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A B S T R A C T

Vibration energy harvesting is becoming increasingly attractive in line with the development
of wireless sensor technologies. Magnetostrictive materials inherently exhibit high mechanical
strength and are thus suitable for various applications and mass manufacturing of energy
harvesting devices. Many studies have been conducted to increase the output power of
harvesters, and some utilized analytical methods. However, the optimization methods often
take into account only the resonant frequency of the system under forced vibration. These
models can produce correct predictions only when steady-state harmonic excitation inputs are
considered.

In this study, we propose the modeling and optimization method for a cantilever-type
magnetostrictive harvester under free vibration. The cantilever has a double-beam structure
composed of two parallel Fe-Ga beams with pickup coils. In the modeling, the shape function
of the cantilever-type magnetostrictive energy harvester was derived based on the continuity of
the internal force and magnetic flux. Hamilton’s principle for an electromagnetic-mechanically
coupled system was derived from the virtual work principle. The equation of motion, magnetic
circuit equation, and electric circuit equation of the system were respectively derived from the
corresponding Euler–Lagrange equations. The harvestable energy of the magnetostrictive energy
harvester was calculated by using the symmetric property of eigenvalues. In the efficiency
maximization of the harvestable energy, we found that the optimal solution differs depending
on the type of given energy. The optimal parameters to maximize the energy efficiency to
potential energy and kinetic energy are respectively derived in the form of algebraic solutions.
Experimental validation was conducted by measuring the energy harvesting efficiency at
different loads.

. Introduction

Vibration energy harvesting has gained attention in the last two decades in line with the growing popularity of wireless
ensor networks [1] and Internet of Things applications [2]. To convert the energy of mechanical vibrations to electrical energy,
lectromagnetic and piezoelectric transducers have been commonly researched and used in various applications [3]. Anton et al. [4]
erformed an experimental proof of concept of vibration energy harvesting in aircraft with an aircraft model. They attached
iezoelectric patches to the wing spar and installed a cantilever-type piezoelectric energy harvester into the fuselage of the aircraft.
he harvested energy was sufficient for powering low-power subsystems. Tang et al. [5] installed an electromagnetic energy
arvester at the top of a prototype building as a damper. The harvested energy was used to actively control the damping. They
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validated the effectiveness of the self-powered active vibration suppression using an energy harvester. Yoshida et al. [6] conducted
on-site experiments with piezoelectric energy harvesters for structural health monitoring of railway bridges. The harvested energy
was supplied to the sensor systems attached to the railway bridge and in this way, a whole wireless structural monitoring system
for railway bridges was established.

Electromagnetic energy harvesting utilizes the electromotive force induced by the change of magnetic flux. Beeby et al. [7]
resented an electromagnetic micro harvester consisting of a cantilever with a wound coil and magnets. The device produced 46
W with practical volume of 0.15 cm3 under 0.59 m s−2 acceleration at its resonant frequency of 52 Hz. Abohamer et al. [8,9]

proposed the development of pendulum-type electromagnetic energy harvesters where they analyzed the non-linear behaviors and
stabilities of the harvesters by employing the method of multiple scales. Zuo et al. [10] proposed electromagnetic energy harvesting
tuned mass dampers where they maximized the output power based on the 𝐻2 norm with the assumption that the system is excited
by white noise input.

Piezoelectric energy harvesters are characterized by their high energy density and simple device structure. Erturk and Inman [11]
analyzed a cantilevered piezoelectric harvester by modal decomposition. They also investigated the effect of tip mass and proved
that the error of the single-degree-of-freedom modeling method decreases as the mass ratio of the tip mass to the beam increases.
Lefeuvre et al. [12] analyzed an RC circuit coupled to a single-degree-of-freedom mechanical system. They maximized the average
power of the load resistance and proved that the dc–dc buck–boost converter can be modeled as a resistor for fixed values of the
duty cycle and the switching frequency. However, piezoelectric materials cannot be used in applications involving strong mechanical
force due to their brittleness [13]. In addition, the most common piezoelectric material, perovskite lead zirconate titanate, contains
lead and its high toxicity has been a great concern [14,15].

Magnetostrictive energy harvesting utilizes magnetic induction based on Joule and Villari effects present in giant magnetostrictive
materials to convert between strain energy and magnetic energy. Palumbo et al. [16] investigated the change of magnetostrictive
properties of a Fe-Ga energy harvester under different mechanical prestress and magnetic bias. The optimal values of these param-
eters are discussed based on the experiments. Ahmed et al. [17–19] conducted finite element analyses of magnetostrictive energy
harvesters based on the Helmholtz free energy density function. Mizukawa et al. [20] analytically investigated the magnetostrictive
energy harvester and derived its optimal resistance and optimal capacitance as functions of the excitation frequency. Ueno and
Yamada [21] proposed a cantilever-type micro energy harvesting device consisting of two parallel Fe-Ga beams. They experimentally
investigated the energy harvesting efficiency of the proposed device and demonstrated that the energy harvesting efficiency is
linear with respect to initial displacement. Wang and Yuan [22] analyzed a cantilever-type magnetostrictive harvester using Metglas
bonded on a copper substrate. They applied Hamilton’s principle in the magneto-mechanical part of the system to obtain the equation
of motion. They assumed an infinitely long solenoid coil and thus neglected the effect of the magnetic circuit.

Although many studies have been conducted to increase the energy efficiency of energy harvesters, most of them have focused
on the resonant state of the harvesters under forced vibration. While the resonance-based approach is effective when harmonic
excitation is given to the system, it cannot be applied to the system oscillating without external force. When harvesters are used in
applications involving random impacts, they have to be optimized based on free vibration. In this paper, we propose a modeling and
optimization method for a magnetostrictive energy harvester under free vibration. In the modeling process, we assumed that the
deflection of the harvester due to shear stress was negligibly small compared to the bending deflection [23] and that the vibration
amplitude of the harvester was sufficiently small. Therefore, the linearized approach and the Euler–Bernoulli beam theory were
used [22,24–26]. The equation of motion, magnetic circuit equation, and electric circuit equation of the harvester are obtained from
the Euler–Lagrange equations derived based on the virtual work principle. Energy harvesting efficiency and efficiency-maximizing
design parameter were derived depending on whether the free vibration is induced by initial displacement or initial velocity. The
efficiency calculations are validated through experiments.

2. Modeling method

In this study, we analyze the double-beam magnetostrictive energy harvester proposed in [21]. The harvester consists of two
parallel Fe-Ga beams. The coils wound around the Fe-Ga beams are connected in series with a load resistor. Permanent magnets
are attached to the ends of the double beam to give symmetric magnetic bias to the Fe-Ga beams. The magnetic flux flowing into
the magnets and air is static, and thus negligible in the linear dynamics. Fig. 1 shows the (a) side view and (b) top view of the
double-beam magnetostrictive energy harvester connected to a resistive circuit.

2.1. Constitutive equations

The magnetostrictive constitutive equations linearized for small-signal behavior are given as follows [25]:

𝛥𝑩 =
[

𝜇T
]

𝛥𝑯 + [𝑑]∗ 𝛥𝑻

𝛥𝑺 = [𝑑]𝛥𝑯 +
[

𝑠H
]

𝛥𝑻
(1)

where 𝑩, 𝑯 , 𝑺, and 𝑻 are the magnetic flux density, magnetic field strength, mechanical strain, and mechanical stress, respectively.
The small variation of the quantities is denoted by 𝛥.

[

𝜇T
]

is the permeability matrix at constant stress,
[

𝑠H
]

is the elastic compliance
2
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Fig. 1. Double-beam magnetostrictive energy harvester connected to a resistive circuit.

matrix at constant magnetic strength, [𝑑]∗ is the transpose of the magnetostrictive constant matrix [𝑑]. In this study, we consider
only the longitudinal direction, and thus Eqs. (1) can be represented as 1D constitutive equations:

[

𝛥𝐵
𝛥𝑆

]

=

[

𝜇T 𝑑

𝑑 𝑠H

]

[

𝛥𝐻
𝛥𝑇

]

(2)

By multiplying the inverse of the coefficient matrix from the left, we can solve Eq. (2) with regards to 𝛥𝐻 and 𝛥𝑇 :

[

𝛥𝐻
𝛥𝑇

]

=

⎡

⎢

⎢

⎢

⎢

⎣

𝜈T

1 − 𝑘20
− 𝜈

T𝐸H𝑑
1 − 𝑘20

− 𝜈
T𝐸H𝑑
1 − 𝑘20

𝐸H

1 − 𝑘20

⎤

⎥

⎥

⎥

⎥

⎦

[

𝛥𝐵
𝛥𝑆

]

(3)

where 𝜈T = 1∕𝜇T and 𝐸H = 1∕𝑠H are the reluctivity and Young’s modulus. The magnetostrictive coupling coefficient 𝑘0 is defined
as follows:

𝑘0 =
𝑑

√

𝜇T𝑠H
(4)

2.2. Derivation of shape function

The shape function of the cantilever is generally derived by solving the Euler–Bernoulli beam equation and frequency equation.
This section demonstrates that the shape function of the double-beam cantilever can be obtained in a simple way by considering
the continuity of the internal force and magnetic flux.

Fig. 2 shows the configuration of the double beam subject to bending. Assuming that the cantilever oscillates with only its
fundamental mode of oscillation, the displacement 𝑊(𝑥,𝑡) is expressed as a product of a function of longitudinal coordinate 𝑥 and a
function of time 𝑡:

𝑊(𝑥,𝑡) = 𝜓(𝑥)𝜂(𝑡) (5)

where 𝜓(𝑥) and 𝜂(𝑡) are the shape function and generalized displacement, respectively. From the Euler–Bernoulli beam assumption,
the strain 𝛥𝑆 is represented as follows:

𝛥𝑆 = −𝑧
𝜕2𝑊(𝑥,𝑡)

𝜕𝑥2
= −𝑧

𝜕2𝜓(𝑥)

𝜕𝑥2
𝜂(𝑡) (6)

where 𝑧 is the distance from the neutral plane. Similarly, the magnetic flux density 𝛥𝐵 is assumed to be linear with respect to 𝑧:

𝛥𝐵 = 𝑧
𝑧0
𝐵ave(𝑡) (7)

where 𝑧0 is the distance from the neutral plane to the upper Fe-Ga beam. 𝐵ave(𝑡) is the average magnetic flux density which satisfies
the continuity of the magnetic flux. It results from the continuity of the internal force that the surface integral of the mechanical
stress 𝛥𝑇 of Eq. (3) over the cross-sectional area 𝐴,

∫𝐴
𝛥𝑇 d𝐴 = −∫𝐴

𝑧
𝑧0

d𝐴𝜈
T𝐸H𝑑
1 − 𝑘20

𝐵ave(𝑡) − ∫𝐴
𝑧d𝐴 𝐸H

1 − 𝑘20

𝜕2𝜓(𝑥)

𝜕𝑥2
𝜂(𝑡) (8)

must be independent of the longitudinal coordinate 𝑥. Thus,
d2𝜓(𝑥)

d𝑥2
is constant and the stress becomes

𝛥𝑆 = −𝑧
𝜕2𝜓(𝑥) 𝜂 = −𝑧𝐶𝜂 (9)
3
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Fig. 2. Configuration of the double beam subject to bending.

Fig. 3. Comparison of shape functions between single beam and double beam.

where 𝐶 is a constant. With consideration of the boundary conditions for the cantilever,

𝜓(0) = 0, 𝜓 ′
(0) = 0 (10)

the shape function 𝜓(𝑥) is obtained as follows:

𝜓(𝑥) =
1
2
𝐶𝑥2 (11)

Fig. 3 compares the derived shape function Eq. (11) for the double beam with the fundamental shape function of a single beam
derived by solving the Euler–Bernoulli beam equation and frequency equation. Each shape function is normalized to be 1 at 𝑥 = 1.
The derived shape function has a greater curvature than the fundamental shape function for a single beam.

2.3. Hamilton’s principle for electromagnetic-mechanical coupled system

In this section, we derive Hamilton’s principle for the electromagnetic-mechanical conserved system based on the virtual work
principle. For the mechanical system, the virtual work principle is applied to D’Alembert’s principle as

𝛿𝑉mec = (𝑓 − 𝑚𝜂̈) 𝛿𝜂 (12)

where 𝑉mec is the virtual work done by the mechanical system, 𝑓 and 𝑚 are the generalized force and generalized mass, respectively,
and 𝛿 denotes the infinitesimally small arbitrary quantity. The first term in Eq. (12) can be represented with the potential energy
𝑈 as

𝑓𝛿𝜂 = −𝛿𝑈 (13)

The second term in Eq. (12) can be represented as

−𝑚𝜂̈𝛿𝜂 = 𝑚𝜂̇𝛿𝜂̇ − d
d𝑡

(𝑚𝜂̇𝛿𝜂) = 𝛿𝐾 − d
d𝑡

(𝑚𝜂̇𝛿𝜂) (14)

where 𝐾 is the kinetic energy. With Eqs. (13) and (14), Eq. (12) becomes

𝛿𝑉 = 𝛿𝐾 − 𝛿𝑈 − d (𝑚𝜂̇𝛿𝜂) (15)
4

mec d𝑡
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For the electric and magnetic systems, the virtual work principle is applied to Kirchhoff’s second law in the electric and magnetic
circuits, respectively:

𝛿𝑉ele =
(

𝑒EMF − 𝑒
)

𝛿𝑞

𝛿𝑉mag =
(

𝐹MMF − 𝐹
)

𝛿𝜙
(16)

where 𝑉ele and 𝑉mag, respectively, are the virtual works done by electric and magnetic systems. 𝑒EMF and 𝐹MMF are the electromotive
and magnetomotive forces, respectively. 𝑒 and 𝐹 are the electric and magnetic potential differences of the circuit components,
respectively. 𝑞 and 𝜙 are the electric charge and magnetic flux, respectively. The first terms on the right-hand sides of Eqs. (16) can
e represented by Faraday’s and Ampere’s laws as

𝑒EMF𝛿𝑞 = −𝑁𝜙̇𝛿𝑞 = 𝑁𝜙𝛿𝑞̇ − d
d𝑡

(𝑁𝜙𝛿𝑞)

𝐹MMF𝛿𝜙 = 𝑁𝑞̇𝛿𝜙
(17)

where 𝑁 is the number of turns in the coil. The second terms in Eqs. (16) can be represented as

−𝑒𝛿𝑞 = 𝛿𝐾e − 𝛿𝑈e −
d
d𝑡

(𝐿𝑞̇𝛿𝑞)

−𝐹𝛿𝜙 = −𝛿𝑈m

(18)

where 𝐾e, 𝑈e and 𝑈m are the energy of the coil with inductance 𝐿, the energy of the capacitor and magnetic field energy, respectively.
From Eqs. (15)–(18), the virtual work principle for the electromagnetic-mechanical conserved system can be obtained as

𝛿𝑉mec + 𝛿𝑉ele + 𝛿𝑉mag = (𝑓 − 𝑚𝜂̈) 𝛿𝜂 +
(

𝐹MMF − 𝐹
)

𝛿𝜙 +
(

𝑒EMF − 𝑒
)

𝛿𝑞

= 𝛿
(

𝐾 +𝐾e +𝑁𝜙𝑞̇ − 𝑈 − 𝑈e − 𝑈m
)

− d
d𝑡

(𝑚𝜂̇𝛿𝜂 + 𝐿𝑞̇𝛿𝑞 +𝑁𝜙𝛿𝑞) = 0
(19)

where

𝛿 (𝑁𝜙𝑞̇) = 𝑁 (𝜙 + 𝛿𝜙) (𝑞̇ + 𝛿𝑞̇) −𝑁𝜙𝑞̇ (20)

By integrating Eq. (19) between arbitrary time instants (𝑡 ∈ [𝑡a, 𝑡b]), the following equation can be obtained:

∫

𝑡b

𝑡a
𝛿Ld𝑡 − [𝑚𝜂̇𝛿𝜂 + 𝐿𝑞̇𝛿𝑞 +𝑁𝜙𝛿𝑞]𝑡𝑏𝑡𝑎 = 0 (21)

where L is the Lagrangian:

L = 𝐾 +𝐾e +𝑁𝜙𝑞̇ − 𝑈 − 𝑈e − 𝑈m (22)

For the cantilever-type magnetostrictive harvester shown in Fig. 1, each term in Eq. (22) is given by

𝐾 = 1
2
𝑚𝜂̇2 = 2∫

𝑙

0

1
2
𝜌𝐴

(

𝜓(𝑥)𝜂̇
)2 d𝑥 + 1

2
𝑚t

(

𝜓(𝑙) +
1
2
𝜕𝜓(𝑥)

𝜕𝑥

|

|

|

|

|𝑥=𝑙
𝑙t

)2

𝜂̇2 + 1
2
𝐽t

(

𝜕𝜓(𝑥)

𝜕𝑥

|

|

|

|

|𝑥=𝑙
𝜂̇

)2

𝐾e =
1
2
𝐿𝑞̇2 = 0

𝑈 = 2∫

𝑙

0 ∫𝐴
𝑢d𝐴d𝑥

𝑈e = 0

𝑈m = 2∫

𝑙

0 ∫𝐴
𝑢md𝐴d𝑥

(23)

here 𝜌, 𝑚t and 𝐽t are the effective mass density of the Fe-Ga beam with a coil, the mass of the tip mass, and the moment of inertia
f the tip mass, respectively. 𝑙 and 𝑙t are the length of the double-beam and the length of the tip mass, respectively. The strain
nergy density 𝑢 and magnetic energy density 𝑢m are defined as follows:

𝑢 = 1
2
𝛥𝑇𝛥𝑆

= 1
2
𝑧2

𝑧0
𝜈T𝐸H𝑑
1 − 𝑘20

𝜕2𝜓(𝑥)

𝜕𝑥2
𝜂𝐵ave +

1
2
𝑧2 𝐸H

1 − 𝑘20

(

𝜕2𝜓(𝑥)

𝜕𝑥2

)2

𝜂2 = 1
2
𝑧2

𝑧0𝐴
𝜈T𝐸H𝑑
1 − 𝑘20

𝜕2𝜓(𝑥)

𝜕𝑥2
𝜂𝜙 + 1

2
𝑧2 𝐸H

1 − 𝑘20

(

𝜕2𝜓(𝑥)

𝜕𝑥2

)2

𝜂2

𝑢m = 1
2
𝛥𝐻𝛥𝐵

= 1
2
𝑧2

𝑧0
𝜈T𝐸H𝑑
1 − 𝑘20

𝜕2𝜓(𝑥)

𝜕𝑥2
𝜂𝐵ave +

1
2
𝑧2

𝑧20

𝜈T

1 − 𝑘20
𝐵2
ave =

1
2
𝑧2

𝑧0𝐴
𝜈T𝐸H𝑑
1 − 𝑘20

𝜕2𝜓(𝑥)

𝜕𝑥2
𝜂𝜙 + 1

2
𝑧2

𝑧20𝐴
2

𝜈T

1 − 𝑘20
𝜙2

(24)

where Eqs. (3), (6) and (7) are used. When system configuration is assumed to be known at 𝑡𝑎 and 𝑡𝑏 (𝛿𝜂(𝑡𝑎) ≡ 𝛿𝜂(𝑡𝑏) ≡ 𝛿𝜙(𝑡𝑎) ≡ 𝛿𝜙(𝑡𝑏) ≡
𝑞 ≡ 𝛿𝑞 ≡ 0), Eq. (21) is called Hamilton’s principle and this principle is often used to derive equations of systems [27,28].
5

(𝑡𝑎) (𝑡𝑏)
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However, the system configuration does not have to be known. This fact can be confirmed by applying Taylor expansion to 𝛿L in
Eq. (21):

∫

𝑡b

𝑡a

(

𝜕L
𝜕𝜂
𝛿𝜂 + 𝜕L

𝜕𝜙
𝛿𝜙 + 𝜕L

𝜕𝑞
𝛿𝑞

)

d𝑡 + ∫

𝑡b

𝑡a

(

𝜕L
𝜕𝜂̇
𝛿𝜂̇ + 𝜕L

𝜕𝜙̇
𝛿𝜙̇ + 𝜕L

𝜕𝑞̇
𝛿𝑞̇

)

d𝑡 − [𝑚𝜂̇𝛿𝜂 + 𝐿𝑞̇𝛿𝑞 +𝑁𝜙𝛿𝑞]𝑡𝑏𝑡𝑎 = 0 (25)

here the second term of Eq. (25) can be represented by the integration by parts as

∫

𝑡b

𝑡a

(

𝜕L
𝜕𝜂̇
𝛿𝜂̇ + 𝜕L

𝜕𝜙̇
𝛿𝜙̇ + 𝜕L

𝜕𝑞̇
𝛿𝑞̇

)

d𝑡 = [𝑚𝜂̇𝛿𝜂 + 𝐿𝑞̇𝛿𝑞 +𝑁𝜙𝛿𝑞]𝑡𝑏𝑡𝑎 − ∫

𝑡b

𝑡a

[

d
d𝑡

(

𝜕L
𝜕𝜂̇

)

𝛿𝜂 + d
d𝑡

(

𝜕L
𝜕𝜙̇

𝛿𝜙̇
)

+ d
d𝑡

(

𝜕L
𝜕𝑞̇
𝛿𝑞̇

)]

d𝑡 (26)

Therefore, Eq. (25) becomes

∫

𝑡b

𝑡a

{[

𝜕L
𝜕𝜂

− d
d𝑡

(

𝜕L
𝜕𝜂̇

)]

𝛿𝜂 +
[

𝜕L
𝜕𝜙

− d
d𝑡

(

𝜕L
𝜕𝜙̇

)]

𝛿𝜙 +
[

𝜕L
𝜕𝑞

− d
d𝑡

(

𝜕L
𝜕𝑞̇

)]

𝛿𝑞
}

d𝑡 = 0 (27)

Because 𝑡𝑎 and 𝑡𝑏 are arbitrary, the integrand of Eq. (27) has to be zero:
[

𝜕L
𝜕𝜂

− d
d𝑡

(

𝜕L
𝜕𝜂̇

)]

𝛿𝜂 +
[

𝜕L
𝜕𝜙

− d
d𝑡

(

𝜕L
𝜕𝜙̇

)]

𝛿𝜙 +
[

𝜕L
𝜕𝑞

− d
d𝑡

(

𝜕L
𝜕𝑞̇

)]

𝛿𝑞 = 0 (28)

Eq. (28) also represents the total virtual work Eq. (19). The infinitesimally small virtual quantities 𝛿𝜂, 𝛿𝜙, and 𝛿𝑞 are also arbitrary,
nd thus Eq. (28) has to be an identical equation with respect to the virtual quantities:

d
d𝑡

(

𝜕L
𝜕𝜂̇

)

− 𝜕L
𝜕𝜂

= 0

d
d𝑡

(

𝜕L
𝜕𝜙̇

)

− 𝜕L
𝜕𝜙

= 0

d
d𝑡

(

𝜕L
𝜕𝑞̇

)

− 𝜕L
𝜕𝑞

= 0

(29)

Eqs. (29) are Euler–Lagrange equations for an electromagnetic-mechanically coupled conserved system. These equations show that
D’Alembert’s law and Kirchhoff’s second law in the electric and magnetic circuits can be described by the energies of the system,
which can be confirmed by comparing Eqs. (19) and (28). To expand Eqs. (29) for a non-conserved system, a damping term is added
as follows:

d
d𝑡

(

𝜕L
𝜕𝜂̇

)

− 𝜕L
𝜕𝜂

+ 𝜕𝐷
𝜕𝜂̇

= 𝑚𝜂̈ + 𝑐𝜂̇ + 𝑘𝜂 + 𝜃𝜙 = 0

d
d𝑡

(

𝜕L
𝜕𝜙̇

)

− 𝜕L
𝜕𝜙

+ 𝜕𝐷
𝜕𝜙̇

= 𝜃𝜙 +𝜙 −𝑁𝑞̇ = 0

d
d𝑡

(

𝜕L
𝜕𝑞̇

)

− 𝜕L
𝜕𝑞

+ 𝜕𝐷
𝜕𝑞̇

= 𝑁𝜙̇ +
(

𝑅coil + 𝑅
)

𝑞̇ = 0

(30)

with the following parameters:

Generalized mass: 𝑚 = 2∫

𝑙

0
𝜌𝐴𝜓2

(𝑥)d𝑥 + 𝑚t

(

𝜓(𝑙) +
1
2
𝜕𝜓(𝑥)

𝜕𝑥

|

|

|

|

|𝑥=𝑙
𝑙t

)2

+ 𝐽t

(

𝜕𝜓(𝑥)

𝜕𝑥

|

|

|

|

|𝑥=𝑙

)2

Generalized spring constant: 𝑘 = 2∫

𝑙

0 ∫𝐴
𝑧2 𝐸H

1 − 𝑘20

(

𝜕2𝜓(𝑥)

𝜕𝑥2

)2

d𝐴d𝑥

Magneto-mechanical coupling coefficient: 𝜃 = 2∫

𝑙

0 ∫𝐴
𝑧2

𝑧0𝐴
𝜈T𝐸H𝑑
1 − 𝑘20

𝜕2𝜓(𝑥)

𝜕𝑥2
d𝐴d𝑥

Generalized magnetic resistance:  = 2∫

𝑙

0 ∫𝐴
𝑧2

𝑧20𝐴
2

𝜈T

1 − 𝑘20
d𝐴d𝑥

(31)

here 𝐷 is called Rayleigh’s dissipation function. In this study, the vibrational energy is dissipated by primary damping, the
esistance of coil 𝑅coil, and load resistance 𝑅 of the electric circuit. In such case, 𝐷 is defined as follows:

𝐷 = 1
2
𝑐𝜂̇2 + 1

2
𝑅coil𝑞̇

2 + 1
2
𝑅𝑞̇2 (32)

where 𝑐 is the primary damping coefficient. The primary damping represents the uncertain damping due to air resistance, mechanical
hysteresis [29], magnetic hysteresis [30], and eddy current effect [20] acting on the cantilever. For energy harvesting, given
mechanical energy needs to be dissipated by a load which is for the sake of this analysis represented as a simple resistor.

In Eqs. (30), it is evident that the double-beam cantilever is converted into a single-degree-of-freedom spring–mass–damper
system, and each equation corresponds to a general equation of motion, a general magnetic circuit equation, and an electric
circuit equation, respectively. This means that Eqs. (30) are the generalized system of equations for a single-degree-of-freedom
electromagnetic-mechanical coupled system.
6
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3. Harvestable energy from impact vibration

In this section, we derive the energy dissipated in the load resistance. The dissipated energy can be considered as harvestable
nergy [12]. When we consider the free vibration induced by impact energy, Eqs. (30) can be represented as a matrix equation as

⎡

⎢

⎢

⎣

𝑚𝜆2 + 𝑐𝜆 + 𝑘 𝜃 0
𝜃  −𝑁
0 𝑁𝜆 𝑅coil + 𝑅

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝜂
𝜙
𝑞̇

⎤

⎥

⎥

⎦

= 𝟎 (33)

where 𝜆 is the complex eigenvalue. The complex eigenvalues can be obtained by solving the following characteristic equation:

det
⎡

⎢

⎢

⎣

𝑚𝜆2 + 𝑐𝜆 + 𝑘 𝜃 0
𝜃  −𝑁
0 𝑁𝜆 𝑅coil + 𝑅

⎤

⎥

⎥

⎦

= 𝑎0𝜆
3 + 𝑎1𝜆2 + 𝑎2𝜆 + 𝑎3 = 0 (34)

where

𝑎0 = 𝑁2 𝑚

𝑎1 = 𝑁2𝑐 + 𝑅𝑚 + 𝑅coil𝑚

𝑎2 = 𝑁2𝑘 + 𝑅𝑐 + 𝑅coil𝑐

𝑎3 = 𝑅𝑘 − 𝑅𝜃2 + 𝑅coil𝑘 − 𝑅coil𝜃2

(35)

Using the complex eigenvalues 𝜆1, 𝜆2 and 𝜆3, the non-trivial solution 𝑞̇ of Eq. (33) can be represented as follows:

𝑞̇ = 𝑋1𝑒
𝜆1𝑡 +𝑋2𝑒

𝜆2𝑡 +𝑋3𝑒
𝜆3𝑡 (36)

where the coefficients 𝑋1, 𝑋2 and 𝑋3 are determined by the initial value of the generalized displacement 𝜂(0), generalized velocity
̇ (0) and current 𝑞̇(0). In this study, we considered no initial current

(

𝑞̇(0) = 0
)

. In this case, 𝑋1, 𝑋2 and 𝑋3 are respectively given as
follows:

𝑋1 =
𝑁𝜃𝜆1𝜆2𝜆3


(

𝑅coil + 𝑅
) (

𝜆1 − 𝜆2
) (

𝜆1 − 𝜆3
) 𝜂(0) +

𝜃𝜆1
𝑁

(

𝜆1 − 𝜆2
) (

𝜆1 − 𝜆3
) 𝜂̇(0)

𝑋2 =
𝑁𝜃𝜆1𝜆2𝜆3


(

𝑅coil + 𝑅
) (

𝜆2 − 𝜆1
) (

𝜆2 − 𝜆3
) 𝜂(0) +

𝜃𝜆2
𝑁

(

𝜆2 − 𝜆1
) (

𝜆2 − 𝜆3
) 𝜂̇(0)

𝑋3 =
𝑁𝜃𝜆1𝜆2𝜆3


(

𝑅coil + 𝑅
) (

𝜆3 − 𝜆2
) (

𝜆3 − 𝜆1
) 𝜂(0) +

𝜃𝜆3
𝑁

(

𝜆3 − 𝜆2
) (

𝜆3 − 𝜆1
) 𝜂̇(0)

(37)

The harvestable energy 𝑄 from the electric circuit can be obtained by integrating the output power 𝑃 over infinite time:

𝑄 = ∫

∞

0
𝑃 d𝑡 = ∫

∞

0
𝑞̇2𝑅d𝑡 = − 𝑅𝑁2𝜃2

22
(

𝑅coil + 𝑅
)2

Num
Den

𝜂2(0) −
𝑅𝜃2

2𝑁2
1

Den
𝜂̇2(0) (38)

where

Den =
(

𝜆1 + 𝜆2
) (

𝜆2 + 𝜆3
) (

𝜆3 + 𝜆1
)

Num = 𝜆1𝜆2𝜆3
(

𝜆1 + 𝜆2 + 𝜆3
)

(39)

q. (38) is a symmetric expression with regards to the complex eigenvalues 𝜆1, 𝜆2 and 𝜆3, and thus it can be represented as

𝑄 = − 𝑅𝑁2𝜃2

22
(

𝑅coil + 𝑅
)2

𝑏1𝑏3
𝑏1𝑏2 − 𝑏3

𝜂2(0) −
𝑅𝜃2

2𝑁2
1

𝑏1𝑏2 − 𝑏3
𝜂̇2(0) (40)

where 𝑏1, 𝑏2 and 𝑏3 are the elementary symmetric polynomials:

𝑏1 = 𝜆1 + 𝜆2 + 𝜆3

𝑏2 = 𝜆1𝜆2 + 𝜆1𝜆3 + 𝜆2𝜆3

𝑏3 = 𝜆1𝜆2𝜆3

(41)

qs. (41) can be linked with Eqs. (35) by the Vieta’s formulas:

𝑏1 = −
𝑎1
𝑎0

𝑏2 =
𝑎2
𝑎0

𝑏3 = −
𝑎3

(42)
7

𝑎0
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From Eqs. (35), (40) and (42), the harvestable energy 𝑄 can finally be obtained as

𝑄 =1
2

(

𝑘 − 𝜃2



)

(

𝛼𝜁2 + 𝜁1 + 𝜁2
)

𝛼𝜅
(

4𝛼2𝜁1𝜁22 + 4𝛼𝜁21 𝜁2 + 8𝛼𝜁1𝜁22 + 𝛼𝜅𝜁2 + 4𝜁21 𝜁2 + 4𝜁1𝜁22 + 𝜅𝜁1 + 𝜅𝜁2 + 𝜁1
)

(𝛼 + 1)
𝜂2(0)

+ 1
2
𝑚

𝛼𝜅𝜁2
4𝛼2𝜁1𝜁22 + 4𝛼𝜁21 𝜁2 + 8𝛼𝜁1𝜁22 + 𝛼𝜅𝜁2 + 4𝜁21 𝜁2 + 4𝜁1𝜁22 + 𝜅𝜁1 + 𝜅𝜁2 + 𝜁1

𝜂̇2(0)

(43)

where each non-dimensional parameter is defined as follows:

Magnetostrictive coupling constant: 𝜅 = 𝜃2

𝑘 − 𝜃2

Primary damping ratio: 𝜁1 =
𝑐

2 𝑚𝜔

Damping ratio of coil resistance: 𝜁2 =
𝑅coil

2
(

𝑁2



)

𝜔

Resistance ratio between coil and load resistance 𝛼 = 𝑅
𝑅coil

(44)

where 𝜔 is the undamped natural frequency of the mechanical-magnetic system:

𝜔 =

√

√

√

√
𝑘 − 𝜃2


𝑚

(45)

t is noteworthy that when the system has no primary damping and no coil resistance, Eq. (43) becomes

𝑄in =
1
2

(

𝑘 − 𝜃2



)

𝜂2(0) +
1
2
𝑚𝜂̇2(0) (46)

Eq. (46) exactly represents the initially given mechanical energy. This means that all given mechanical energy is dissipated by the
resistance in the electric circuit when other damping elements do not exist.

4. Efficiency maximization

In many practical applications [21,31,32], free vibration is induced by either initial displacement or initial velocity, but not
both. In this study, we maximize the energy harvesting efficiency 𝐸 to given potential energy (denoted by subscript 𝑈) and given
kinetic energy (denoted by subscript 𝐾), respectively, and compare their optimal conditions. Each objective function 𝐸𝑈 and 𝐸𝐾
can be obtained from Eqs. (43) and (46) as follows:

𝐸𝑈 = 𝑄
𝑄in

|

|

|

|𝜂̇(0)=0
=

(

𝛼𝜁2 + 𝜁1 + 𝜁2
)

𝛼𝜅
(

4𝛼2𝜁1𝜁22 + 4𝛼𝜁21 𝜁2 + 8𝛼𝜁1𝜁22 + 𝛼𝜅𝜁2 + 4𝜁21 𝜁2 + 4𝜁1𝜁22 + 𝜅𝜁1 + 𝜅𝜁2 + 𝜁1
)

(𝛼 + 1)

𝐸𝐾 = 𝑄
𝑄in

|

|

|

|𝜂(0)=0
=

𝛼𝜅𝜁2
4𝛼2𝜁1𝜁22 + 4𝛼𝜁21 𝜁2 + 8𝛼𝜁1𝜁22 + 𝛼𝜅𝜁2 + 4𝜁21 𝜁2 + 4𝜁1𝜁22 + 𝜅𝜁1 + 𝜅𝜁2 + 𝜁1

(47)

he energy harvesting efficiencies Eqs. (47) can completely be represented with four non-dimensional design parameters Eq. (44),
nd respectively have a global maximum with respect to 𝛼. With given optimal resistance ratio 𝛼opt , they become increasing functions
ith respect to 𝜅, and decreasing functions with respect to 𝜁1 and 𝜁2. The optimal resistance ratio 𝛼opt at which the harvestable energy

s maximized can be obtained by solving the following equation:
𝜕𝐸
𝜕𝛼

= 0 (48)

4.1. Efficiency to potential energy

For the efficiency maximization to initial potential energy, the optimal condition Eq. (48) is represented as follows:

4𝜁1𝜁32 𝛼
4
opt +

(

8𝜁21 𝜁
2
2 + 8𝜁1𝜁32

)

𝛼3opt +
(

4𝜁31 𝜁2 + 8𝜁21 𝜁
2
2 − 𝜅𝜁22 − 𝜁1𝜁2

)

𝛼2opt
+

(

−8𝜁21 𝜁
2
2 − 8𝜁1𝜁32 − 2𝜅𝜁1𝜁2 − 2𝜅𝜁22 − 2𝜁1𝜁2

)

𝛼opt
− 4𝜁31 𝜁2 − 8𝜁21 𝜁

2
2 − 4𝜁1𝜁32 − 𝜅𝜁21 − 2𝜅𝜁1𝜁2 − 𝜅𝜁22 − 𝜁21 − 𝜁1𝜁2 = 0

(49)

Eq. (49) can be solved algebraically by Ferrari’s method:

𝛼opt =
1
2

(

√

2𝛬 − 𝑝1 +

√

−2𝛬 − 𝑝1 −
2𝑝2

√

2𝛬 − 𝑝1
−
𝜁1 + 𝜁2
𝜁2

)

(50)

where

𝛬 =
𝑝1 + 𝑟 −

𝑤1 (51)
8
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Fig. 4. Optimal resistance ratio 𝛼opt to maximize efficiency to kinetic energy (solid line) and potential energy (dashed line).

𝑟 =
3

√

√

√

√

−
𝑤2
2

+

√

𝑤2
2
4

+
𝑤3

1
27

(52)

𝑤1 = −
𝑝21
12

− 𝑝3

𝑤2 = −
𝑝31
108

+
𝑝1𝑝3
3

−
𝑝22
8

(53)

𝑝1 = − 1
4𝜁1𝜁22

(

2𝜁31 + 4𝜁21 𝜁2 + 6𝜁1𝜁22 + 𝜅𝜁2 + 𝜁1
)

𝑝2 = − 1
4𝜁1𝜁32

(

4𝜁21 𝜁
2
2 + 4𝜁1𝜁32 + 𝜅𝜁1𝜁2 + 𝜅𝜁22 − 𝜁21 + 𝜁1𝜁2

)

𝑝3 =
1

16𝜁1𝜁42

(

𝜁51 + 4𝜁41 𝜁2 + 2𝜁31 𝜁
2
2 − 4𝜁21 𝜁

3
2 − 3𝜁1𝜁42 − 𝜅𝜁21 𝜁2 − 2𝜅𝜁1𝜁22 − 𝜅𝜁32 − 𝜁31 − 2𝜁21 𝜁2 − 𝜁1𝜁

2
2
)

(54)

.2. Efficiency to kinetic energy

For the efficiency to the kinetic energy 𝐸𝐾 , Eq. (48) can be represented as follows:

4𝜁1𝜁22 𝛼
2
opt − 4𝜁21 𝜁2 − 4𝜁1𝜁22 − 𝜅𝜁1 − 𝜅𝜁2 − 𝜁1 = 0 (55)

q. (55) can also be solved algebraically, which yields

𝛼opt =

√

𝜁1
(

4𝜁21 𝜁2 + 4𝜁1𝜁22 + 𝜅𝜁1 + 𝜅𝜁2 + 𝜁1
)

2𝜁1𝜁2
(56)

igs. 4 and 5 respectively show the optimal resistance ratio 𝛼opt and maximized efficiencies 𝐸𝐾max and 𝐸𝑈max with different (a) 𝜁1
and (b) 𝜁2. Even though Eq. (56) is much simpler than Eq. (50), Eq. (56) is approximately equal to Eq. (50) in a wide range of the
parameters as shown in Figs. 4. Thus, when the harvestable kinetic energy is maximized, also the harvestable potential energy is
nearly maximized, and vice versa.

5. Experiments

Fig. 6 shows the double-beam magnetostrictive energy harvester for experiments. The two Fe-Ga beams were attached to an
aluminum beam by superglue. In the double-beam section, copper coils with 0.2 mm diameter were wound around each Fe-Ga beam
and they were connected in series so that the voltages in the coils are induced in the same direction. In this study, we assumed that
the tip mass is stiff enough to be treated as a rigid body.

Table 1 lists the values of the parameters measured for the analytical calculation. The effective mass density 𝜌 was measured
from the weight of the Fe-Ga beam and the copper coil. The Young’s modulus 𝐸H was calculated from the natural frequency of the
single Fe-Ga beam measured by the free vibration experiment. Fig. 7(a) shows its experimental setup. The tip of the single Fe-Ga
beam was plucked to induce free vibration. The free vibration response was measured by a laser displacement sensor (optoNCDT
9
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Fig. 5. Maximized efficiencies 𝐸𝐾max (solid line) and 𝐸𝑈max (dashed line).

Fig. 6. Double-beam magnetostrictive energy harvester for experiments.

Table 1
Values of parameters of experimental magnetostrictive energy harvester.

Parameter Definition Value

𝜌 Effective mass density of Fe-Ga beam with coil 1.46 × 104 kg m−3

𝑏 Width of Fe-Ga beam 5.92 × 10−3 m

ℎ Height of Fe-Ga beam 7.20 × 10−4 m

𝑧0 Central coordinate of upper Fe-Ga beam 1.11 × 10−3 m

𝑙 Double-beam length 1.10 × 10−2 m

𝑙t Tip mass length 4.21 × 10−2 m

𝑚t Tip mass weight 5.85 × 10−3 kg

𝐽t Moment of inertia of tip mass 3.46 × 10−6 kg m2

𝜈T Magnetic reluctivity of Fe-Ga 10000 m H−1

𝐸H Young’s modulus of Fe-Ga 52.1 GPa

𝑑 Magnetostrictive constant of Fe-Ga 5.0 nm A−1

𝑁 Total number of turns in coils 80

𝑅coil Resistance of coil 1.80 Ω

𝜁1 Primary damping ratio of harvester 0.023
10
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Fig. 7. Free vibration experiment of single Fe-Ga beam for measuring Young’s modulus 𝐸H of Fe-Ga.

Fig. 8. Free vibration response of the open-circuited magnetostrictive energy harvester.

1900 from Micro-Epsilon). The natural frequency of 109.9 Hz was obtained from the free vibration response shown in Fig. 7(b).
In this experiment, we assumed that the Fe-Ga beam oscillated with only its fundamental mode of oscillation. The free vibration
response of the magnetostrictive energy harvester with an open circuit was also measured to determine the primary damping ratio
𝜁1. From the obtained free vibration response with a 300 g weight (Fig. 8), 𝜁1 was calculated by the logarithmic decrement method.
The magnetostrictive constant 𝑑 was determined from the voltage responses of the harvester with 𝑅 = 10.0 Ω (𝛼 = 5.56). Fig. 9 shows
the schematic view of the experimental setup. The initial displacements 𝜓(𝑙)𝜂(0) = −14.5, −27.1, and −43.1 μm were given at the end
of the double beam by hanging 100 g, 200 g, and 300 g weights, respectively, at the tip of the harvester via string. The subsequent
free vibration was then induced by cutting the string. As shown in Figs. 10 (a)–(c), a value of 𝑑 = 5.0 nm A−1 was observed to give
a good match between the calculated and the measured voltage responses, which proves the linearity of the harvested energy with
respect to the initial displacement.

The initial displacement tests were repeated for different resistance ratios 𝛼 for validating the efficiency calculations. The
resistance ratio was varied by tuning the load resistance 𝑅. The harvested energy was calculated from the measured load voltage
𝑉 as

𝑄 = ∫

∞

0
𝑃 d𝑡 ≈ ∫

𝜏

0

𝑉 2

𝑅
d𝑡 (57)

The output power 𝑃 was integrated for 𝜏 = 5 seconds based on the assumption that the free vibration of the experimental device
completely stops within this time. The energy harvesting efficiency 𝐸𝑈 of the experimental device was calculated by dividing 𝑄 by
Eq. (46). Fig. 11 shows the variation of the energy harvesting efficiency 𝐸 with respect to the resistance ratio 𝛼. The theoretical
11
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Fig. 9. Schematic view of experimental setup for measuring free voltage response.

Fig. 10. Free voltage responses for determining magnetostrictive constant 𝑑.

optimal resistance ratio 𝛼opt = 1.037 was calculated by Eq. (50) using the parameters in Table 1. The efficiencies and the efficiency-
maximizing load resistance ratio in Fig. 11 agree well with the analytical results, and the validity of the proposed modeling method
for the magnetostrictive energy harvester is confirmed.
12
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Fig. 11. Variation of energy harvesting efficiency 𝐸𝑈 with respect to resistance ratio 𝛼.

. Conclusion

This paper presented a modeling and optimization method of the magnetostrictive energy harvester based on energy harvesting
fficiency for free vibration. In the modeling of the double-beam magnetostrictive energy harvester, the shape function was derived
s a quadratic function based on the continuity of the internal force and magnetic flux. The calculation process presented in this
aper is simpler compared to solving the frequency equation. The Euler–Lagrange equations for an electromagnetic-mechanically
oupled system were derived based on D’Alembert’s principle, Faraday’s law, and Ampere’s law. The harvestable energy of the
agnetostrictive energy harvester was calculated by using the symmetric property of eigenvalues. In the experiments, Young’s
odulus, primary damping ratio, and magnetostrictive constant were determined by the free vibration responses for the analytical

alculation. The proposed modeling method was validated by measuring the energy harvesting efficiency to given potential energy
t different resistance ratios.

Based on the analytical calculation, the optimal resistance ratio to maximize the energy harvesting efficiency is found to be
ifferent depending on the type of given energy. The algebraically obtained optimal resistance ratio to maximize the harvestable
inetic energy is considerably simple compared to that of potential energy. However, this study has shown that they are
pproximately equal in a wide range, which means that the energy harvesting efficiency can nearly be maximized with the derived
esistance ratio even when the harvester experiences free vibrations induced by a combination of initial displacement and velocity.
he gap between these optimal resistance ratios becomes greater with the increase of the magnetostrictive coupling coefficient and
he number of turns which are the important parameters to increase the energy harvesting efficiency. In such a case, the appropriate
ptimal resistance ratio should be chosen or modified depending on the application.

The method and optimal design parameters presented here can be used for a general magneto-mechanical coupled system with a
esistive circuit, and easily extended to advance the development of potential-energy-optimized energy harvesters based on plucking
r frequency up-conversion mechanisms with periodic controlled impact excitations [33,34].
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