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Macroscopic Modeling of Mn-Zn Ferrites Based on Analytical
Dynamic Material Models
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We propose a semi-analytical approach for modeling the macroscopic electromagnetic behavior of Mn-Zn ferrite cores
under both dielectric and magnetic excitations. First, analytical material models are provided for calculating the effective
parameters, i.e., complex resistivity and complex reluctivity by solving the electromagnetic fields in a single simplified
grain and its boundary layer. The effective parameters are then used in 2-D axisymmetric finite element (FE) models for
solving the full-wave electromagnetic field equation in a cross-section of a ferrite core under both dielectric and magnetic
excitations. The simulated dielectric and magnetic impedances of a ferrite core are validated against measurements.
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I. INTRODUCTION

MN-ZN ferrites offer low losses at low cost for high-
frequency inductors, transformers, and common

mode chockes used in power electronics [1]. Ferrites
are sintered materials, and they have a heterogeneous
polycrystalline microstructure with conductive grains and
very resistive grain boundaries. The microstructure has
a significant impact on the macroscopic electromagnetic
behavior of the material [1]. Thus, modeling ferrite cores
while considering the heterogeneous structure is essential.

Modeling such complex structures using classical nu-
merical methods such as the finite element (FE) method
(FEM) is computationally very expensive. Alternative
approaches in the literature are based on either equivalent
circuit models [2] or multiscale methods [3]-[7]. Dimier
and Biela made use of an RC equivalent circuit to model
the macroscopic complex permittivity for calculating the
eddy-current losses in a ferrite core [2]. Bottauscio et al.
discussed several approaches based on homogenization
and multiscale methods for electromagnetic modeling of
heterogeneous soft magnetic materials [5]. Niyonzima
et al. presented a heterogeneous multiscale method for
modeling the behavior of electromagnetic fields in soft
magnetic composites (SMC) [6]. Ren et al. proposed a
homogenization strategy to define the equivalent elec-
tromagnetic properties of SMC for calculating the eddy
current losses or designing electromagnetic devices using
structural analysis tools [7]. The equivalent circuit models
are insufficient for studying how the microstructure of the
core affects the macroscopic behavior. On the other hand,
the multiscale models are still time-consuming since the
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fields have to be solved first in the so-called mesoscale
and then upscaled to the macroscale.

From the practical point of view, there is still a need for
even faster approaches for considering the heterogeneous
grain structure. The main contribution of this work is
to develop analytical material models for the effective
electromagnetic parameters, i.e., complex resistivity and
complex reluctivity of Mn-Zn ferrites. Such material
models can be used in FE models for simulating the
macroscopic behavior of ferrite cores. The proposed
material models follow the idea of the reluctivity model
presented in [8]. The main difference here is that the
material models are developed in a more general manner
since, in ferrites, both the conductivity and permittivity
of the grains and the boundaries have a significant effect
on the material behavior. First, we derive the material
models by solving the electromagnetic fields in a single
grain/boundary cell analytically. The microstructure of
the core is considered in the material models through
the geometrical and electromagnetic parameters of the
grains and the boundaries. The proposed material models
are then used for estimating the effective parameters
which are utilized in 2-D axisymmetric FE models for
simulating the macroscopic electromagnetic behavior of
a ferrite core under both dielectric and magnetic excita-
tions. For validation, the simulated dielectric and mag-
netic impedances of a toroidal ferrite core are compared
against measurements.

II. COMPUTATIONAL MODELS

A. Macroscopic Models

Cylindrical coordinates (𝑟, 𝜑, 𝑧) and frequency domain
analysis are adopted. 2-D axisymmetric FE models are
constructed for solving the electromagnetic full-wave
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(a) Dielectric excitation. (b) Magnetic excitation.

Fig. 1: Schematics of the measurement setups with dif-
ferent excitations.

equation in the rectangular cross section of a ferrite core.
From Maxwell’s equations, the governing equation for
the magnetic field strength H reads

∇ × (𝜌eff∇ ×H) + 𝑗𝜔𝜈−1
effH = 0, (1)

where 𝜌eff and 𝜈eff are the effective complex resistivity
and reluctivity, respectively, 𝑗 is the imaginary unit, and
𝜔 = 2𝜋 𝑓 is the angular frequency. The effective material
parameters take into account the grain-scale behavior of
the material. We discuss them later.

The exact representation of the boundary conditions
for solving (1) depends on if the sample is excited by
dielectric or magnetic excitation and whether the sample
is a disk or a toroid. When the core is under a dielectric
(subscript d) excitation, as shown in Fig. 1a, the boundary
conditions read

𝐻φ (𝑅1, 𝑧) = 0, 𝐻φ (𝑅2, 𝑧) =
𝑖d

2𝜋𝑅2
, (2)

where 𝑖d is the total current passing through the core
and 𝑅1 and 𝑅2 are the inner and outer radii of the core,
respectively. On the other hand, when the core is under
a magnetic (subscript m) excitation as shown in Fig. 1b,
the boundary conditions read

𝐻φ (𝑅1, 𝑧) =
𝑁1𝑖m
2𝜋𝑅1

, 𝐻φ (𝑅2, 𝑧) =
𝑁1𝑖m
2𝜋𝑅2

,

𝐻φ (𝑟, 0) = 𝐻φ (𝑟, 𝑑) =
𝑁1𝑖m
2𝜋𝑟

,

(3)

where 𝑖m is the current in the winding, 𝑁1 is the number
of turns in the primary coil. Conditions (3) are only
possible for a wound toroid. To summarize, (1) and (2)
comprise the dielectric model and (1) and (3) comprise
the magnetic model. The Galerkin FEM is used for
discretizing both models with nodal elements for 𝐻φ .

The dielectric and magnetic impedances of the ferrite
samples 𝑍d/m (𝜔) = 𝑅d/m + 𝑗 𝑋d/m are calculated as

𝑍d/m (𝜔) =
1

|𝑖d/m |2

∫
Ω

[
𝜌eff ∥∇ × 𝑯∥2 + 𝑗𝜔𝜈−1

eff ∥𝑯∥2
]
dΩ,

(4)

where Ω is the core volume.

(a) (b)

Fig. 2: Grain size distribution obtained from microscope
images and fitted beta distribution (a) and a schematic of
a single grain/boundary cell (b).

B. Material Models

The idea here is to define an equivalent homogenized
material that has effective homogeneous parameters, i.e.,
𝜌eff (𝜔) and 𝜈eff (𝜔). Such effective material parame-
ters consider the heterogeneous structure of the material
through their frequency-dependency. Earlier, an analytical
material model for the effective reluctivity 𝜈eff in soft
magnetic composites was developed [8], [9]. Some of
those ideas are further developed here for a resistivity
model 𝜌eff. The grains are assumed to be cylinders of
radius 𝑅 and length 𝑙 = 2𝑅 as depicted in Fig. 2b. The
electric field is treated as rotationally symmetric around
the symmetry axis of the cylinder and translationally
symmetric in the 𝑧−direction. Furthermore, the resistivity
model considers axially symmetric current densities in
the direction of the electric field. The equation of the
electric field e = 𝑒(𝑟)𝑧 on a cross-section of a grain
(subscript g), without the boundary layer (subscript b),
reads [10]:

𝑟2𝑒′′ + 𝑟𝑒′ + 𝛾2𝑟2𝑒 = 0 and 𝑒(𝑅) = 𝑒s, (5)

where 𝛾2 = − 𝑗𝜔𝜇g𝜎̃g and 𝜎̃g = 𝜎g + 𝑗𝜔𝜀g. Furthermore,
𝜇g, 𝜎g, and 𝜀g are the permeability, conductivity, and
permittivity of the grain, respectively, and 𝑒s is the
excitation field. From the field solution, the current that
passes from the grain to the boundary layer through the
top surface is obtained by

𝐼 = 2𝜋
∫ 𝑅

0
𝜎̃g𝑒(𝑟)𝑟d𝑟 =

2𝜋𝑅𝜎̃g

𝛾

𝐽1 (𝛾𝑅)
𝐽0 (𝛾𝑅)

𝑒s, (6)

where 𝐽0 and 𝐽1 are the zero- and first-order Bessel
functions of the first kind, respectively. Since ferrite
material includes open porosity, a coefficient 𝜂 where
0 < 𝜂 ≤ 1 is introduced to model the volume fraction
of the material. Hence, the effective cross-sectional area
through which the current passes is 𝜋𝑅2/𝜂, and the
effective current density is given by

𝑗eff =
𝐼

𝜋𝑅2/𝜂
=

2𝜎̃g𝜂

𝛾𝑅

𝐽1 (𝛾𝑅)
𝐽0 (𝛾𝑅)

𝑒s. (7)

This article has been accepted for publication in IEEE Transactions on Magnetics. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TMAG.2024.3461232

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015 3

A single grain can be connected to another through the
boundary layer using the concept of impedance network.
The impedance of the boundary layer can be modeled by

𝑍b =
𝜁𝑙

𝜎̃b𝜋𝑅2 , (8)

where 𝜎̃b = 𝜎b + 𝑗𝜔𝜀b. Furthermore, 𝜁 , 𝜎b, and 𝜀b are
the relative thickness, conductivity, and permittivity of
the boundary layer, respectively. Considering the current
continuity through the grain and the boundary layer, the
electric field in the boundary layer is

𝑒b =
𝑍b𝐼

𝜁 𝑙
=

1
𝜎̃b𝜂

𝑗eff. (9)

The effective electric field strength 𝑒eff over the
grain/boundary cell of length (1 + 𝜁)𝑙 is

𝑒eff =
𝜁𝑙𝑒b + 𝑙𝑒s

(1 + 𝜁)𝑙 . (10)

Substituting (7) and (9) into (10) gives

𝑒eff =
1

(1 + 𝜁)𝜂

(
𝜁

𝜎̃b
+ 𝛾𝑅

2𝜎̃g

𝐽0 (𝛾𝑅)
𝐽1 (𝛾𝑅)

)
︸                                 ︷︷                                 ︸

𝜌eff,c of a single grain/boundary cell

𝑗eff.
(11)

So far we have focused on the resistivity of a single
grain/boundary cell 𝜌eff,𝑐. It is not straightforward to
generalize (11) into a resistivity of the whole material,
consisting of grains of various sizes, described by a
grain size distribution. Let us consider a sequence of
grains sharing the same effective current density 𝑗eff. An
effective electric field over the whole sequence is defined
as the electromotive force over the sequence divided by
the length of the sequence. Hence, we may set

𝜌eff =

∫
𝜌eff,c𝑙𝑔(𝑙)d𝑙∫
𝑙𝑔(𝑙)d𝑙

, (12)

where 𝑔 is a grain count density function.
Formulas (11)-(12) define our resistivity model. How-

ever, such a model is rather cumbersome to deal with.
It was proposed in [9] to use for a reluctivity model an
effective grain radius 𝑅eff of the form

𝑅eff =
1
2
(𝑙max − 𝑙avg)𝑙2avg − (2𝑙max + 𝑙avg)𝑙2dev

(𝑙max − 𝑙avg)𝑙avg − 3𝑙2dev

, (13)

where 𝑙max = 100 µm is the maximal grain length, and
𝑙avg = 16.3 µm and 𝑙dev = 5 µm are the expectation
and the deviation of the grain lengths in a grain volume
distribution. The grain size distribution shown in Fig. 2a
reveals how much material volume is filled by grains
of specific lengths. The effective radius lumps a beta-
distributed collection of grains into one effective radius
representing the whole material, and its value is 𝑅eff = 6.4
µm. Hence, the effective complex resistivity of the whole
material reads

TABLE I: Geometrical and electromagnetic parameters

Parameter Symbol Value
Relative boundary thickness 𝜁 2.8 × 10−4

Grain relative permeability 𝜇g 2887
Boundary relative permeability 𝜇b 3
Grain conductivity 𝜎g 64 S/m
Boundary conductivity 𝜎b 3.6 × 10−5 S/m
Grain relative permittivity 𝜀g 1.9
Boundary relative permittivity 𝜀b 55.9

𝜌eff (𝜔) =
1

(1 + 𝜁)𝜂

(
𝜁

𝜎̃b
+ 𝛾(𝜔)𝑅eff

2𝜎̃g

𝐽0 (𝛾(𝜔)𝑅eff)
𝐽1 (𝛾(𝜔)𝑅eff)

)
,

(14)

Following a similar approach as presented in [9], the
effective complex reluctivity model reads

𝜈eff (𝜔) =
1

(1 + 𝜁)𝜂

(
𝜁

𝜇b
+ 𝛾(𝜔)𝑅eff

2𝜇g

𝐽0 (𝛾(𝜔)𝑅eff)
𝐽1 (𝛾(𝜔)𝑅eff)

)
,

(15)

where 𝜇b is the permeability of the boundary layer.

III. RESULTS AND DISCUSSION

Two disk-shaped (D) and two toroidal (T) Mn-Zn
ferrite cores from the same batch are investigated in both
dielectric and magnetic excitations. The cores are with
outer diameter / inner diameter / height (2𝑅2/2𝑅1/𝑑) of
22/0/7.5, 11/0/7, 25/15/11, and 25/15/11 mm/mm/mm,
and they are denoted as D1, D2, T1, and T2 respec-
tively. Making use of microscope images, the grain size
distribution is obtained and accordingly 𝑙max, 𝑙avg and
𝑙dev are estimated. The ferrite supplier reported that the
porosity in the samples is about 5%, therefore the volume
fraction 𝜂 was assumed to be 0.95. On the other hand,
the electromagnetic material parameters of the grains and
the boundaries and the relative boundary thickness are
identified. For identifying these parameters, an optimiza-
tion problem is formulated and a non-linear least squares
algorithm is used such that the fitted impedances match
with the measurements [11]. The dielectric impedances
of D1 and D2 and the magnetic impedances of T1 are
used simultaneously with the inverse algorithm. All the
material parameters are available in Table I, and they
agree with the literature such that the inductive grains
are conductive and the capacitive boundaries have a
high resistivity [1], [2]. It was observed that the fitted
impedances followed the same trend as the measurements
mainly in the frequency range of 10 kHz - 10 MHz. In ad-
dition, there were discrepancies in the fitted dielectric and
magnetic impedances below 10 kHz and above 1 MHz,
respectively. It is emphasized that no measurements of the
core T2 were used in the inverse algorithm for identifying
the material parameters. Thus, T2 is used for validation.
The simulated dielectric and magnetic impedances of
T2 are compared against measurements in Fig. 3, and
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(a) Dielectric impedances.

(b) Magnetic impedances.

Fig. 3: Measured and simulated impedances of T2.

they follow the same trends as the measurements in the
frequency range of 10 kHz - 1 MHz.

Field plots of the real and imaginary parts of the
magnetic field 𝐻φ (A/m) and the total current density
| |∇ ×H | | (A/m2) in the cross section of the core T2 in
dielectric and magnetic excitations at 10 kHz and 1 MHz
are shown in Fig. 4. In both cases of dielectric and
magnetic excitations, at 10 kHz, the imaginary part of
the magnetic field is insignificant compared to the real
part, which agrees with the typical distribution of the
latter according to the inverse relation with the reluctance
path. At 1 MHz, the imaginary part of the magnetic field
becomes more significant and the real part has irregular
distributions. Furthermore, the skin effect phenomenon
can be observed from the current distribution at 1 MHz.

IV. CONCLUSION

The proposed approach is capable of modeling the
dielectric and magnetic macroscopic behaviors of ferrite
cores of different sizes and shapes. It was shown that the
electromagnetic fields within the ferrite core behave sim-
ilarly in dielectric and magnetic excitations, in the sense
that the fields have typical distributions at low frequency
but they become irregularly distributed at high frequency
due to the dimensional effects. Furthermore, the proposed
approach is very fast since it utilizes analytical formulas
for the material models. Thus, it is considered as a
practical approach for investigating ferrite cores while
designing high-frequency magnetic components used in
power electronic applications.
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(a) Dielectric excitation.

(b) Magnetic excitation.

Fig. 4: The magnetic field 𝐻φ (A/m) and the total current
density | |∇ ×H | | (kA/m2) in the cross section of T2.
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