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(�PDLO� 7DSLR�5DQWDOD#RXOX�IL

$ EULHI UHYLHZ RI FRPSRXQG VHPLFRQGXFWRU VXUIDFH VWUXFWXUHV DQG SURSHUWLHV VWXG�

LHG ZLWK DE LQLWLR PHWKRGV LV JLYHQ� )LUVW� WKH PHWKRGRORJ\ EDVHG RQ WKH GHQVLW\�

IXQFWLRQDO IRUPDOLVP DQG ORFDO�GHQVLW\ DSSUR[LPDWLRQ LV GHVFULEHG� IROORZHG E\ D

GHVFULSWLRQ RI WZR DOWHUQDWLYH FRPSXWDWLRQDO WHFKQLTXHV� 7KHQ� WZR FKRVHQ VHPL�

FRQGXFWRU VXUIDFHV DUH FRQVLGHUHG DV H[DPSOHV� WKH ���

x

��� IDFH RI D WHWUDKHGUDOO\

ERQGHG &G6 DQG WKH ����� IDFH RI D UXWLOH 6Q2�� $OVR� VRPH DVSHFWV RI WKH VXUIDFH

FKHPLFDO DFWLYLW\ DUH GLVFXVVHG�

� ,QWURGXFWLRQ

&RPSRXQG VHPLFRQGXFWRUV RmHU D PXOWLWXGH RI SRVVLELOLWLHV IRU GHVLJQLQJ QHZ
PDWHULDOV� 7KH QXPEHU RI SRVVLEOH ELQDU\ FRPSRXQGV IRUPHG IURP WKH HO�
HPHQWV RI PDLQ JURXSV IURP ,, WR 9,, LV YHU\ ODUJH� DOUHDG\� OHW DORQH WKH
FRPELQDWLRQV RI PRUH WKDQ WZR FRPSRQHQWV� )XUWKHUPRUH� GRSLQJ DQG XVH RI
OD\HUHG VWUXFWXUHV DOORZV RQH WR WXQH WKH HOHFWULFDO DQG RSWLFDO SURSHUWLHV RI
VHPLFRQGXFWRU PDWHULDOV DW ZLOO� $ SOD\ ZLWK FU\VWDOOLQH� OD\HUHG� DPRUSKRXV
DQG SRURXV PDWHULDOV DOORZV RQH WR VHOHFW WKH PHFKDQLFDO DQG FKHPLFDO SURS�
HUWLHV� WRR� ,Q DOO� ERWK WKH EXON SURSHUWLHV DQG VXUIDFH FKHPLFDO DFWLYLW\ RI
FRPSRXQG VHPLFRQGXFWRUV FDQ EH HQJLQHHUHG� LI WKH XQGHUO\LQJ SULQFLSOHV DQG
RULJLQ RI WKH SURSHUWLHV DUH VXpFLHQWO\ ZHOO NQRZQ� ,W LV WKLV H[SHUWLVH ZKHUH
WKH WKHRUHWLFDO DQG FRPSXWDWLRQDO UHVHDUFK FDQ FRQWULEXWH PRVW�

,W LV WKH VXUIDFH RI VROLG PDWHULDOV� ZKHUH WKH FRQWDFW DQG LQWHUDFWLRQ ZLWK
WKH HQYLURQPHQW RI D SLHFH RI PDWWHU WDNHV SODFH� ,W PDNHV WKH VXUIDFH SURSHU�
WLHV RI PDWHULDOV RI HVVHQWLDO LPSRUWDQFH� 8QWLO ODWHO\� WKH PDLQ IRFXV RI DWWHQ�
WLRQ LQ VXUIDFH VFLHQFH KDV PRVWO\ EHHQ LQ UHVHDUFK RI VLPSOH PHWDO DQG RWKHU
HOHPHQWDO VXUIDFHV� 7KRXJK� LW KDV JLYHQ XV PXFK LQVLJKW WR VXUIDFH SKHQRP�
HQD� DGVRUSWLRQ� VXUIDFH GLmXVLRQ� FDWDO\]HG UHDFWLRQV� HWF�� WKHUH VWLOO UHPDLQ
GHWDLOV WR EH XQFRYHUHG� 7KLV LV WUXH ZLWK FRPSOH[ FRPSRXQG PDWHULDOV� LQ
SDUWLFXODU� 2Q WKH RWKHU KDQG� DV SRLQWHG RXW DERYH WKH FRPSRXQG PDWHULDOV
RmHU JRRG SRVVLELOLWLHV IRU PDWHULDOV HQJLQHHULQJ� 7KLV PRWLYDWHV WKH FRPSX�
WDWLRQDO �DQG H[SHULPHQWDO� VWXGLHV RI FRPSRXQG VHPLFRQGXFWRU VXUIDFHV� LQ
JHQHUDO��b � DQG LQ VXFK QHZ DSSOLFDWLRQV DV JDV VHQVRUV���� LQ SDUWLFXODU�

,Q WKLV WH[W ZH nUVW SUHVHQW WKH GHQVLW\�IXQFWLRQDO IRUPDOLVP� ZKLFK LV
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WKH EDVLV RI WKH DSSOLHG DE LQLWLR PHWKRGV LQ RXU VWXGLHV� 1H[W� WKH WZR
DSSOLHG FRPSXWDWLRQDO WHFKQLTXHV� RQH EDVHG RQ WKH OLQHDU�FRPELQDWLRQ�RI�
DWRPLF�RUELWDOV �/&$2� DQG WKH RWKHU HPSOR\LQJ SODQH ZDYHV DQG SVHXGRSR�
WHQWLDOV �3:33� DUH GHVFULEHG� :H DLP DW JLYLQJ D UHODWLYHO\ FRPSOHWH DFFRXQW
RI WKHVH PDWWHUV ZLWK DV VLPSOH FRQFHSWV DV SRVVLEOH� 7KHUHIRUH� ZH VWDUW IURP
EDVLFV EXW LQFOXGH RQO\ WKH PRVW HVVHQWLDO FRQFHSWV DQG WU\ WR NHHS WKH WH[W
HDV\ WR UHDG� 7KHQ� WKH XVH RI WKHVH FRPSXWDWLRQDO WHFKQLTXHV LV GHPRQVWUDWHG
LQ WKH VXEVHTXHQW WZR FDVH VWXGLHV� 5HOD[DWLRQ RI WKH FKRVHQ FOHDYDJH VXUIDFHV
RI WHWUDKHGUDOO\ ERQGHG &G6 DQG UXWLOH VWUXFWXUH PHWDO R[LGH 6Q2� DUH FRQ�
VLGHUHG� 6RPH DVSHFWV RI WKH VXUIDFH FKHPLFDO DFWLYLW\ DUH GLVFXVVHG� WRR�

� )LUVW 3ULQFLSOHV $SSURDFK

��� 0DQ\�HOHFWURQ 3UREOHP

7KH YDVW PDMRULW\ RI WKH SURSHUWLHV RI PDWWHU GHSHQG RQ LWV HOHFWURQLF VWUXF�
WXUH� WKH TXDQWXP VWDWH RI WKH HOHFWURQV LQYROYHG� 7KH HOHFWURQV ELQG WKH DWRPV
WR PROHFXOHV RU VROLGV DQG WKH\ DUH UHVSRQVLEOH IRU PRVW RI WKH LQWHUDFWLRQV EH�
WZHHQ SLHFHV RI PDWWHU� )XUWKHUPRUH� LW LV DOVR WKH HOHFWURQV WKDW UHVSRQG WR
PDQ\ H[WHUQDO SHUWXUEDWLRQV RI PDWWHU� H�J� LUUDGLDWLRQ� 7KH PDLQ MRE OHIW
IRU WKH DWRPLF QXFOHL LV WR SURYLGH WKH FKDUJH EDODQFLQJ HQYLURQPHQW IRU WKH
HOHFWURQV WR PRYH� EXW WKH FRQIRUPDWLRQ DQG G\QDPLFV RI QXFOHL� RQ WKH RWKHU
KDQG� IROORZ WKH IRUFH nHOG JLYHQ E\ WKH HOHFWURQLF VWUXFWXUH� ,W LV WKLV LQWHU�
SOD\ EHWZHHQ HOHFWURQV DQG QXFOHL WKDW LV UHVSRQVLEOH IRU WKH VXUIDFH FKHPLVWU\�
WKHUPDO SURSHUWLHV DQG PDQ\ RWKHU EXON SURSHUWLHV RI VROLGV� 7KHUHIRUH� ZH DUH
LQWHUHVWHG LQ FRPSXWDWLRQDOO\ VHDUFKLQJ IRU WKH SURSHUWLHV DQG G\QDPLFV RI D
V\VWHP RI HOHFWURQV DQG QXFOHL�

7KH VWDWLRQDU\ TXDQWXP VWDWH RI WKH PDQ\�SDUWLFOH V\VWHP �KHUH� HOHFWURQV
DQG QXFOHL� LV D VROXWLRQ WR WKH 6FKU�RGLQJHU HTXDWLRQ

+k  (k� ���

ZKHUH WKH KDPLOWRQLDQ + LQFOXGHV DOO RI WKH &RXORPE SDLU LQWHUDFWLRQV DQG WKH
NLQHWLF HQHUJLHV RI DOO SDUWLFOHV LQ WKH V\VWHP� 7KH WRWDO HQHUJ\ RI WKH V\VWHP (
LV REWDLQHG DV DQ HLJHQYDOXH DVVRFLDWHG WR WKH ZDYHIXQFWLRQ k� 7KLV VROXWLRQ�
LQ SULQFLSOH� SURYLGHV XV ZLWK DOO WKH LQIRUPDWLRQ ZH PD\ ZLVK�

,Q ZKDW IROORZV ZH GR QRW WUHDW QXFOHDU G\QDPLFV TXDQWXP PHFKDQLFDOO\
DQG ZH OLPLW XV WR WKH QRQ�UHODWLYLVWLF WUHDWPHQW� )XUWKHUPRUH� WKH VSLQ RI
WKH HOHFWURQV LV QRW WUHDWHG H[SOLFLWO\� 7KXV� WKH 1 �HOHFWURQ KDPLOWRQLDQ LQ WKH
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VXUURXQGLQJV RI 0 DWRPLF QXFOHL UHDGV �LQ DWRPLF XQLWV� DV

+  

1;
L

t
b
�

�
U�

L

� YQH�UL�

u
�

1�1;
L�M

�

U
LM

� 9QQ� ���

ZKHUH

Y
QH
�U

L

�  

0;
x

t
b
=
x

U
Lx

u
� 9

QQ
 

0�0;
x�y

=
x

=
y

5
xy

� ���

U
Lx

 MU
L

b5
x

M� U
LM

 MU
L

bU
M

M� 5
xy

 M5
x

b5
y

M DQG =
x

DUH WKH QXFOHDU FKDUJHV�
7KH WZR WHUPV� YQH�U� DQG 9QQ� (TV� �� DUH WKH &RXORPE SRWHQWLDO HQHUJ\ RI
HOHFWURQV LQ WKH nHOG RI QXFOHL DQG WKH PXWXDO &RXORPE UHSXOVLRQ HQHUJ\ RI
QXFOHL� UHVSHFWLYHO\� 7KH\ GHSHQG RQ WKH VHW RI HOHFWURQLF FRRUGLQDWHV IU

L

J DQG
WKH VHW RI QXFOHDU FRRUGLQDWHV I5

x

J�
,W VKRXOG EH QRWHG WKDW LW LV WKH QXFOHDU FRQIRUPDWLRQ I5

x

J� QXFOHDU
FKDUJHV I=

x

J DQG WKH QXPEHU RI HOHFWURQV 1 WKDW VXpFH WR VSHFLI\ WKH ZKROH
TXDQWXP VWDWH RI WKH HOHFWURQLF V\VWHP� 7KH FDOFXODWLRQ SURFHGXUHV ZKLFK VWDUW
ZLWK WKLV OHDVW SRVVLEOH LQIRUPDWLRQ DERXW WKH V\VWHP DQG XVH RQO\ SULQFLSOHV
RI TXDQWXP WKHRU\ DUH FDOOHG DE LQLWLR RU ?nUVW SULQFLSOHV� PHWKRGV� %DVL�
FDOO\ ERWK RI WKHVH WHUPV PHDQ WKH VDPH FRQFHSW� WKRXJK VRPH DXWKRUV KDYH
DVVLJQHG WKHP WR VRPH VSHFLnF FDOFXODWLRQ SURFHGXUHV� WRR�

7KH VROXWLRQ WR WKH (T� � VKRXOG SURYLGH XV ZLWK GDWD WR FRPSDUH ZLWK
WKH UHODWHG H[SHULPHQWV� DQG FRQFHSWV IRU REWDLQLQJ SK\VLFDO LQVLJKW WR WKH V\V�
WHP� )RU WKHVH UHDVRQV LW LV KHOSIXO WR GHFRPSRVH WKH FRPSOH[ PDQ\�HOHFWURQ
V\VWHP �RU VWDWH� WR RQH�HOHFWURQ VWDWHV� DQG FRUUHVSRQGLQJO\� GHVFULEH WKH
PDQ\�HOHFWURQ TXDQWLWLHV� OLNH WRWDO HQHUJ\� ZLWK FRQWULEXWLRQV RI VLQJOH HOHF�
WURQ VWDWHV� ,Q IDFW� WKH VWDQGDUG VROXWLRQ SURFHGXUHV VWDUW ZLWK WKLV V�F� RQH�
HOHFWURQ SLFWXUH� PXWXDOO\ LQWHUDFWLQJ HOHFWURQV LQ WKHLU RZQ VHSDUDEOH HLJHQ�
VWDWHV� 7KHVH HLJHQVWDWHV �

L

DUH VROXWLRQV WR WKHLU RQH�HOHFWURQ 6FKU�RGLQJHU
HTXDWLRQV
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7KHUH DUH WZR FRQYHQWLRQDO DE LQLWLR DSSURDFKHV WR VROYH (T� � IRU k� WKH
ZDYHIXQFWLRQ IRUPDOLVP DQG WKH GHQVLW\�IXQFWLRQDO IRUPDOLVP� 7KH ZDYHIXQF�
WLRQ IRUPDOLVP VWDUWV ZLWK WKH RQH�HOHFWURQ VSLQ�RUELWDOV �

L

RI WKH HOHFWURQV LQ
WKH V\VWHP� $Q DQWLV\PPHWUL]HG SURGXFW RI VSLQ�RUELWDOV k+)� H�J� D 6ODWHU
GHWHUPLQDQW�� DQG WKH YDULDWLRQDO WRWDO HQHUJ\ PLQLPL]DWLRQ OHDGV WR D VHW RI
RQH�HOHFWURQ HTXDWLRQV RI WKH IRUP RI (T� �� 7KHVH DUH V�F� +DUWUHH^)RFN HTXD�
WLRQV� ZKHUH K

L

LV FDOOHG WKH )RFN RSHUDWRU���� 7KH DQWLV\PPHWULF +DUWUHH^)RFN
ZDYHIXQFWLRQ k+) LQFOXGHV WKH H[FKDQJH LQWHUDFWLRQ RI HOHFWURQV EXW GRHV QRW
WDNH LQWR DFFRXQW DOO GHWDLOV RI WKH PXWXDO &RXORPE FRUUHODWLRQV RI HOHFWURQV
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UHVXOWLQJ IURP WKH LQWHUDFWLRQ WHUP
3

L�M

� U
LM

� 7KLV GHnFLHQF\ LV D OLPLWDWLRQ
RI WKH RQH�HOHFWURQ SLFWXUH DQG LW LV XVXDOO\ FRUUHFWHG ZLWK V�F� ?FRQnJXUDWLRQ
LQWHUDFWLRQ� RU ?PXOWLFRQnJXUDWLRQ� VFKHPH� ZKHUH WKH FRUUHODWHG ZDYHIXQF�
WLRQ k&, LV ZULWWHQ DV D OLQHDU FRPELQDWLRQ RI WKH JURXQG VWDWH DQG D ODUJH
QXPEHU RI GLmHUHQW H[FLWHG VWDWH +DUWUHH^)RFN ZDYHIXQFWLRQV k+)�

7KH FRQnJXUDWLRQ LQWHUDFWLRQ PHWKRG RmHUV� LQ SULQFLSOH� D V\VWHPDWLF SUR�
FHGXUH WR WKH VROXWLRQ RI DUELWUDU\ KLJK DFFXUDF\� +RZHYHU� DV WKH V\VWHP VL]H
RU WKH QXPEHU RI HOHFWURQV 1 LQFUHDVHV WKH FRPSXWDWLRQDO ODERU� LQFUHDVLQJ
DV 1�� VRRQ EHFRPHV LQWROHUDEOH� 7KLV LV GXH WR WKH LQFUHDVLQJ QXPEHU RI
HOHFWURQ^HOHFWURQ LQWHUDFWLRQ LQWHJUDOV� )XUWKHUPRUH� ZLWK LQnQLWH V\VWHPV OLNH
VROLGV PRUH IXQGDPHQWDO SUREOHPV DULVH� 7KH ORQJ UDQJH RI &RXORPE LQWHUDF�
WLRQ RI HOHFWURQV OHDGV WR XQSK\VLFDO VLQJXODULWLHV� XQOHVV DQ DGGLWLRQDO VFUHHQLQJ
LV LQFOXGHG LQWR WKH +DUWUHH^)RFN IRUPDOLVP���

,Q WKH QH[W VHFWLRQ ZH LQWURGXFH WKH RWKHU IRUPDOLVP� ZKLFK FLUFXPYHQWV
PDQ\ RI WKHVH SUREOHPV ZLWK D WUDGH Rm RI ORVLQJ VRPH RI WKH DFFXUDF\� 1HY�
HUWKHOHVV� LW LV EHWWHU VXLWHG IRU WKH WUHDWPHQW RI ODUJH DQG LQnQLWH V\VWHP OLNH
FU\VWDOV DQG VXUIDFHV� )RU nQLWH V\VWHPV� IRU H[DPSOH� WKH FRPSXWDWLRQDO ODERU
LQFUHDVHV RQO\ OLQHDUO\ ZLWK UHVSHFW WR WKH QXPEHU RI HOHFWURQV 1 �

��� 'HQVLW\�IXQFWLRQDO )RUPDOLVP

7KH GHQVLW\�IXQFWLRQDO WKHRU\ �')7� LV WKH RWKHU FRQYHQWLRQDO DE LQLWLR DS�
SURDFK WR VHDUFK IRU D VROXWLRQ WR WKH PDQ\�HOHFWURQ 6FKU�RGLQJHU HTXDWLRQ�
(T� �� $ VLPLODU RQH�HOHFWURQ SLFWXUH LV LQYRNHG EXW WKH H[FKDQJH DQG FRUUHOD�
WLRQ RI HOHFWURQV LV WUHDWHG GLmHUHQWO\� :LWKLQ ')7� WKH GHVFULSWLRQ LV EDVHG RQ
WKH HOHFWURQ GHQVLW\ RI WKH PDQ\�HOHFWURQ V\VWHP� 7KLV LV FRQYHQLHQW� EHFDXVH
WKH HOHFWURQ GHQVLW\ LV D ZHOO�GHnQHG PHDVXUDEOH SK\VLFDO TXDQWLW\ DQG EHFRPHV
HYHQ PRUH UHOHYDQW DV WKH V\VWHP VL]H EHFRPHV ODUJHU� +RZHYHU� LW VKRXOG EH
NHSW LQ PLQG WKDW WKH ')7 LV EDVHG RQ WKH YHU\ VDPH SK\VLFDO SUHDVVXPSWLRQV
DQG nUVW SULQFLSOHV DV WKH ZDYHIXQFWLRQ IRUPDOLVP�

7KH VWDUWLQJ SRLQW RI ')7 LV WKH nUVW +RKHQEHUJ^.RKQ WKHRUHP��� ZKLFK
VD\V WKDW WKH H[WHUQDO SRWHQWLDO LV GHWHUPLQHG� ZLWKLQ D FRQVWDQW� E\ WKH HOHF�
WURQ GHQVLW\� 7KLV LPSOLHV WKDW WKHUH LV RQH�WR�RQH FRUUHVSRQGHQFH EHWZHHQ WKH
H[WHUQDO SRWHQWLDO RI HOHFWURQV Y

QH
�U�� (T� �� DQG WKH JURXQG VWDWH RQH�HOHFWURQ

GHQVLW\ |�U� IRU D n[HG QXPEHU RI HOHFWURQV 1 � $V WKH H[WHUQDO SRWHQWLDO YQH�U�
LQ WKH KDPLOWRQLDQ� (T� �� GHWHUPLQHV WKH PDQ\�HOHFWURQ ZDYHIXQFWLRQ k�IU

L

J�
RI (T� �� LW IROORZV WKDW WKH RQH�WR�RQH FRUUHVSRQGHQFH H[WHQGV WR WKH QRUPDO�
L]HG k�IU

L

J�� WRR� 7KXV� DOO WKH JURXQG VWDWH SURSHUWLHV RI D PDQ\�HOHFWURQ
V\VWHP DUH VSHFLnHG E\ LWV JURXQG VWDWH RQH�HOHFWURQ GHQVLW\ |�U�� 1RWH WKDW
WKLV LV QRW UHVWULFWHG WR &RXORPE SRWHQWLDOV� RQO\�
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1RZ� IRU D FHUWDLQ H[WHUQDO SRWHQWLDO YQH�U�� ZH FDQ ZULWH WKH WRWDO HQHUJ\
RI D PDQ\�HOHFWURQ V\VWHP DV D IXQFWLRQDO RI LWV HOHFWURQ GHQVLW\ DQG GHFRPSRVH
LW IRUPDOO\ DV

(>|@  7 >|@ � 9QH>|@ � 9HH>|@� ���

7KH nUVW WHUP 7 >|@ LV WKH NLQHWLF HQHUJ\ RI HOHFWURQV� WKH VHFRQG WHUP

9QH>|@  

=
|�U� YQH�U� GU� ���

LV WKH &RXORPE HQHUJ\ RI FKDUJH GHQVLW\ |�U� LQ WKH H[WHUQDO SRWHQWLDO Y
QH
�U�

DQG WKH WKLUG WHUP 9HH>|@ FRYHUV DOO WKH HOHFWURQ^HOHFWURQ LQWHUDFWLRQV�
$SSOLFDWLRQ RI WKH YDULDWLRQDO SULQFLSOH WR WKH WRWDO HQHUJ\ IXQFWLRQDO (>|@

ZLWK UHVSHFW WR WKH IXQFWLRQ | SURYHV WKH VHFRQG +RKHQEHUJ^.RKQ WKHRUHP� ��

WKH WRWDO HQHUJ\ LV VWDWLRQDU\ DW WKH JURXQG VWDWH GHQVLW\ ZLWK WKH HQHUJ\ (��
RU

(� � (>|@� ���

7KXV� LW KDV EHHQ GHPRQVWUDWHG WKDW VROYLQJ WKH 1 HOHFWURQ SUREOHP IRU (
�

LV HTXLYDOHQW ZLWK PLQLPL]LQJ WKH WRWDO HQHUJ\ IXQFWLRQDO ZLWK UHVSHFW WR WKH
HOHFWURQ GHQVLW\ RU ZLWK VHDUFKLQJ IRU WKH JURXQG VWDWH GHQVLW\ |�U��

$JDLQ� D FRQYHQLHQW SUDFWLFDO DSSURDFK �� WR VHDUFK IRU |�U� VWDUWV ZLWK
ZULWLQJ LW LQ WHUPV RI QRQ�LQWHUDFWLQJ RQH�HOHFWURQ VWDWHV �
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ZKLFK JLYHV WKH ODUJHU WHUP DW WKH ULJKW KDQG VLGH RI (T� ��� WKH FODVVLFDO
&RXORPE UHSXOVLRQ HQHUJ\ RI WKH FKDUJH GHQVLW\ |�U�� LWVHOI� 7KH VPDOOHU FRQ�
WULEXWLRQ� WKH H[FKDQJH DQG FRUUHODWLRQ HQHUJ\� FDQ IRUPDOO\ EH GHFRPSRVHG WR
WKH UHVSHFWLYH WHUPV DV
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7KHVH WHUPV FRQWDLQ DOO RI WKH UHPDLQLQJ HOHFWURQ^HOHFWURQ LQWHUDFWLRQV EH\RQG
WKH +DUWUHH HQHUJ\�

1RZ� XVLQJ WKH YDULDWLRQDO SULQFLSOH WR WKH HQHUJ\ H[SUHVVLRQ (T� � ZULWWHQ
LQ WHUPV RI WKH RUELWDOV �

L

� RQH FDQ GHULYH�� RQH�HOHFWURQ HTXDWLRQV RI WKH IRUP
RI (T� ��
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7KHVH DUH FDOOHG .RKQ^6KDP HTXDWLRQV������ ZKLFK DUH LQ WKH VDPH UROH LQ ')7
DV WKH +DUWUHH^)RFN HTXDWLRQV DUH LQ WKH ZDYHIXQFWLRQ WKHRU\�

)URP (TV� �^�� LW LV UHODWLYHO\ HDV\ WR LQVSHFW ZKDW WKH RQH�HOHFWURQ KDPLO�
WRQLDQ RI WKH .RKQ^6KDP HTXDWLRQV EHFRPHV WR� ,W FDQ EH ZULWWHQ DV
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ZKHUH WKH HmHFWLYH RQH�HOHFWURQ SRWHQWLDO LV

YHm�U�  YQH�U� � Y+�U� � Y[F�U� ����

DQG IXUWKHU�

Y[F�U�  
p([F>|�U�@
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LV VF� H[FKDQJH^FRUUHODWLRQ SRWHQWLDO� 6ROXWLRQV �
L

WR WKH (T� �� VKRXOG EH
VHOI�FRQVLVWHQW� EHFDXVH WKH RQH�HOHFWURQ KDPLOWRQLDQ GHSHQGV RQ WKH SRWHQWLDO
Y
HH
�U�  Y

+
�U� � Y

[F
�U�� ZKLFK GHSHQGV RQ |�U� ZULWWHQ LQ WHUPV RI I�

L

J�
1RWH WKDW LQ ZULWLQJ WKH RQH�HOHFWURQ HTXDWLRQV ZH KDYH QRW GRQH DQ\ DS�

SUR[LPDWLRQV WR WKH H[DFW ')7� VR IDU� DQG ZH DUH GHDOLQJ ZLWK HOHFWURQV ZKRVH
DOO LQWHUDFWLRQV DUH LQFOXGHG LQ D IXQFWLRQDO RI |� WKH HmHFWLYH SRWHQWLDO YHm�U��
(T� ��� 7KLV FDQ EH FRQWUDVWHG ZLWK WKH PRUH FRPSOH[ +DUWUHH^)RFN HTXDWLRQV
RI WKH ZDYHIXQFWLRQ WKHRU\� ZKLFK KRZHYHU� DUH NQRZQ WR GHVFULEH DQ DSSUR[L�
PDWLRQ LQFOXGLQJ RQO\ WKH H[FKDQJH EXW H[FOXGLQJ WKH FRUUHODWLRQ LQWHUDFWLRQV�
,Q IDFW� WKH FRUUHODWLRQ LQWHUDFWLRQV RI HOHFWURQV DUH XVXDOO\ GHnQHG WR EH WKRVH
ZKLFK DUH QRW GHVFULEHG ZLWKLQ WKH +DUWUHH^)RFN WKHRU\� 2I FRXUVH� WKLQJV DUH
QRW WKDW VLPSOH ZLWK WKH ')7� HLWKHU� 7KH SUREOHPV DUH MXVW VZHSW XQGHU WKH
FDUSHW IRU WKH SUHVHQW� L�H�� WKH PRUH FRPSOH[ LQWHUDFWLRQV DUH JDWKHUHG LQWR
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WKH H[FKDQJH^FRUUHODWLRQ SRWHQWLDO Y[F�U�� ,W ORRNV VLPSOH� LW LV MXVW D IXQFWLRQ
RI U �IRU D n[HG |� DQG HYHQ NQRZQ H[DFWO\ IRU WKH XQLIRUP HOHFWURQ GHQVLW\
�IRU SUDFWLFDO SXUSRVHV�� +RZHYHU� IRU WKH JHQHUDO FDVH� QRQ�XQLIRUP GHQVLWLHV
RI DWRPV� PROHFXOHV RU VROLGV� WKHUH DUH MXVW YDULRXV OHYHOV DSSUR[LPDWLRQV RI
Y[F WR FKRRVH IURP� VR IDU�

7KH VLPSOHVW DSSUR[LPDWLRQV WR WKH H[FKDQJH^FRUUHODWLRQ SRWHQWLDO Y[F DQG
WKH FRUUHVSRQGLQJ HQHUJ\ SHU HOHFWURQ �

[F
DUH EDVHG RQ WKH SURSHUWLHV RI XQL�

IRUP HOHFWURQ JDV� $V PHQWLRQHG DERYH� IRU SUDFWLFDO SXUSRVHV WKHVH SURSHUWLHV
DUH NQRZQ DFFXUDWHO\ HQRXJK IURP WKH 0RQWH &DUOR VLPXODWLRQV RI &HSHUOH\
DQG $OGHU��� ,Q VXFK FDVH WKH FRQVWDQW GHQVLW\ | RU U

V

 �� �{|�� � LV WKH RQO\
SDUDPHWHU GHVFULELQJ WKH ZKROH V\VWHP� LI UHWDLQLQJ WR WKH VSLQ�UHVWULFWHG FDVH�
RQO\� 1RZ� FRQVLGHU DQ HOHFWURQ JDV ZLWK VORZ VSDWLDO YDULDWLRQV� ZKHUH ZH
FRXOG H[SHFW WKH ORFDO SURSHUWLHV RI WKH HOHFWURQ JDV WR YDU\ VORZO\� WRR� :H
FRXOG IXUWKHU H[SHFW WKDW WKHVH SURSHUWLHV GHSHQG DOPRVW HQWLUHO\ RQ WKH ORFDO
HOHFWURQ GHQVLW\� QRW GLmHULQJ HVVHQWLDOO\ IURP WKH SURSHUWLHV RI WKH XQLIRUP
HOHFWURQ JDV ZLWK WKH VDPH GHQVLW\�

7KH VORZ VSDWLDO YDULDWLRQV LV WKH LGHD EHKLQG WKH ORFDO�GHQVLW\ DSSUR[L�
PDWLRQ �/'$�� ZKHUH WKH IXQFWLRQDO Y[F>|@ GHnQHG LQ (T� �� LV UHSODFHG E\ D
ORFDO IXQFWLRQ Y/'$

[F
�|�U��� :LWK WKH VDPH DSSUR[LPDWLRQ WR WKH H[FKDQJH DQG

FRUUHODWLRQ HQHUJ\ SHU HOHFWURQ �/'$
[F

�|�U�� WKH H[FKDQJH DQG FRUUHODWLRQ HQHUJ\
RI WKH GHQVLW\ |�U� FDQ EH DSSUR[LPDWHG ZLWK D VLPSOH LQWHJUDO

(/'$

[F
 

=
|�U� �/'$

[F
�|�U�� GU� ����

)RU SUDFWLFDO FDOFXODWLRQV WKHUH DUH SDUDPHWHUL]HG IRUPXODH nWWHG WR WKH 0RQWH
&DUOR GDWD RI WKH KRPRJHQHRXV HOHFWURQ JDV���b��

7KH /'$ ZRUNV ZHOO IRU VROLG PDWHULDOV���b�� HVSHFLDOO\ IRU PHWDOV� DQG
LW KDV SURYHQ WR EH VXUSULVLQJO\ VXFFHVVIXO HYHQ LQ FDVHV ZKHUH WKH GHQVLW\
YDULDWLRQV DUH UHODWLYHO\ ODUJH OLNH LQ IUHH DWRPV DQG PROHFXOHV��� 7KH JHQHUDO
H[SHULHQFH LV WKDW /'$ LV JRRG LQ SUHGLFWLQJ ERQG OHQJWKV DQG FRQIRUPDWLRQV�
IRUFHV RQ DWRPV DQG YLEUDWLRQDO IUHTXHQFLHV� DQG JHQHUDO WUHQGV LQ FKHPLVWU\�
2Q WKH RWKHU KDQG� /'$ IDLOV LQ SUHGLFWLQJ ERQG HQHUJLHV DFFXUDWHO\� DQG
QRQERQGLQJ LQWHUDFWLRQV� DQG LW V\VWHPDWLFDOO\ XQGHUHVWLPDWHV WKH EDQG JDS RI
VHPLFRQGXFWRUV�

7KH PRVW SRSXODU PHWKRGV WR LPSURYH /'$ DUH EDVHG RQ VF� JHQHUDOL]HG
JUDGLHQW DSSUR[LPDWLRQ �� �**$�� ZKHUH WKH HmHFWV RI ORFDO GHQVLW\ YDULDWLRQV
DUH GHVFULEHG E\ GHQVLW\ JUDGLHQWV DQG SDUDPHWHUL]HG DFFRUGLQJO\� 7KH **$
LV NQRZQ WR LPSURYH FDOFXODWHG WRWDO HQHUJLHV� DWRPL]DWLRQ HQHUJLHV� HQHUJ\
EDUULHUV DQG WKH EDQG JDSV RI VHPLFRQGXFWRUV� WKRXJK QRW DOZD\V VXpFLHQWO\�
7KHUH DUH DOVR PHWKRGV �� WKDW GR HYHQ EHWWHU ZLWK WKHVH SURSHUWLHV� HVSHFLDOO\

�



ZLWK WKH EDQG JDS SUREOHP� EXW DUH UHODWLYHO\ KHDY\ LQ SUDFWLFDO FRPSXWDWLRQV�
)URP FRPSDULVRQ RI WKH UHVXOWV RI ')7 DQG ZDYHIXQFWLRQ PHWKRGV RQH FDQ

FRQFOXGH WKDW JHQHUDOO\ /'$ GRHV EHWWHU WKDQ +DUWUHH�)RFN IRU WKH PROHFXODU
SURSHUWLHV������ +RZHYHU� ZKHUH FRPSXWDWLRQDOO\ IHDVLEOH� L�H� IRU VPDOO PROH�
FXOHV� WKH KLJKO\ FRUUHODWHG ZDYHIXQFWLRQ PHWKRGV DUH WKH PRVW DFFXUDWH� )RU
VROLGV� RQ WKH RWKHU KDQG� WKH ')7 PHWKRG LV WKH RQO\ DSSOLFDEOH FKRLFH� LQ
SUDFWLFH�

� &RPSXWDWLRQDO 0HWKRGV

��� /&$2 0HWKRG

7KH RQH�HOHFWURQ VWDWHV RU RUELWDOV RI HOHFWURQV DUH PRVW FRQYHQLHQWO\ VROYHG
DV DQ H[SDQVLRQ RI VXLWDEOH EDVLV IXQFWLRQV� 2QO\ VSKHULFDOO\ V\PPHWULF IUHH
DWRPV PDNH DQ H[FHSWLRQ IRU ZKLFK RWKHU QXPHULFDO WHFKQLTXHV DUH XVXDOO\
DGRSWHG� 7KH VHW RI EDVLV IXQFWLRQV FDQ EH FKRVHQ WR VXLW EHVW IRU WKH V\VWHP
LQ TXHVWLRQ� )RU VPDOO RU GLVRUGHUG VWUXFWXUHV ZLWK ORFDOL]HG FKDUDFWHULVWLFV
D VHW RI DWRPLF RUELWDOV H[SDQGHG DURXQG WKH QXFOHL PD\ EH WKH EHVW FKRLFH�
ZKHUHDV IRU SHULRGLF EXON RU RWKHU LQnQLWH VWUXFWXUHV SODQH ZDYHV PD\ VHUYH
EHWWHU� ,Q WKLV VHFWLRQ� ZH nUVW FRQVLGHU WKH FRPPRQ WHFKQLTXH RI XVLQJ D VHW RI
ORFDOL]HG EDVLV IXQFWLRQV� DQG LQ WKH QH[W VHFWLRQ� ZH FRQVLGHU WKH XVH RI SODQH
ZDYHV DV EDVLV IXQFWLRQV�

7KH OLQHDU�FRPELQDWLRQ�RI�DWRPLF�RUELWDOV �/&$2� LV WKH JHQHUDO QDPH IRU
PHWKRGV ZKHUH PROHFXODU RUELWDOV RU RQH�HOHFWURQ VWDWHV �
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VFULSW N VWDQGV IRU WKH VHW RI RUELWDO TXDQWXP QXPEHUV IQ� C�P
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J� ,QVWHDG RI
WKH FRPSOH[ VSKHULFDO KDUPRQLFV WKH UHDO FRPELQDWLRQV FDQ EH WDNHQ ZLWK WKH
DGYDQWDJH RI EHWWHU VXLWDELOLW\ IRU GHVFULELQJ ERQGLQJ EHWZHHQ DWRPV� )RU H[�
DPSOH� WKH FRPELQDWLRQV <
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DUH UHDO IXQFWLRQV IRU S�RUELWDOV DQG FRQYHQLHQWO\ RULHQWHG LQ VSDFH�
7KHUH DUH VHYHUDO IRUPV LQ ZKLFK WKH UDGLDO SDUW RI DWRPLF W\SH EDVLV IXQF�

WLRQV X
QC

�U
x

� KDYH FRQYHQWLRQDOO\ EHHQ ZULWWHQ IRU WKH FRPSXWDWLRQDO XVH� 7KH
JDXVVLDQ W\SH RUELWDOV �*72� DUH FRPSRVHG DV D VXP RI SULPLWLYHV� X�U�  3

L

E
L

H[S�bm
L

U��� ZKLFK KDYH FRQYHQLHQW DQDO\WLFDO SURSHUWLHV� 7KH 6ODWHU
W\SH RUELWDOV �672�� XVXDOO\ VFDOHG K\GURJHQ OLNH RUELWDOV� KDYH PRUH UHDOLVWLF
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IXQFWLRQDO IRUP EXW WKH\ DUH OHVV FRQYHQLHQW LQ DQDO\WLFDO FDOFXODWLRQV� 2QH
PRUH SUDFWLFDO DOWHUQDWLYH LV WKH XVH RI QXPHULFDOO\ FDOFXODWHG DWRPLF RUELWDOV
RI IUHH DWRPV DQG LRQV� 7KLV LV WKH FKRLFH WKDW FDQ EH NHSW LQ PLQG ZKHQ
UHDGLQJ ZKDW IROORZV�

7KH RQH�HOHFWURQ PROHFXODU RUELWDOV DUH H[SDQGHG QRZ DV D /&$2
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�U� DUH FDOOHG V\PPHWU\ DGDSWHG EDVLV IXQFWLRQV� ZKLFK
DUH IRUPHG ZLWK FRHpFLHQWV Z
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FKRVHQ WR PDNH WKH IXQFWLRQV �
M

WR WUDQVIRUP
DFFRUGLQJ WR WKH V\PPHWU\ SURSHUWLHV RI WKH KDPLOWRQLDQ� L�H� DFFRUGLQJ WR WKH
LUUHGXFLEOH UHSUHVHQWDWLRQV �LUUHS� RI WKH SRLQW JURXS RI WKH KDPLOWRQLDQ� 7KH
QXPEHU RI WKH EDVLVIXQFWLRQV 1E VKRXOG EH PXFK ODUJHU WKDQ WKH QXPEHU RI
RFFXSLHG RUELWDOV 1 � WKDW JLYHV oH[LELOLW\ WR WKH VROXWLRQV DQG OHDGV WR EHWWHU
GHVFULSWLRQ RI �
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WKDW VKRZV KRZ WKH NLQHWLF HQHUJ\ FRQWULEXWLRQ LV FDOFXODWHG IURP WKRVH RI WKH
EDVLV IXQFWLRQV RU DWRPLF RUELWDOV�

7KH 1E VROXWLRQV� HLJHQYDOXHV �L DQG HLJHQYHFWRUV FL  IF
LM

J� WR WKH PDWUL[
HTXDWLRQ �� DUH REWDLQHG WKURXJK GLDJRQDOL]DWLRQ RI WKH KDPLOWRQLDQ +� $V
WKH EDVLV IXQFWLRQV EHORQJ WR WKH LUUHGXFLEOH UHSUHVHQWDWLRQV RI WKH KDPLOWRQLDQ�
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WKH PDWULFHV + DQG 6 DUH UHGXFHG WR EORFNV� RQH IRU HDFK LUUHS� 7KLV IROORZV
IURP WKH IDFW WKDW KPMKMQL DQG KPMQL ERWK YDQLVK� LI �

P

DQG �
Q

EHORQJ WR
GLmHUHQW LUUHSV� 7KXV� WKH GLDJRQDOL]DWLRQ FDQ EH FDUULHG RXW IRU HDFK EORFN
LQGHSHQGHQWO\� UHGXFLQJ WKH FRPSXWDWLRQDO WDVN FRQVLGHUDEO\�

$V PHQWLRQHG DERYH� WKH VROXWLRQV F
L

RU �
L

PXVW EH VHOI�FRQVLVWHQW� 7KH
FKDUJH GHQVLW\� REWDLQHG IURP (T� � E\ VXPPLQJ RYHU WKH 1 RFFXSLHG RUELWDOV�
LV UHVSRQVLEOH IRU WKH +DUWUHH SRWHQWLDO LQ (T� ��� ZKLFK LV D ODUJH FRQWULEX�
WLRQ LQ WKH HmHFWLYH SRWHQWLDO� RI WKH KDPLOWRQLDQ� (T� ��� $V WKH VROXWLRQV
DUH LQLWLDOO\ QRW NQRZQ� WKH +DUWUHH SRWHQWLDO KDV WR EH DSSUR[LPDWHG E\ DQ
LQLWLDO JXHVV DQG WKHQ LWHUDWHG XQWLO VHOI�FRQVLVWHQF\� ,Q SUDFWLFH� UDWKHU WKDQ
HYDOXDWLQJ Y

+

�U� IURP (T� �� GLUHFWO\� LW LV XVXDOO\ VROYHG IURP WKH 3RLVVRQ
HTXDWLRQ

U�Y
+

�U�  b�{|�U�� ����

7KLV XVXDOO\ UHVXOWV LQ D KLJKHU DFFXUDF\ ZLWK OHVV HmRUW�

7KH DERYH GHVFULEHG /&$2 SURFHGXUH LV QDWXUDO DQG ZDV LQLWLDOO\ GHYHO�
RSHG IRU nQLWH V\VWHPV� PROHFXOHV DQG FOXVWHUV� ZLWK D nQLWH QXPEHU RI DWRPV
DQG HOHFWURQV� ,W FDQ EH XVHG� KRZHYHU� WR HYDOXDWH WKH HOHFWURQLF VWUXFWXUH
RI SHULRGLF EXON PDWHULDOV� WRR� $ VWUDLJKWIRUZDUG ?ODUJH�FOXVWHU� PRGHO IRU
LQnQLWH EXON DOZD\V VXmHUV IURP VHULRXV nQLWH�VL]H HmHFWV GXH WR WKH FOXVWHU
VXUIDFH� DQG WKHUHIRUH� LV QRW D JRRG VFKHPH� LQ JHQHUDO� ,QVWHDG� GLYLGLQJ
WKH EXON LQWR LGHQWLFDO FRPSXWDWLRQDO XQLW FHOOV RU VXSHUFHOOV� RI ZKLFK RQH LV
FRPSXWHG ZLWK /&$2 XQGHU WKH H[SOLFLW LQWHUDFWLRQ RI RWKHUV� OHDGV WR EHWWHU
GHVFULSWLRQ RI WKH SHULRGLF EXON� 7KLV NLQG RI HPEHGGLQJ RI D VXSHUFHOO LQ EH�
WZHHQ LWV LGHQWLFDO LPDJHV LV ZKDW KDV EHHQ GRQH LQ RQH RI WKH FRPPHUFLDOO\
DYDLODEOH FRPSXWHU FRGHV���

$OWKRXJK WKH HPEHGGLQJ VFKHPH LV DFWXDOO\ DQ DSSOLFDWLRQ RI WKH SHULRGLF
ERXQGDU\ FRQGLWLRQV� WKH SHULRGLFLW\ RU WKH IXOO WUDQVODWLRQDO V\PPHWU\ FDQ QRW
EH XVHG H[SOLFLWO\ LQ GHnQLQJ WKH RQH�HOHFWURQ OHYHOV� 7KH FRQVHTXHQW GUDZEDFN
LV WKDW WKH ZDYH YHFWRU �RU ZDYHOHQJWK� GHSHQGHQFH RI WKH FRPSXWHG RQH�
HOHFWURQ HLJHQYDOXHV LV QRW NQRZQ� DQG DOO WKH OHYHOV DUH DVVLJQHG WR WKH b�SRLQW
�]HUR ZDYH YHFWRU� RI WKH VXSHUFHOO� 7KLV LV DOVR FDOOHG b�SRLQW DSSUR[LPDWLRQ�
7KH TXDOLW\ RI WKH VROXWLRQ FDQ EH LQFUHDVHG E\ LQFUHDVLQJ WKH VL]H RI WKH
VXSHUFHOO ZLWK UHVSHFW WR WKH SULPLWLYH FHOO RI WKH SHULRGLF EXON� 7KLV LQFOXGHV
PRUH RQH�HOHFWURQ OHYHOV IURP WKH %ULOORXLQ ]RQH EXW LQ D UHGXFHG ]RQH SLFWXUH�
RU DOWHUQDWLYHO\� LW UHGXFHV WKH VL]H RI WKH nUVW %ULOORXLQ ]RQH� DQG WKXV� PDNHV
WKH b�SRLQW D EHWWHU UHSUHVHQWDWLYH RI WKH N�SRLQWV LQ DYHUDJH�
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��� 3ODQH :DYH 3VHXGRSRWHQWLDO 0HWKRG

7KH RQH�HOHFWURQ OHYHOV RI D VROLG DUH GHORFDOL]HG DQG DGDSWHG WR WKH LQnQLWH
DQG XVXDOO\ SHULRGLF FRQnJXUDWLRQ RI WKH FRPSRQHQW DWRPV� H[FHSW IRU WKH GHHS
FRUH OHYHOV� 7KH FRUH OHYHOV DUH RI OHVV LPSRUWDQFH LQ FRKHVLRQ RI DWRPV DQG VROLG
SKDVH IRUPDWLRQ� 7KHUHIRUH� WKH GHORFDOL]HG SODQH ZDYHV VHUYH DV D QDWXUDO DQG
FRQYHQLHQW EDVLV VHW WR H[SDQG WKH HVVHQWLDO RQH�HOHFWURQ ZDYHIXQFWLRQV� 7KH
ORFDOL]HG FRUH OHYHOV� RQ WKH RWKHU KDQG� FRXOG EH GHVFULEHG RQO\ ZLWK UHODWLYHO\
ODUJH SODQH ZDYH H[SDQVLRQV� $V WKH PDLQ UROH RI FRUH HOHFWURQV LQ WKLV FRQWH[W
UHPDLQV WKHLU ?EDFNJURXQG LQWHUDFWLRQ� ZLWK WKH YDOHQFH DQG FRQGXFWLRQ HOHF�
WURQV� WKH LRQ FRUHV FDQ EH UHSODFHG ZLWK VXLWDEOH SVHXGRSRWHQWLDOV ZLWK RQO\
D PLQRU ORVV RI DFFXUDF\ LQ WKH GHVFULSWLRQ RI GHORFDOL]HG OHYHOV RXWVLGH WKH
FRUH UHJLRQ� $ JHQHUDO DFURQ\P IRU WKHVH W\SH RI SODQH ZDYH SVHXGRSRWHQWLDO
PHWKRGV LV 3:33�

7UDQVIHUDEOH FRUH SVHXGRSRWHQWLDOV DUH LGHDOO\ FRQVWUXFWHG VR� WKDW WKH
?VFDWWHULQJ� SURSHUWLHV RI YDOHQFH DQG FRQGXFWLRQ HOHFWURQV� L�H� WKH IRUP RI
RI WKHLU ZDYHIXQFWLRQV� UHPDLQ WKH VDPH RXWVLGH DQG EHFRPH VPRRWK DQG UD�
GLDOO\ QRGHOHVV LQVLGH WKH FRUH UHJLRQ� %HFDXVH WKH VFDWWHULQJ GHSHQGV RQ WKH
DQJXODU PRPHQWXP RI WKH LQFRPLQJ ZDYH ZLWK UHVSHFW WR WKH QXFOHXV� GLI�
IHUHQW SVHXGRSRWHQWLDOV PD\ EH XVHG IRU GLmHUHQW DQJXODU PRPHQWXP UHODWHG
TXDQWXP QXPEHUV C DQG P

C

� ,QWHUDFWLRQV EHWZHHQ GLmHUHQW C FKDQQHOV FDQ EH
LQFOXGHG� 6XFK D SVHXGRSRWHQWLDO LV FDOOHG QRQ�ORFDO DQG FDQ EH ZULWWHQ LQ WKH
IRUP
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RI SVHXGRSRWHQWLDOV DUH nWWHG WR VXLWDEOH UHIHUHQFH V\VWHPV
XVLQJ YDULRXV SURFHGXUHV������ 5HODWLYLVWLF FRUUHFWLRQV� LI HVVHQWLDO� FDQ HDVLO\
EH LQFOXGHG LQWR SVHXGRSRWHQWLDOV� WRR� )RU PRUH GHWDLOV RI SVHXGRSRWHQWLDOV
RI LRQ FRUHV VHH 5HI� �� DQG UHIHUHQFHV WKHUHLQ� )LQDOO\� WKH SVHXGRSRWHQWLDO
YSS LV DGGHG WR WKH HmHFWLYH SRWHQWLDO YHm � (T� ��� RI YDOHQFH DQG FRQGXFWLRQ
HOHFWURQV�

:H QRZ FRQVLGHU WKH HmHFWV RI WKH SHULRGLFLW\ RI WKH EXON ODWWLFH RI DWRPV
RQ WKH RQH�HOHFWURQ ZDYHIXQFWLRQV� /HW WKH %UDYDLV WUDQVODWLRQ YHFWRUV GHnQLQJ
WKH XQLW FHOO EH 5
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1RZ� %ORFK
V WKHRUHP �� VWDWHV WKDW WKH RQH�HOHFWURQ HLJHQVWDWHV RI WKH KDPLO�
WRQLDQ LQ (T� �� DUH RI WKH IRUP

�
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QN
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ZKHUH N LV VF� ZDYHYHFWRU� D SRLQW LQ WKH nUVW %ULOORXLQ ]RQH� 7KH UDGLXV YHFWRU
U DQG WKH ZDYHYHFWRU N IRUP D )RXULHU SDLU� WKH YDULDEOHV LQ VSDFH �XQLW FHOO�
DQG LQ WKH UHFLSURFDO VSDFH �WKH nUVW %ULOORXLQ ]RQH�� 7KXV� MNM  �{ w LV
SURSRUWLRQDO WR WKH PRPHQWXP RI WKH HOHFWURQ ZDYH DQG w LV LWV ZDYHOHQJWK�
$QRWKHU FRQVHTXHQFH RI WKH )RXULHU WUDQVIRUP UHODWLRQ LV WKH SHULRGLFLW\ RI
UHFLSURFDO VSDFH� IRU ZKLFK UHDVRQ LW LV VXpFLHQW WR FRQVLGHU WKH nUVW %ULOORXLQ
]RQH� RQO\�

,Q (T� ��� WKH RQH�HOHFWURQ HLJHQIXQFWLRQ LV D SURGXFW RI D SODQH ZDYH DQG
V�F� FHOO�SHULRGLF SDUW� 7KH ODWWHU FDQ EH H[SUHVVHG IXUWKHU LQ WHUPV RI SODQH
ZDYHV DV
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ZKHUH* DUH WKH UHFLSURFDO ODWWLFH YHFWRUV GHnQHG E\ WKH FRQGLWLRQ*c5  �{P�
ZKHUH P LV DQ LQWHJHU� 1RZ� FRPELQLQJ WKH WZR SUHYLRXV UHODWLRQV ZH REWDLQ

�
QN�U�  

;
*

F
Q�N�* H[S>L�N�*� c U@ ����

IRU WKH SODQH ZDYH H[SDQVLRQ RI RQH�HOHFWURQ HLJHQIXQFWLRQV�
,Q DQ LQnQLWH VROLG WKHUH LV DQ LQnQLWH QXPEHU RI HOHFWURQV ODEHOHG ZLWK

WKH ZDYH YHFWRU N� 7KLV PDNHV WKH ZDYH YHFWRU D FRQWLQXRXV YDULDEOH� 2Q WKH
RWKHU KDQG� WKHUH DUH PRUH WKDQ RQH HOHFWURQLF HLJHQVWDWH IRU HDFK N� ODEHOHG
ZLWK WKH EDQG LQGH[ Q DERYH� $V WKH HLJHQHQHUJ\ GHSHQGV RQ ERWK Q DQG N�
WKLV UHVXOWV LQ WKH EDQG VWUXFWXUH RI VROLGV� 7KH EDQGV DUH RFFXSLHG XS WR WKH
)HUPL HQHUJ\ �

)

�
,W LV QRW SRVVLEOH WR FRPSXWH DQ LQnQLWH QXPEHU RI VROXWLRQV ZLWK DQ\

QXPHULFDO WHFKQLTXH� +RZHYHU� WKH HLJHQVWDWHV YDU\ FRQWLQXRXVO\ DV D IXQFWLRQ
RI N� DQG WKHUHIRUH� D UHSUHVHQWDWLYH EXW nQLWH VHW RI N�SRLQWV LV VXpFLHQW IRU
DQ DFFXUDWH GHVFULSWLRQ RI WKH HOHFWURQLF VWUXFWXUH� $OVR� WKH QXPEHU RI SODQH
ZDYHV MN � *L  H[S>L�N�*� c U@ LQ (T� �� VKRXOG EH nQLWH IRU QXPHULFDO
VROXWLRQ SURFHGXUHV� ,W LV WKH ORZHVW HQHUJ\ SODQH ZDYHV WKDW DUH WKH PRVW
LPSRUWDQW LQ WKH EDVLV VHW� DQG WKHUHIRUH� WKH EDVLV VHW FDQ EH WUXQFDWHG WR
LQFOXGH RQO\ WKRVH SODQH ZDYHV ZKR KDYH NLQHWLF HQHUJLHV �

�
MN �*M� OHVV WKDQ

VRPH SDUWLFXODU FXWRm HQHUJ\� 7KXV� WKH FXWRm HQHUJ\ GHVFULEHV WKH VL]H RI
SODQH ZDYH EDVLV VHW DQG EHFRPHV D SDUDPHWHU WKDW FDQ EH LQFUHDVHG WR LQFUHDVH
WKH DFFXUDF\� LI WKH DYDLODEOH FRPSXWHU FDSDFLW\ DOORZV�

��



7KHUH DUH D FRXSOH RI PRUH ?VLPSOLnFDWLRQV� ZKLFK ZH WDNH DGYDQWDJH
RI EHIRUH ZULWLQJ WKH VHFXODU HTXDWLRQV� 2QH LV WKH RUWKRJRQDOLW\ RI SODQH
ZDYHV� KNMN�L  p�N b N��� WKDW FDQ EH WKRXJKW RI HPHUJLQJ IURP WKH GLmHUHQW
WUDQVODWLRQDO V\PPHWULHV WKH GLmHUHQW SODQH ZDYHV UHSUHVHQW� 7KLV LV DQDORJRXV
ZLWK WKH V\PPHWU\ DGDSWHG EDVLV IXQFWLRQV �

M

LQ (T� ��� WKDW VLPSOLnHG WKH
PDWUL[ GLDJRQDOL]DWLRQ SURFHGXUH� +HUH� WKH V\PPHWU\ GRHV PXFK EHWWHU ZRUN�
WKH KDPLOWRQLDQ EHFRPHV UHDGLO\ GLDJRQDO ZLWK UHVSHFW WR N �RU NLQHWLF HQHUJ\��

7KH RWKHU VLPSOLnFDWLRQ LV GXH WR WKH ODWWLFH V\PPHWU\� RWKHU WKDQ WUDQV�
ODWLRQDO� HQFRXQWHUHG LQ WKH UHFLSURFDO ODWWLFH� WRR� )RU WKLV UHDVRQ� RQO\ RQH RI
WKH URWDWLRQ DQG�RU UHoHFWLRQ UHODWHG N�SRLQWV QHHG WR EH FRQVLGHUHG DQG WKH
VROXWLRQV DW WKH RWKHUV DUH IRXQG XVLQJ WKH UHOHYDQW SRLQW JURXS V\PPHWU\ RS�
HUDWLRQV� 7KHUH DUH PHWKRGV WR FKRRVH WKH PLQLPDO VHW RI N�SRLQWV WR UHSUHVHQW
WKH UHGXFHG RU WKH ZKROH %ULOORXLQ ]RQH���

1RZ� VXEVWLWXWLRQ RI WKH SODQH ZDYH H[SDQVLRQ� (T� ��� WR (T� �� WRJHWKHU
ZLWK (TV� ��^�� DQG �� \LHOGV WKH PDWUL[ HTXDWLRQ� RU WKH V�F� VHFXODU HTXDWLRQV�

+F
Q�N�*  �

Q�N FQ�N�*� ����

7KH RYHUODS PDWUL[ LV DQ LGHQWLW\ QRZ� EXW IRU D FHUWDLQ N

+
*�*

�  
�

�
MN�*M� p�*b*�� � Y

Hm
�*b*�� ����

DQG Y
Hm
�*� LV GHnQHG E\

YHm �U�  
;
*

YHm�*� H
L*cU� ����

7KH GLDJRQDOL]DWLRQ FDQ EH FDUULHG RXW IRU HDFK N�SRLQW LQ D FKRVHQ VHW LQGH�
SHQGHQWO\� ,Q HDFK FDVH WKH PDWUL[ VL]H GHSHQGV RQ WKH QXPEHU RI LQFOXGHG
UHFLSURFDO ODWWLFH YHFWRUV *� ZKLFK IXUWKHU GHSHQGV RQ WKH FXWRm HQHUJ\ SDUD�
PHWHU� +HUH� WRR� WKH VROXWLRQV KDYH WR EH LWHUDWHG XQWLO VHOI�FRQVLVWHQF\�

)LQDOO\� LW VKRXOG EH PHQWLRQHG WKDW VROYLQJ WKH VHFXODU HTXDWLRQV LV HTXLY�
DOHQW ZLWK PLQLPL]DWLRQ RI WKH WRWDO HQHUJ\ RI WKH HOHFWURQV� (T� �� %DVHG
RQ WKLV WKHUH DUH RWKHU DOWHUQDWLYH ZD\V RI VROYLQJ WKH HOHFWURQLF VWUXFWXUH RI
PDWWHU� VHH H�J� 5HI� ��� 7KHUH DUH HYHQ VWUDLJKWIRUZDUG PHWKRGV WR FDOFXODWH
WKH ?PROHFXODU G\QDPLFV� RI DWRPV VLPXOWDQHRXVO\ ZLWK WKH VROXWLRQ RI WKH
HOHFWURQLF VWUXFWXUH DQG IRUFHV EHWZHHQ WKH DWRPV���

� 6XUIDFH 5HOD[DWLRQ

7KH FOHDYDJH IDFHV RI ELQDU\ FRPSRXQGV PD\ EH WHUPLQDWHG E\ HLWKHU RI WKH WZR
FRPSRQHQWV� 'XH WR WKH FKDUJH WUDQVIHU LQ ELQGLQJ RI WZR GLmHUHQW HOHPHQWV

��



VXFK D VXUIDFH H[SRVHV FKDUJHG VXUIDFH OD\HUV DQG IRUPV V�F� GLSROH ELOD\HU� 6XFK
DWRPLF VFDOH FKDUJHV HmHFW GUDPDWLFDOO\ RQ WKH SK\VLFDO DQG FKHPLFDO SURSHUWLHV
RI WKH VXUIDFH� )LUVW� WKH\ FUHDWH &RXORPE IRUFHV EHWZHHQ WKH VXUIDFHPRVW
DWRPLF OD\HUV WKDW PD\ OHDG WR D UHFRQVWUXFWLRQ RI WKH DWRPLF JHRPHWU\� RU
DW OHDVW� WR UHOD[DWLRQ WKRXJK UHWDLQLQJ WKH RULJLQDO V\PPHWU\ RI WKH VXUIDFH
XQLW FHOO� 6HFRQGO\� WKH FKDQJH LQ FKHPLFDO SURSHUWLHV PD\ FKDQJH WKH QDWXUH
DQG VWUHQJWK RI WKH LQWHUDFWLRQV EHWZHHQ WKH VXUIDFH DQG DGVRUEDWHV� DQG WKXV�
WKH FRQVHTXHQW VXUIDFH FKHPLVWU\� 0RUHRYHU� DOO WKHVH SKHQRPHQD PD\ IXUWKHU
HmHFW RQ WKH EXON SURSHUWLHV RI WKH PDWHULDO� VXFK DV WKH HOHFWULFDO FRQGXFWLYLW\�
IRU H[DPSOH�

&RPSUHKHQVLRQ RI WKHVH SKHQRPHQD PRWLYDWHV WKH GHWDLOHG VWXGLHV RI WKH
RULJLQV� PHFKDQLVPV DQG FRQVHTXHQFHV RI WKH VXUIDFH UHOD[DWLRQ� ,Q ZKDW IRO�
ORZV� KRZHYHU� ZH FRQFHQWUDWH PRUH RQ WKH FRPSXWDWLRQDO VWXGLHV RI WKHVH
SKHQRPHQD WKDQ WKH DQDO\VLV DQG VLJQLnFDQFH RI WKH UHVXOWV DQG WKHLU FRQVH�
TXHQFHV� :H LOOXVWUDWH KRZ WKH DERYH SUHVHQWHG PHWKRGV FDQ EH DSSOLHG WR
VXFK LQYHVWLJDWLRQV DQG FRPSDUH WKH WZR GLmHUHQW FRPSXWDWLRQDO DSSURDFKHV�
/&$2 DQG 3:33�

��� ���x��� )DFH RI &G6

7HWUDKHGUDOO\ FRRUGLQDWHG FRPSRXQG VHPLFRQGXFWRUV RFFXU LQ WZR FU\VWDOOR�
JUDSKLF DOORWURSHV� ]LQFEOHQGH DQG ZXUW]LWH� =LQFEOHQGH PDWHULDOV H[KLELW RQO\
����� FOHDYDJH IDFH EXW WKH ZXUW]LWH H[KLELW WZR FOHDYDJH VXUIDFHV� ���x��� DQG
���x���� $OO WKHVH WKUHH VXUIDFHV UHOD[ VWURQJO\ UHVXOWLQJ LQ GHYLDWLRQV XS WKH
RUGHU RI RQH y$QJVWU�RP IURP WKHLU SRVLWLRQV LQ WKH WUXQFDWHG EXON JHRPHWU\�
7KHUH DUH UHFHQW UHYLHZV ��� RI JHQHUDO WUHQGV DQG RWKHU LQYHVWLJDWLRQV RI VSH�
FLnF FDVHV� VHH 5HI� �� DQG UHIHUHQFHV WKHUHLQ� 7KH JHQHUDO WUHQG LQ VXUIDFH
UHOD[DWLRQ LV DQLRQV RXWZDUGV IURP WKH VXUIDFH� ZKLFK UHODWHV WR WKH FRYDOHQW
ERQGLQJ DQG VXUIDFH HOHFWURQLF VWDWHV� )XUWKHUPRUH� WKH VXUIDFH DWRPLF JHRP�
HWU\ LV �XQLYHUVDO� DPRQJ WKH ,,^9, ZXUW]LWH VHPLFRQGXFWRUV EXW WKH H[WHQW RI
UHOD[DWLRQ VFDOHV OLQHDUO\ ZLWK WKH EXON ODWWLFH FRQVWDQW��

:H KDYH FKRVHQ WR FRQVLGHU WKH PRUH JHQHUDO KH[DJRQDO ZXUW]LWH DQG WKH
PRUH VWDEOH RI LWV VXUIDFHV� WKH ���x���� :H ZLOO nQG WKDW RXU UHVXOWV� OLNH WKH
RWKHU UHFHQW DE LQLWLR UHVXOWV �� DUH LQ OLQH ZLWK WKH JHQHUDO WUHQGV�

7KH EXON ODWWLFH SDUDPHWHUV RI WKH KH[DJRQDO ZXUW]LWH &G6 DUH D  ���� y$
DQG F  ���� y$ ZLWK WKH F D UDWLR ������ 7R EH DEOH WR FRQYHQLHQWO\ WUHDW WKH
���x��� VXUIDFH ZH XVH DQ RUWKRUKRPELF VXSHUFHOO ZLWK HLJKW DWRPV �WZR SULP�
LWLYH FHOOV�� VKRZQ LQ )LJ� �� $Q RSWLPL]DWLRQ RI WKH EXON ODWWLFH SDUDPHWHUV
ZLWK D n[HG F�D UDWLR XVLQJ WRWDO HQHUJ\ PLQLPL]DWLRQ UHVXOWHG LQ ODWWLFH FRQ�
VWDQWV ZKLFK GHYLDWHG OHVV WKDQ ��� � IURP WKH H[SHULPHQWDO RQHV DQG D YHU\

��



)LJXUH �� 7KH RUWKRUKRPELF VXSHUFHOO RI ZXUW]LWH &G6� 6PDOOHU VSKHUHV GHVFULEH DQLRQV �6�

DQG ODUJHU FDWLRQV �&G�� 7KH XSSHU KDOI RI WKH VXSHUFHOO LOOXVWUDWHV WKH UHOD[HG ���

x

��� VXUIDFH

EXW WKH ORZHU KDOI LV n[HG WR WKH EXON JHRPHWU\� 7KHUH DUH HLJKW LQHTXLYDOHQW DWRPV �WZR

SULPLWLYH FHOOV� LQ WKH FRUUHVSRQGLQJ EXON VXSHUFHOO �����

y

$ d ����

y

$ d ����

y

$� DQG WHQ DWRPV

LQ WKH VXSHUFHOO RI WKH WKLQQHVW VODE PRGHO�

VPDOO UHODWLYH VKLIW LQ WKH &G DQG 6 ODWWLFHV� ZLWK ERWK RI WKH FRPSXWDWLRQDO
PHWKRGV� 7KHUHIRUH� ZH FKRVH WR XVH WKH H[SHULPHQWDO EXON ODWWLFH FRQVWDQWV
IRU WKH EXON DQG VXUIDFH XQLW FHOOV�

)RU WKH /&$2 FDOFXODWLRQV ZH XVHG D FRPPHUFLDO VRIWZDUH '6ROLG��� ,W
DOORZV VHOI�FRQVLVWHQW DE LQLWLR FDOFXODWLRQ RI SHULRGLF VWUXFWXUHV ZLWK QXPHULFDO
DWRPLF RUELWDOV DV D EDVLV VHW� DV GHVFULEHG LQ 6HF� ���� 7KH W\SLFDO H[WHQW
RI UDGLDO IXQFWLRQV LV �^� y$� )RU VXOIXU ZH XVHG WKH IROORZLQJ EDVLV� ��V���
��V��� ��S��� �V�� �S�� �V�
� �S�
� �G�
� ZKHUH WKRVH LQ SDUHQWKHVHV IRUP DQ
DWRPLF �IUR]HQ FRUH� DQG WKRVH GHQRWHG ZLWK DQ DVWHULVN KDYH EHHQ JHQHUDWHG
LQ LRQV UDWKHU WKDQ LQ QHXWUDO DWRPV� :LWK WKH VDPH QRWDWLRQV WKH EDVLV VHW
IRU FDGPLXP LV ��V��� ��V��� ��S��� ��V��� ��S��� ��G���� ��V��� ��S��� �G��� �V��
�G�
� �V�
� �S�
� 7KXV� WKH KLJKHVW LQ HQHUJ\ RI WKH LQDFWLYH �IUR]HQ� VHW RI
EDVLV IXQFWLRQV LV &G �S DW DERXW b�� H9 �WKH IUHH DWRP HLJHQYDOXH�� 7KH &G
�G IXQFWLRQV ZHUH NHSW DFWLYH WR VHH� LI WKHLU UROH LV LPSRUWDQW LQ HQHUJHWLFV
RI JHRPHWULF UHOD[DWLRQ� :H XVHG WKH /'$ SDUDPHWUL]HG E\ 9RVNR� :LON DQG
1XVDLU���

)RU WKH 3:33 FDOFXODWLRQV WKH ?IKL��PG� FRGH SDFNDJH �� ZDV XVHG� (V�
VHQWLDOO\ WKH VDPH /'$ DV IRU /&$2 ZDV WDNHQ� EXW QRZ ZLWK WKH 3HUGHZ�
=XQJHU SDUDPHWUL]DWLRQ��� 7KH SVHXGRSRWHQWLDOV ZLWK IKL��PG DUH RI JHQHU�
DOL]HG QRUP�FRQVHUYLQJ W\SH��� 7KH\ FRQVLVW RI �V�� �V� DQG �S�SRWHQWLDOV IRU
VXOIXU� ZLWK V EHLQJ WUHDWHG DV D QRQORFDO FRPSRQHQW� 7KH FDGPLXP 33 FRQ�
WDLQV V� S DQG G�W\SH IXQFWLRQV ��V^�G� ZLWK VS�QRQORFDOLW\� 7KH QXPEHU RI
SODQH ZDYHV YDULHG IURP ���� WR ����� GHSHQGLQJ RQ WKH VODE WKLFNQHVV� DV WKH
FXWRm RI �� +DUWUHH ZDV DGRSWHG DIWHU FDUHIXO WHVWLQJ� )RU LQWHJUDWLRQV RYHU

��



7DEOH �� 7KH SHUSHQGLFXODU UHOD[DWLRQ SDUDPHWHUV RI WKH WRSPRVW OD\HU RI ZXUW]LWH &G6

���

x

��� VXUIDFH� c�� LV WKH VSOLWWLQJ RI &G DQG 6 DWRPV WR WKH 6 DQG &G OD\HUV �LQ

y

$� DQG �

LV WKH FRUUHVSRQGLQJ URWDWLRQ RI WKH &G^6 ERQG IURP WKH LQLWLDOO\ KRUL]RQWDO GLUHFWLRQ� 7%

GHQRWHV WLJKW^ELQGLQJ PHWKRG�

&G6 8QUHOD[HG /&$2 3:33 3:33

��
7%

��

c�� ��� ��� ��� ��� ���

� �

p
��

p
��

p
��

p
��

p

WKH UHFLSURFDO VSDFH WKH b�SRLQW �N  �� YDOXH ZDV WDNHQ DV WKH UHSUHVHQWDWLYH
DYHUDJH RI WKH nUVW %ULOORXLQ ]RQH �b�SRLQW DSSUR[LPDWLRQ��

7KH EXON VXSHUFHOO LQ )LJ� �� FRQWDLQV HLJKW DWRPV �� &G � � 6� DQG LQFUHDVH
RI WKH FHOO VL]H ZDV IRXQG WR GUDVWLFDOO\ LQFUHDVH WKH FRPSXWDWLRQDO WDVN ZLWK
/&$2� :LWK 3:33� D ���DWRP �� &G � � 6� VXSHUFHOO �WZR DGMDFHQW VXSHUFHOOV
RI )LJ� �� ZDV XVHG� 7KLV ZDV DGYDQWDJHRXV LQ EULQJLQJ WKH RUWKRUKRPELF
FHOO JHRPHWU\ FORVHU WR FXELF WKDW ZDV IRXQG WR VWDELOL]H WKH LQWHUQDO EXON
JHRPHWU\ YHU\ FORVH WR WKH H[SHULPHQWDO RQH� )XUWKHUPRUH� LW LQFUHDVHV WKH
DFFXUDF\ RI WKH b�SRLQW DSSUR[LPDWLRQ� 5HOD[DWLRQ HQHUJLHV IRU EXON &G6 ZLWK
WKH H[SHULPHQWDO ODWWLFH FRQVWDQWV� IURP WKH LQLWLDO FRQnJXUDWLRQ� ZHUH ���� H9
DQG ���� H9 SHU SULPLWLYH FHOO ZLWK /&$2 DQG 3:33� UHVSHFWLYHO\� 7KH EXON
UHOD[DWLRQ UHVXOWV LQ D VPDOO UHODWLYH VKLIW RI WKH &G DQG 6 ODWWLFHV� RQO\�

7KH VXUIDFH FDOFXODWLRQV ZHUH FDUULHG RXW ZLWK YDULRXV VXSHUFHOO JHRPHWULHV�
$ VXSHUFHOO VWUXFWXUH ZLWK IRXU YDFXXP OD\HUV DQG IRXU DWRPLF OD\HUV ZDV IRXQG
WR EH UHODWLYHO\ JRRG IRU D TXDQWLWDWLYH GHVFULSWLRQ RI WKH UHOD[DWLRQ RI WKH nUVW
WZR VXUIDFH OD\HUV� 7KH UHOD[HG JHRPHWU\ LV JLYHQ LQ 7DEOH � WRJHWKHU ZLWK WKDW
IURP WKH WLJKW�ELQGLQJ FDOFXODWLRQV RI :DQJ DQG 'XNH �� DQG DE LQLWLR 3:33
FDOFXODWLRQV RI 6FKU�RHU� .U�XJHU DQG 3ROOPDQQ��� 7KH UHVXOWV IURP DOO RI WKH
FDOFXODWLRQV VKRZ D ERQG�OHQJWK�FRQVHUYLQJ UHOD[DWLRQ LQ ZKLFK WKH WRS�OD\HU
FDWLRQV PRYH WRZDUGV EXON DQG WKH DQLRQV PRYH RXWZDUGV IURP WKH VXUIDFH
SODQH� 7KH URWDWLRQ DQJOH � RI WKH ERQG GLUHFWLRQ EHWZHHQ WKH VXUIDFH OD\HU
DWRPV LV JLYHQ LQ 7DEOH �� WRR� 7KH FDOFXODWHG UHOD[DWLRQ LV GULYHQ E\ WKH
HQHUJ\ JDLQ RI ���� H9 SHU VXUIDFH XQLW FHOO DFFRUGLQJ WR ERWK RI RXU PHWKRGV�

6XUIDFH GHQVLWLHV�RI�VWDWHV� UHOHYDQW WR WKH FKHPLFDO DFWLYLW\� ZHUH FRQVLG�
HUHG DQG VODE PRGHOV RI YDULRXV WKLFNQHVVHV ZHUH WHVWHG� WRR� )RU PRUH GHWDLOV
VHH 5HI� ���

��� ����� )DFH RI 6Q2�

7KH UXWLOH FU\VWDO VWUXFWXUH RI 6Q2
�
LV ��� FRRUGLQDWHG DQG WKH ERQGLQJ EHWZHHQ

DWRPV KDV D UHODWLYHO\ VWURQJ LRQLF FKDUDFWHU� 7KH ����� IDFH LV WKH PRVW VWDEOH�

��



)LJXUH �� 7KH RUWKRUKRPELF VXSHUFHOO RI UXWLOH 6Q2�� 6PDOOHU VSKHUHV GHVFULEH DQLRQV �2�

DQG ODUJHU FDWLRQV �6Q�� 7KH XSSHU KDOI RI WKH VXSHUFHOO LOOXVWUDWHV WKH UHOD[HG ����� VXUIDFH

EXW WKH ORZHU KDOI LV n[HG WR WKH EXON JHRPHWU\� 7KHUH DUH �� LQHTXLYDOHQW DWRPV �WZR

SULPLWLYH FHOOV� LQ WKH FRUUHVSRQGLQJ EXON VXSHUFHOO �����

y

$ d ����

y

$ d ����

y

$� DQG �� DWRPV

LQ WKH VXSHUFHOO RI WKH WKLQQHVW VODE PRGHO�

DQG WKHUHIRUH� LW LV WKH PRVW GRPLQDQW VXUIDFH RI WKH FU\VWDOOLWHV RI WKH XVXDOO\
SRURXV 6Q2� PDWHULDO� 7KH LGHDO ����� FOHDYDJH IDFH LV QRQ�SRODU� EXW DJDLQ�
EHFRPHV D GLSROH ELOD\HU GXH WR WKH UHOD[DWLRQ� )XUWKHUPRUH� WKH VXUIDFH WHQGV
WR R[LGL]H HDVLO\� ZKLFK HmHFWV RQ WKH UHOD[DWLRQ RU UHFRQVWUXFWLRQ� VXUIDFH
FKDUJH DQG SRWHQWLDO� DQG WKXV� WKH FKHPLFDO SURSHUWLHV� $OVR� WKH R[\JHQ
YDFDQFLHV SUHVHQW LQ WKH EXON� FORVH WR WKH VXUIDFH DQG HYHQ PRELOH DW KLJKHU
WHPSHUDWXUHV LQWHUIHUH ZLWK WKH DERYH PHQWLRQHG SURSHUWLHV�

([WHQVLYH DPRXQW RI UHVHDUFK KDV EHHQ GRQH RQ WKH 6Q2
�
PDWHULDO DQG

LWV VXUIDFHV ERWK H[SHULPHQWDOO\ DQG WKHRUHWLFDOO\� VHH 5HIV� �^�� ��^�� DQG
IXUWKHU UHIHUHQFHV WKHUHLQ� (DUOLHU� ZH KDYH FDUULHG RXW /&$2 FDOFXODWLRQV ZLWK
D nQLWH FOXVWHU PRGHO ����� DQG IRXQG RXW WKH QHFHVVLW\ RI SURSHU HPEHGGLQJ
RU LQFOXVLRQ RI SHULRGLFLW\ DV GHVFULEHG LQ 6HFV� ��� DQG ���� DERYH� +HUH� ZH
FRQVLGHU UHOD[DWLRQ RI WKH LGHDO ����� FOHDYDJH VXUIDFH RI 6Q2

�
� 7KLV VWURQJO\

UHOD[LQJ IDFH LV FDOOHG ?UHGXFHG� LQ FRQWUDVW WR WKH ?R[LGL]HG� VXUIDFH ZKLFK
UHOD[HV OHVV�

7KH WHWUDJRQDO XQLW FHOO FRQWDLQV WZR WLQ DQG IRXU R[\JHQ DWRPV ZLWK ODWWLFH
SDUDPHWHUV D  ���� y$ DQG F  ���� y$� +HUH DJDLQ ZH XVHG DQ RUWKRUKRPELF
VXSHUFHOO ZLWK �� DWRPV� VKRZQ LQ )LJ� �� WR PDNH FDOFXODWLRQV VLPSOHU� 7KH
VDPH H[SHULPHQWDO ODWWLFH SDUDPHWHUV ZHUH XVHG WKURXJKRXW WKH VWXG\ WR UHWDLQ
VLPSOH FRPSDUDELOLW\ RI WKH UHVXOWV IURP WKH WZR PHWKRGV�

)RU WKH /&$2 FDOFXODWLRQV WKH '6ROLG �� VRIWZDUH DQG WKH /'$ SDUDPH�
WUL]HG E\ 9RVNR� :LON DQG 1XVDLU �� ZHUH XVHG DJDLQ� )RU R[\JHQ DQG WLQ ZH
XVHG WKH EDVLV VHWV� �V�� �V�� �S�� �V�� �S�� �G�� �G�
� DQG ��V��� ��V��� ��S���
��V��� ��S��� ��G���� ��V��� ��S��� �G��� �V�� �S�� �G�
� �V�
� �S�
� �G�
� UHVSHF�

��



7DEOH �� 7KH SHUSHQGLFXODU UHOD[DWLRQ SDUDPHWHUV RI WKH WRSPRVW OD\HU RI UXWLOH 6Q2� �����

VXUIDFH� c�� LV WKH VSOLWWLQJ RI 2 DQG 6Q DWRPV �DYHUDJH� DQG c�� WKH VSOLWWLQJ EHWZHHQ WKH

WZR LQHTXLYDOHQW 6Q DWRPV �ERWK LQ

y

$��

6Q2� 8QUHOD[HG /&$2 3:33 7%

��

c�� ���� ���� ���� ����

c�� ���� ���� ���� ����

WLYHO\� 7KH EDVLV VHW QRWDWLRQ LV WKH VDPH DV DERYH� 7KH 3:33 FDOFXODWLRQV
ZHUH FDUULHG RXW ZLWK WKH 3ODQH:DYH VRIWZDUH������

7LQGLR[LGH DSSHDUHG WR EH FDOFXODWLRQDOO\ PRUH GHPDQGLQJ WKDQ &G6� 7KH
WRWDO HQHUJ\ PLQLPL]DWLRQ ZLWK 3:33 OHG FORVH WR WKH H[SHULPHQWDO ODWWLFH FRQ�
VWDQWV RQO\ ZLWK WKH ?H[WHQGHG�QRUP�DQG�KDUGQHVV�FRQVHUYLQJ� SVHXGRSRWHQ�
WLDOV��� ZKLFK UHTXLUHG WKH FXWRm HQHUJ\ RI �� +DUWUHH ��� 5\ ��� 7KH TXDOLW\ RI
WKH FDOFXODWLRQ ZDV LQFUHDVHG DOVR E\ LQFOXGLQJ WKUHH N�SRLQWV IRU WKH HYDOXD�
WLRQV RI %ULOORXLQ ]RQH DYHUDJHV� 7KH /&$2 FDOFXODWLRQV ZHUH GRQH URXJKO\ DW
WKH VDPH OHYHO DV WKRVH IRU &G6� ,QFUHDVH RI WKH EDVLV VHW DQG SRVVLEO\ D ODUJHU
VXSHUFHOO ZRXOG KDYH EHHQ QHFHVVDU\ WR REWDLQ WKH H[SHULPHQWDO ODWWLFH FRQ�
VWDQWV WR � � DFFXUDF\ ZLWK /&$2� 7KH KLJKHU GHPDQGV IRU WKH FDOFXODWLRQV
RI 6Q2

�
� DV FRPSDUHG ZLWK &G6� DUH REYLRXVO\ EURXJKW E\ WKH HOHPHQW R[\JHQ

ZKLFK LV NQRZQ WR UHTXLUH QRW RQO\ QXPHULFDOO\ KLJKHU OHYHO FDOFXODWLRQV EXW
DOVR QRQ�ORFDO FRUUHFWLRQV WR /'$�

7KH SDUDPHWHUV JLYHQ LQ 7DEOH � GHVFULEH WKH UHOD[DWLRQ ZLWKLQ WKH nUVW
OD\HU RI �������d� VXUIDFH� 7KH\ DUH VHHQ WR EH OHVV WKDQ WKRVH LQ 7DEOH � IRU
&G6 �URXJKO\ KDOI�� 7KH FRPPRQ IHDWXUH LQ ERWK LV� KRZHYHU� WKH DQLRQ �6
RU 2� UHOD[DWLRQ RXWZDUGV� ,Q FDVH RI 6Q2� WKH WZR LQHTXLYDOHQW 6Q FDWLRQV
UHOD[ VOLJKWO\ GLmHUHQWO\� WRR� 7KH WZR PHWKRGV� /&$2 DQG 3:33� DUH VHHQ
WR OHDG UHODWLYHO\ VLPLODU UHOD[DWLRQ� ZKHUHDV WKH WLJKW�ELQGLQJ PHWKRG�� VHHPV
WR \LHOG VPDOOHU UHOD[DWLRQ� )RU PRUH GHWDLOV� LQFOXGLQJ VXSHUFHOO VL]H HmHFWV
DQG GLmHUHQW VODE PRGHOV� VHH WKH RULJLQDO ZRUN���

� &RQFOXVLRQV

7KH GHQVLW\�IXQFWLRQDO WKHRU\ LV WKH SURSHU IUDPHZRUN IRU WKH DE LQLWLR FDOFX�
ODWLRQ PHWKRGV IRU VROLGV DQG VXUIDFHV� ,W RmHUV D VWUDLJKWIRUZDUG IRUPDOLVP IRU
QXPHULFDO DSSURDFKHV� ZKLFK EHFRPH PRVW HpFLHQW LQ FDVH RI ODUJH DQG LQnQLWH
V\VWHPV� )XUWKHUPRUH� WKH UHVXOWV DUH UHODWLYHO\ DFFXUDWH DOUHDG\ DW WKH ORZHVW
OHYHO RI DSSUR[LPDWLRQ WR WKH H[FKDQJH DQG FRUUHODWLRQ RI HOHFWURQV� WKH /'$�
DV VKRZQ LQ WKLV WH[W DERYH� 7KLV IRUPDOLVP DOVR GHnQHV WKH UHOHYDQW FRQFHSWV

��



IRU WKH VROLG VWDWH HOHFWURQLF VWUXFWXUH LQ D VLPSOH ZD\� DQG WKDW PD\ EH PRUH
VXLWDEOH HYHQ IRU XVH LQ TXDOLWDWLYH PROHFXODU RUELWDO WKHRU\ RI VPDOO PROHFXOHV
WKDQ WKH FRQYHQWLRQDO +DUWUHH^)RFN WKHRU\� DV DUJXHG LQ D YHU\ UHFHQW SDSHU���

(YDOXDWLRQ RI WKH WZR GLmHUHQW FRPSXWDWLRQDO DSSURDFKHV WR ')7� QDPHO\
/&$2 DQG 3:33� VKRZV WKDW ERWK RI WKHP DUH DEOH WR GHVFULEH WKH VXUIDFH
VWUXFWXUH DQG SURSHUWLHV RI FRPSRXQG VHPLFRQGXFWRUV� $ UHDVRQDEOH DFFXUDF\
FDQ EH DFKLHYHG ZLWK UHDVRQDEOH FRPSXWDWLRQDO HmRUWV GXH WR WKH /'$� ,Q
FRPSDULVRQ RI /&$2 DQG 3:33 WKH ODUJHVW GLmHUHQFHV� WKHUHIRUH� UHPDLQ LQ
WKH FRQFHSWV ZKLFK WKHVH PHWKRGV XVH WR GHVFULEH WKH HOHFWURQLF VWUXFWXUH RI
SHULRGLF VROLGV� 7KH /&$2 DFFRXQWV IRU ERQGLQJ DQG RWKHU SKHQRPHQD LQ
WHUPV RI DWRPLF RUELWDOV� ZKHUHDV WKH 3:33 HPSKDVL]HV WKH EDQG VWUXFWXUH
LQ WKH GHVFULSWLRQ RI YDOHQFH DQG FRQGXFWLRQ HOHFWURQV�

$V H[SHFWHG� WKH UHOD[DWLRQ RI ���x��� VXUIDFH RI &G6 DQG ����� VXUIDFH RI
6Q2� RFFXU HVVHQWLDOO\ LQ WKH SHUSHQGLFXODU GLUHFWLRQ� RQO\� /DWHUDO UHOD[DWLRQ
LV QHJOLJLEOH� 6\PPHWU\ EUHDNLQJ UHFRQVWUXFWLRQ ZDV QRW IRXQG� LQ HLWKHU FDVH�
7KH PRVW SURPLQHQW FRPPRQ IHDWXUH IRU ERWK VXUIDFHV LV WKH DQLRQ UHOD[DWLRQ
RXWZDUGV IURP WKH VXUIDFH� 9DULRXV DE LQLWLR UHVXOWV IRU WKH UHOD[DWLRQ SDUDPH�
WHUV VHHP WR PXWXDOO\ DJUHH� EXW GLmHU VRPHZKDW IURP WKRVH RI WLJKW�ELQGLQJ
UHVXOWV� 7KH H[WHQW RI UHOD[DWLRQ DQG WKH FRQVHTXHQW HmHFWV RQ WKH VXUIDFH
SURSHUWLHV DUH GHnQLWHO\ HVVHQWLDO IRU WKH DGVRUSWLRQ DQG VXUIDFH FKHPLVWU\ RI
WKHVH PDWHULDOV�

$FNQRZOHGJPHQWV

7KH DXWKRU RZHV WKDQNV KLV FRDXWKRUV 7XRPR 5DQWDOD� 9LOKR /DQWWR DQG -XKD
9DDUD RI WKH RULJLQDO UHVHDUFK SDSHUV UHODWHG WR WKH ZRUN UHYLHZHG LQ 6HF� ��
DERYH� 7KH &HQWHU IRU 6FLHQWLnF &RPSXWLQJ �&6&�� (VSRR� )LQODQG� LV DF�
NQRZOHGJHG IRU WKH FRPSXWDWLRQDO UHVRXUFHV DQG VRIWZDUH� ZKLFK KDYH EHHQ
HVVHQWLDO IRU FDUU\LQJ RXW WKH FDOFXODWLRQV LQ WKH RULJLQDO ZRUN�

5HIHUHQFHV

�� 9LOKR /DQWWR LQ *DV 6HQVRUV� HG� *� 6EHUYHJOLHUL �.OXZHU $FDGHPLF
3XEOLVKHUV� 'RUGUHFKW� ������ SS� ��^���

�� :� *�RSHO� 3URJ� 6XUI� 6FL� ��� � ������� DQG :� *�RSHO� 0LFURHO� (QJ�

��� �� �������
�� 0�-� *LOODQ HW DO�� &XUUHQW 2SLQLRQ LQ 6ROLG 6WDWH 	 0DWHULDOV 6FLHQFH ��
��� ������� ,� 0DQDVVLGLV DQG 0�-� *LOODQ� 6XUI� 5HY� /HWW� �� ��� �������
,� 0DQDVVLGLV HW DO�� 6XUI� 6FL� ���� ��� ������� DQG 3�-�'� /LQGDQ HW

DO�� 6XUI� 6FL� ���� ��� �������

��



�� &�%� 'XNH LQ 6XUIDFH 3URSHUWLHV RI (OHFWURQLF 0DWHULDOV� HGV� '�$� .LQJ
DQG '�3� :RRGUXm �(OVHYLHU� $PVWHUGDP� ������ &KDS� �� SS� ��^����

�� &�%� 'XNH LQ 5HFRQVWUXFWLRQ RI 6ROLG 6XUIDFHV� HGV� .� &KULVWPDQ DQG
.� +HLQ] �6SULQJHU^9HUODJ� %HUOLQ� ������

�� 7XRPR 6� 5DQWDOD� 9LOKR /DQWWR DQG 7DSLR 7� 5DQWDOD� &6& 1HZV �� ��
�������

�� +��-� )UHXQG� $QJHZ� &KHP� ,QW� (G� (QJO� ��� ��� ������� DQG
0� %�DXPHU� -� /LEXGD DQG +��-� )UHXQG LQ &KHPLVRUSWLRQ DQG 5HDF�

WLYLW\ RQ 6XSSRUWHG &OXVWHUV DQG 7KLQ )LOPV� HGV� 5�0� /DPEHUW DQG
*� 3DFFKLRQL �.OXZHU $FDGHPLF 3XEOLVKHUV� 'RUGUHFKW� ������ SS� ��^
����

�� -�&� 6ODWHU 4XDQWXP 7KHRU\ RI $WRPLF 6WUXFWXUH� 9ROV� , DQG ,,� 4XDQ�

WXP 7KHRU\ RI 0ROHFXOHV DQG 6ROLGV� 9ROV� , DQG ,, �0F*UDZ^+LOO� 1HZ
<RUN� ����^������

�� 5� 0F:HHQ\� 0HWKRGV RI 0ROHFXODU 4XDQWXP 0HFKDQLFV� �$FDGHPLF
3UHVV� /RQGRQ� ������

��� 1�:� $VKFURIW DQG 1�'� 0HUPLQ� 6ROLG 6WDWH 3K\VLFV� �+ROW^6DXQGHUV�
3KLODGHOSKLD� ������

��� 3� +RKHQEHUJ DQG :� .RKQ� 3K\V� 5HY� ���� %��� �������
��� :� .RKQ DQG /�-� 6KDP� 3K\V� 5HY� ���� $���� �������
��� 5�*� 3DUU DQG :� <DQJ� 'HQVLW\�)XQFWLRQDO 7KHRU\ RI $WRPV DQG 0ROH�

FXOHV� �2[IRUG 8QLYHUVLW\ 3UHVV� 1HZ <RUN� ������
��� '�0� &HSHUOH\ DQG %�-� $OGHU� 3K\V� 5HY� /HWW� ��� ��� �������

'�0� &HSHUOH\� 3K\V� 5HY� % ��� ���� �������
��� 6�+� 9RVNR� /� :LON DQG 0� 1XVDLU� &DQ� -� 3K\V� ��� ���� �������
��� -�3� 3HUGHZ DQG $� =XQJHU� 3K\V� 5HY� % ��� ���� �������
��� 5�2� -RQHV DQG 2� *XQQDUVVRQ� 5HY� 0RG� 3K\V� ��� ��� �������
��� 7DSLR 7� 5DQWDOD� $FWD 8QLYHUVLWDWLV 2XOXHQVLV $ ���� �������
��� -�3� 3HUGHZ HW� DO�� 3K\V� 5HY� % ��� ���� ������� DQG 3K\V� 5HY� /HWW�

��� ���� �������
��� $� 6HLGO HW� DO�� 3K\V� 5HY� % ��� ���� �������
��� 8VHU *XLGHV RI '6ROLG DQG 3ODQH:DYH �0ROHFXODU 6LPXODWLRQV� 6DQ

'LHJR� ������
��� 0�&� 3D\QH� 0�3� 7HWHU� '�&� $OODQ� 7�$� $ULDV DQG -�'� -RDQQRSRXORV�

5HY� 0RG� 3K\V� ��� ���� �������
��� +�-� 0RQNKRUVW DQG -�'� 3DFN� 3K\V� 5HY� % ��� ���� �������
��� 7DSLR 7� 5DQWDOD� 7XRPR 6� 5DQWDOD� 9LOKR /DQWWR DQG -XKD 9DDUD� 6XUI�

6FL� ��� ��� �������
��� 3� 6FKU�RHU� 3�.� .U�XJHU DQG -�3ROOPDQQ� 3K\V� 5HY� % ��� ����� �������
��� 5� 6WXPSI DQG 0� 6FKHqHU� &RPS� 3K\V� &RPP� ��� ��� �������

��



��� '�5� +DPDQQ� 3K\V� 5HY� % ��� ���� �������
��� <�5� :DQJ DQG &�%� 'XNH� 3K\V� 5HY� % ��� ���� �������
��� 7XRPR 6� 5DQWDOD� 9LOKR /DQWWR DQG 7DSLR 7� 5DQWDOD� 3K\VLFD 6FULSWD

7��� ��� �������
��� 7XRPR 6� 5DQWDOD� 9LOKR /DQWWR DQG 7DSLR 7� 5DQWDOD� 6HQVRUV DQG

$FWXDWRUV % ��^��� ��� �������
��� 7XRPR 5DQWDOD� $FWD 8QLYHUVLWDWLV 2XOXHQVLV 7HFKQLFD & ��� �������
��� 7DSLR 7� 5DQWDOD� 7XRPR 6� 5DQWDOD DQG 9LOKR /DQWWR �)RXUWK 1RUGLF

&RQIHUHQFH RQ 6XUIDFH 6FLHQFH� 0D\ �� ^ -XQH �� ���� LQ y$OHVXQG� 1RU�
ZD\� %RRN RI ([WHQGHG $EVWUDFWV�� HGV� 6� 5DDHQ DQG -� %UHPHU� 3R%���
S� ���� DQG 7DSLR 7� 5DQWDOD� 7XRPR 6� 5DQWDOD DQG 9LOKR /DQWWR� PDQ�

XVFULSW� WR EH SXEOLVKHG�
��� /'$ SDUDPHWUL]DWLRQ RI 0�3� 7HWHU� XQSXEOLVKHG ������� 6LPLODU WR WKH

SDUDPHWUL]DWLRQ RI 5HI� ���
��� 0�3� 7HWHU� 3K\V� 5HY� % ��� ���� �������
��� 7XRPR 6� 5DQWDOD� 9LOKR /DQWWR DQG 7DSLR 7� 5DQWDOD� 6HQVRUV DQG

$FWXDWRUV % ��^��� ��� �������
��� 7�-� *RGLQ� DQG -�3� /D)HPLQD� 3K\V� 5HY� % ��� ���� �������
��� 5� &DU DQG 0� 3DUULQHOOR� 3K\V� 5HY� /HWW� ��� ���� �������
��� (�-� %DHUHQGV DQG 2�9� *ULWVHQNR� -� 3K\V� &KHP� $ ���� ���� �������

:RUG LQGH[

DE LQLWLR DGVRUSWLRQ EDVLV IXQFWLRQ %ULOORXLQ ]RQH FDWDO\]HG UHDFWLRQ &G6 FOHDY�
DJH VXUIDFH FRPSRXQG VHPLFRQGXFWRU FRQnJXUDWLRQ LQWHUDFWLRQ GHQVLW\�IXQFWLRQDO
WKHRU\ H[FKDQJH DQG FRUUHODWLRQ )HUPL HQHUJ\ nUVW SULQFLSOHV )RFN RSHUDWRU JDV
VHQVRU +DUWUHH^)RFN +DUWUHH SRWHQWLDO /&$2 OLQHDU�FRPELQDWLRQ�RI�DWRPLF�
RUELWDOV ORFDO�GHQVLW\ DSSUR[LPDWLRQ PHWDO R[LGH PXOWLFRQnJXUDWLRQ RQH�HOHFWURQ
SLFWXUH SODQH ZDYH SVHXGRSRWHQWLDO 3:33 UHFLSURFDO VSDFH UXWLOH VWUXFWXUH
6Q2� VSKHULFDO KDUPRQLF VXUIDFH GLmXVLRQ WHWUDKHGUDOO\ ERQGHG ZDYHIXQFWLRQ
IRUPDOLVP ZDYHYHFWRU
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-DQXDU\ ��� ����

&RQWHQWV

� ,QWURGXFWLRQ �

� )LUVW 3ULQFLSOHV $SSURDFK �

��� 0DQ\�HOHFWURQ 3UREOHP � � � � � � � � � � � � � � � � � � � � � � �
��� 'HQVLW\�IXQFWLRQDO )RUPDOLVP � � � � � � � � � � � � � � � � � � � �

� &RPSXWDWLRQDO 0HWKRGV �

��� /&$2 0HWKRG � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� 3ODQH :DYH 3VHXGRSRWHQWLDO 0HWKRG � � � � � � � � � � � � � � � ��

� 6XUIDFH 5HOD[DWLRQ ��

��� ���x��� )DFH RI &G6 � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� ����� )DFH RI 6Q2

�
� � � � � � � � � � � � � � � � � � � � � � � � � ��

� &RQFOXVLRQV ��
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