ly),
Iz)}, who relate to the angular momentum eigenfunctions as
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In spherical symmetry the spin—orbit hamiltonian (energy of the spin orientation in the
magnetic field of orbital motion: -m+ B = —s- B « s+ (Exv) « s+ (dV/dr rxv) « s- £) can be written
in terms of orbital and spin angular momenta, s and ¢, as

Hy = %(I') X S, (31)
where the coupling parameter is
(3.2)
The eigenfunctions of H, turn out to be those of s.c. jj-coupling, |j m;),which relate to
coupling £ and s of an electron first as j={¢ +s, and then the electrons J=ZXj.

For a p-electron:

Compare LS- and jj-coupling:
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Let us find the eigenvalues of the operator £ - s for |j m;), with j=3/2 and 1/2

SP 1, sp 2012
The s—o splitting of VBM increases as A « Z*.
Table
compound C Si Ge GaAs GaP InP GaSb InSb InAs
Z 6 14 32 31-33  31-15 49-15 31-51 49-51 49-33

Ao/ €V 0.013 0.044 0.295 0.341 0.08 0.11 0.75 081 0.38

compound ZnTe CdTe
Z 30-52  48-52
Avow/€V 093 0.92

45
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3.2. Electron-ion interaction and pseudopotentials

The rapidly oscillating core wavefunctions are laborious to solve together with the valence
electrons, and in particular, to keep them all mutually orthogonal. Furthermore, the core is
well localized, whereas the valence electrons are essentially delocalized like planewaves.

3.2.1. Orthogonalized plane wave method

Let us assume we have the mutually orthogonal set of core electron states {Ic)}. and we
denote the planevawes by Ik) = exp(ik-r). Then, the orthogonalized planewaves are written
as

k)opw = Ik) — 2 {clk)Ic), (3.4)

where the summation is over all core states. It is easy to see that k)opw are orthogonal to
any core state Ic'):
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Now, following from the Bloch theorem (2.36—38), the delocalized electron states can be
expanded in terms of [k)opw as

pkOPV) = 2 ¢ C(k-G) k-G)opw- (3.6)

Now, substituting this into the Schrdédinger equation H ¢ = Ek ¢k, where H = Hg +V,
Hp =-h?V?/2m, V is the potential energy and IKk)opw = k) - 2. (clk)lc) (3.4), we find

26 Ck-G){ [Hy + V] k-G) — X {c[k-G)[Hy + V]|c) } =

= 26 Ck-6){ Ex[k-G) - 2 (c|k-G) Ex[c) } (3.7)

2 G C(k-G) { (k-G'| Hy [k-G) + (k-G'| V [k-G) — 2 ¢ (ck-G)(k-G'[c) } =

= 26 Ex C(k-G) { dgg' — 2 (c|k—G)(k-G'lc) } (3.9)



We obtain
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[A%(k-G)?*/ 2m] C(k-G) + 2 ¢ (k-G'| { V + Z¢ (Bx—¢c) [c)(c|} [k-G) C(k-G) = Ex C(k-G') (3.10)

Thus, we have found an effective potential V + Vg for the continuum electron states, where

VR = 2¢(E-g)le)cl,
or VR(rr) = 2 (E- &) c*(r) @er).

(3.11)

This effective potential conveys the effect of core electrons in the nonlocal potential operator
Vr. Therefore, this potential is repulsive and leads us to the concept of pseudopotential.

3.2.2. Pseudopotential method

We call the above found effective potential as pseudopotential
Vps = V + Vg,
which lets us write the Eq. (3.10) as
2 ¢ Hg (k) C(k-G') = E C(k-G),
where
Hg,c'(k) = [*(k-G)?/2m] dge' + (k-G Vps k-G')

Now, defining the function
xk() = 2 g Ck-G) k-G)
we can write
lokO™W) = Iya) — Z ¢ {chy) le).
Using this as a trial solution to the Schrédinger equation
H IOV = By 1pxOPW)
gives
Hlyk) — 2 {ch) Hlc) = E (k) — 2 ¢ {chk)lc))
and further
{H-2c(E-eg)lc)el } ) = E lyx).

Finally, we have
[Ho + Vps] Ixk) = E Ixk).

(3.12)

(3.13)

(3.14)
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(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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3.2.2.1. Empirical pseudopotential method

3.2.2.2. Nonlocal pseudopotential method
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The fitting procedure is the following:
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3.2.2.3. Ab initio pseudopotentials

This is what is being used today, together
with planewave basis set, in particular.

Usually fitted with atomic calculations,
sometimes including relativistic effects.
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3.3. Electron—electron interaction

The full hamiltonian of the electronic structure, only, is

2

h2 N N M Z eZ N 1 e
H=- V- L= -,
2m E ’ z 2 E N E 4re, 1, (3.40)

i

and the consequent Schrédinger equation is Eq. (2.3) on p. 23. Here the last term,
electron—electron interaction, makes the one-electron problem much more complex many-
body problem. There are several approaches to find approximate solutions to this and in the
following we will look at some, which are introduced in more details in the lectures of
Quantum theory of molecules and nanostructures.

3.3.1. Hartree method

In the one-electron picture we may expand the wave function as

YNy, 12, . Th) = @1(r) a(r2) ... Pu(rn), (3.41)

neglecting the Pauli principle for the antisymmetry of total electronic wavefunction. With the
hamiltonian for the electron/orbital i

2 2

Hi(r)=—2h V2V (e R) + —— (LD g

m 4me,J Ir—r'l
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we obtain the Hartree equation
2
7’ et o)
-——V+V.r.R+ Y —[[——dr'lp(r)=Eo.(r
oY VOB 3 a0 = B @) (3.42)
J=i
for each occupied one-electron state ;.
3.3.2. Hartree—Fock method
With the proper antisymmetric wavefunction
cpl(rl)Gl(Sl) (pl(rZ)Gl(SZ) (P](rN)Ol(SN)
S B L AL ACY (3.43)
WN 1551515585, N >SN _\/ﬁ . . )
P (1)o(s,) Py (1 )oy(sy)

variation of the total energy expression with respect to the one-electron orbitals ; yields the
Hartree—Fock equations
{_ hz N ez cpj % (l‘ l)(pj(r l) dr'

V +V..(r,R)+
2m m(ER) ;4nsof lr—r'l

}cpi(r) +
(3.44)

N eZ (p*(r|)cp(r|)
- : - dl" Ar =E4 (r
243‘580-" |r_r'| CPJ( ) 1cp1( )
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The exchange term can be written

o e L9 )Y _ ' o
_Z4n80f lr—r'l ar ij(r)—fVX(r,r)cpi(r)dr (3.43)

in terms of the exchange operator

(3.46)

b

o e 9 )y (r)
V(rr)=- ! L dr'
(e E4ﬂ80f Ir-r'l

=1

which thus, turns out to be nonlocal and nonlinear.

The exchange interaction between the same spin electrons results in the Fermi-hole or
exchange hole described by the pair correlation function. Correspondingly, the Fermi heap
emerges in the pair correlation function of opposite spin electrons.
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The many-body effects in the system of electrons are called correlations. In finite and small
systems the many-electron wavefunction can be written as an expansion of ground and
excited state Slater determinants

W= Coyo + Zap CapWPap + Za<h p<q CabpqWabpq + Za<b<c p<q<r CabepgrPabepgr + ---
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3.3.3. Density functional theory (DFT)

The solids with essentially an infinite number of electrons can be best treated with another
approach. It can be shown that the ground state properties of the many-electron system has
one-to-one correspondence with its one-electron density.

Thus, by writing the ground state energy as

L ZI e?

h2 * 2 * N
Em=—mjfwm%m®a—zf%wymm
1

1

2 X X
1 e? p(ry) p(ry) e
+ f T dmegr; » dridr; + E,[p],

and requiring its variation to be stationary with respect to the density
p(r) = i hpi(r)P, (3.47)

Hartree—Fock like one-electron equations, sc. Kohn—Sham equations result as

n e ¢ P 4 (3.48)
- Vi + Ve—I(r’R) +— —'dl’ + ch[p(l‘)] (pi(l') = Ei(pi(r) ’
2m 4ne,J Ir—-r'l
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Geometry and SCF Cycles

start geomalry
— -
Geometry
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dynamics
3.4. Exci lectroni

start dansily
—h-I qir) = pir) + AR o) | charge distribution
I
Hap, = gafy Kohn-Sham aguations
2 + ' "
VoV-r) = dx agir Paisson's equation -
| &l 4(r) I Coulomb potantial

Uy (F) = e [p(P)] exchange-corralation polential

Hy = ﬁ, 50 [ 2V e e i) e
;= J'q:f(r} () dr

matrix elements
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field {SCF)
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diagonalization
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3.4. The k:p method

One semiempirical approach to band structure calculations is the k-p method, which can use
optical data, in particular, to fit its parameters. The band gaps or (transition energies) and in-
tensities are most useful. The entire band structure can be interpolated from high symmetry
points or even extrapolated from the zone center data. Also, analytic expressions for band
dispersion, and thus, the charge carrier effective masses are conveniently obtained.

3.4.1. Nondegenerate bands
An electron in the constant potential is the planewave (2.21)

Yr) = ekr
with the energy from the "square parabola" (2.16)
Eok) = #%k?/2m. (3.54)

The effective mass m* is

(3.55)

(3.56)
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Now, let us start with a Bloch function
Pk(r) = upk(r) e’k (3.57)
and substitute into the Schrédinger equation

( L, v<r>) W (6)=E g, (r) (3.58)

m

where p = -iAV.
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(2 PEP LI ) ) = B uto). (3.59)

2m m

Fork =k, =0 (I"-point)

p2
(%+ V(r)) Uyo(r) = Epp upo(r).

If the functions u,0 are known or can be solved, they can be used as a basis for the solutions
of (2.35), i.e. in the perturbation expansion of u,x. The larger basis set is used, the further
from the k, the expansion is valid.

This is called the k-p method.
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From the first order perturbation theory for nondegenerate states we obtain for the wavefunc-

tion
U = Uy +7 2 <un0 | k- P | un0>

n'0
EnO - EnO

n'#n

but the corresponding energy correction vanishes, as ko is an extremum point of the band.
The second order expansion for the energy becomes as

hzk | <Un0 | kp | uyo) |2 3.60
Enk - EnO * 2m Il’l2 ngn nO - EnO ( )

By definition of the effective mass

Enk = EnO + kK2 .

2m*
Thus, comparison with (3.60) gives now
I | {ugo | kp | ugo) P -
m* m 2k2 Eﬂ E,o— Eqo . (3.63)

This shows the origin of m* = m. It is in the wave nature of electrons and the consequent
coupling of different bands via k-p operator.

Let us consider the bands of the zinc blende structure at I'-point, next. The conduction band
minimum (CBM) is usually of s-type (and belongs to I'; symmetry) and the valence band
maximum (VBM) is of p-type (and belongs to T'y symmetry), GaAs as an example.
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A small (in absolute value) denominator AE = E, — E,c makes the coupling stronger, i.e. for
AE >0 (AE <0) the inverse effective mass 1/m* will increase (decrease). Thus, the bands
below (above) decrease (increase) the effective mass itself m* from its reference value free
electron mass of the noninteracting band.

Let us consider next the coupling of CBM (T';) to the VBM (T'y), which is much stronger than
to the higher and further above T'y bands due to the smaller IAEl If ignoring other couplings
(3.63) gives for the conduction band inverse effective mass

1 _ 1+ 2 |<F1C|k'p|l—‘4\,>|2

m* m - m2k> Ey
where E, is the direct band gap.
Denote the three degenerate VBM (I's) wavefunctions as IX), IY) and 1Z). Then,
(TyIpIX) = (TyipdX) T + (TyipyIX) § + (TyIpX)k

and we denote the nonzero
matrix elements by

(T1elpdX) = (TidlpyY) = (Tilp,JZ) = iP

where P is a real constant (assuming that the wavefunctions are real). Now, from (3.63) this
gives

_ 2 p2
mf?* =1+ 20 E, (3.65)
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It turns out that for most of the group-IV, IlI-V and [I-VI semiconductors the nearly free elec-
tron value P =h/ay is a good approximation, which leads to an estimate

2P2/m =20 eV,
and a further approximation
m _ 2P> _ 20eV

=

mc* m EO EO

Comparison:

Table 2.22. T', conduction band effective masses

Element/compound Ge GaAs GaN
Eo/ eV 0.81 1.43 3.44

Eq., above 0.041 0.072 0.17
m.*/m

Observed 0.041 0.067 0.17



3.4.2. Valence bands
The j =3/2 I'4, band splits to two, sc. heavy-hole band
Em(k) = — AK? - VBXK* + C7 [KK + KIKJ + K2KZ]
and light-hole band
Enk) = —Ak?+ VBX* + C? [k} + kKk? + kXKZ]

which are not spherical but "warped" and parabolic in
directions [100] and [111], only.

The spin—orbit split-off band (j = 1/2) near T is spherical
with parabolic dispersion

E(k) = —Ag+ T2

2my,
where the effective mass my, comes from
m -y _2 p + 2Q° .
My, 3 m(Eo - Ao) m(E‘O - Ao)
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gap energy (eV)
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3.5. Energy band structures for |« | T
specific semiconductors
3.6. Modification of energy :
band gaps
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